
Western Hemisphere Colloquium on Geometry & Physics

Hall - Littlewood Chiral Rings
&

.

Derived Higgs Branches

CHRISTOPHER BEEN
UNIVERSITYOFOXFORD

Based
upon ongoing

work w/D.

Berdeja- Suarez

02 November 2020



Context

Supersymmetric, and especially superconformal, quantum field theories are algebraically & geometrically rich objects .

SCFT

model::c:# this:c, ÷:*::""
L

Interesting

geometry Algebra

Many interesting things to study on both sides of this dichotomy. Ideally should enrich each other
.

Today I'll talk about one development in this area that nicely illustrates this interplay.
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Summary & Overview

Today I'm talking about 44 N-

- 2 SCFTS and their Higgs branch of uacua UH .

From the SCFTperspective, it is natural to study MH as an affine variety (in terms of ring of functions RH) .

I will point out that in some sense, this is not quite the
"

right
"

object to study .

Better is the Hall- Littlewood chiral ring .

Geometrically , this turns out to mean treatingM" as a
derived scheme

.

Physically , corresponds (roughly) to keeping track of residual Abelian gauge symmetry in generic Higgs branch vacua .

Some observations : no RHL enjoys extra symmetries .

m Hints of a relationship with structure of full moduli space of vacua, but some subtleties remain .

m Interesting relation to vertex algebras Iv. technical point).
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Outline
Q

• 44 N=2 SUSY
,
Moduli Spaces , and Higgs branches .

• Hall - Littlewood index & chiral ring

w Hall - Littlewood cohomology & derived symplectic reduction

• Geometric & physical aspects of RAL

• Examples : class S of type Ae

m Concluding remarks
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4dhf-ZSCFTPrimerflagrangianperspect.ve#
Lagrangian theories constructed using two types of supermultiples :

I = 1,2
• Vectormultiple { to , ha , Ape} in adjoint rep. of gauge group G .

• Hypermultiples { 9 ,Va } in quaternionie g - rep : R (often 12=12⇐① DID

*

Conformal invariance restricts (g , R ) .
.

simple factors

✓ r i
w semi - simplegaugegroup G -

- G '
"G' " " ' +&

fquaternion
.cgi - irrep

• vanishing beta- functions 251g ; ) = InRaczka)
& [multiplicity of Ra

m only freedom in Lagrangian is values of ex -gauge couplings .

In non - Lagrangian theories, restriction on Cz (Ra) replaced by restriction on TuahGigi) - triangle anomaly .

* additional constraint for Uspkn) gauge groups
due toglobal anomalies . €4 of -23



4dhf-ZSCFTPrimerflagrangianperspect.ve#
My focus will be on the

"

moduli spaces of vacua
" for these theories

.
These can be quite intricate.

Full moduli space is partitioned into
"

branches " :

• Coulomb branch : to> ± O
, Tg> = O J algebraically ,MEE fr -- rank g)

Url )r spontaneously broken metric has interesting coupling dependence
SUCDr unbroken special- Kahler

• Higgs branch : Tg> ± 0 , to> = O Konica) hyperkoihler space

sw99.ru?IIataenneousb
broken } algebraically intricate

metric classically exact

• Mixed branch : Tg> ± 0 , to> to

SUCDr spontaneously broken

Ii:b :÷i÷÷;s÷÷:÷÷... . } not so much urine.
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4ZModuliSpaes (cartoons)

Simplest generic
llmixed

- MH

⇐ii÷÷÷
.

"

Enhanced Coulomb branch " "

Enhanced Higgs branch
"

United

n"

.
.

"

⇒⇒



Higgsbranches (Lagrangian perspective)
Higgs branches forgauge theories are realised as hyperKohler IHK) quotients .

Let Vr be vector space carrying quaternion
ieg - rep R :

• HK moment
map pi

: Vr→g
*
④ IR
'

fire. , triplet of real moment maps)

w HK quotient ME a
""% (D- terms & F- terms =Olgaage)

w More generally, for theory w/Higgs branch MitoG ,
can

gauge G
: Maa = MANG

From perspective of fixed e. strAV-

- I subalgebra , these are holomorphic -symplectic singularities (non - deg . 12,00 - form on smooth locus) .
Gauging becomes fox) - symplectic quotient .

m Ma = plzti plz is holomorphic moment map for Cy e action air. t . hole.- symplectic form .

a. ME HE
"

Remark : in SCFts
,
O is always an irregular value of Me, so result is stratified (holo) symplectic space.
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4dN=2 SCFT Primer (algebraic perspective

Primary protagonist : (complexified) superconformal algebra : sur412)
Cartangenerators { A

, ji , jz ,
R

,
r }

• Bosonic (even) subalgebra : sure) - SUCH,z-- Ucl ) r - soll, if - sued, esuczdz - sac20,2 -- UCOr

m Fermionic (odd)generators : {QI.IE , SE, 5¥}
s.ci?IY:si:t&oIsiret

Local operators organised into unitary irreps fort . appropriate reality/Hermiticity conditions)

⑦
,r,r,j .,jd× )

it ritenuto
(super) conformal descendant operators

Generically , can actw/ 8 Q's . For certain short & semi - short
"

BPS
"

repens, some combinations of Q's annihilate.

Collection of local op
's forms intricate

"

OPE algebra
"

,
with O, K. I fed generically singular as x.→ ez .

← of E



Higgs branches (algebraic perspective)

In an abstract SCFT
,
we encounterMH as a complex algebraic variety through its coordinate ring .

m Unitarily bounds imply for any operator If212 .

m Operators with 1=212 necessarily have r -ji --ja -- O.
These are superconformal primaries in

⑤
iz multiples .

Annihilated by Q'a & OT ! (so k - Bps) .

w These operators have non - singular OPES ; form a commutative
,
associative Q- algebra . Higgs chiral ring RH .

• In Lagrangian theories (conjecturally ingeneral) RE Cl [MH] .

*
Here symplectic structure ofM, is not manifest . Only algebraic derivationI know is very complicated.
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Higgs branches (algebraic perspective)

Gauging realises HK quotient algebraically .

w g -symmetry conserved current B1 multiplet cx. moment map pic.
-

- gu, tips as

primary .

• Upongauging , HE said! .
Further restricting to gauge invariants

RE = ( RHA,
• This reproduces HK quotient b/c symplectic quotient is GITquotient.

spec IRE ) ± Mi = F-"Yg

-10 of ee



Anunnaturaostruction

Interesting algebraic structures in SUSY QFT often arise as categorifications of numerical invariants computed by path integral .
(
e.g. , BPS partition functions, superconformal indices , . . .)

For RH ,
obvious decategorification is Hilbert series :

IHH - ⇐ diner inten think I ? LIE
,
Is:bspace}

Though well -defined, does our SCFT
"

want
"

us to study this quantity ? Is it computable as a path integral ?

The place to look is in the world of superconformal indices .

5.

Z x .

sit

Z counts states in Hilbert space assigned to Si
'

Il of€
= local operators by operatorstate correspondence .



Anunnaturaostruction

Interesting algebraic structures in SUSY QFT often arise as categorifications of numerical invariants computed by path integral .
(
e.g. , BPS partition functions, superconformal indices , . . .)

For RH ,
obvious decategorification is Hilbert series :

IHH - ⇐ dim fruiten think I ? Yaeger::: :bspace}

Though well -defined, does our SCFT
"

want
"

us to study this quantity ? Is it computable as a path integral ?

The place to look is in the world of superconformal indices .

5.

Z - × . = Inzrp, g. tied = stress, p
' "Er ? III.isit
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Anunnaturaostruction

Generically , Inez counts Ys - Bps statesloperotors up to cancellations . In special limits counts only more highly Susy operators .

>
Inft)
/ ' '

Hall- Littlewood index "

In Iq ,

t)
(⇒ Ha"- Littlewood chiral ring)

7

✓ "
Macdonald inc

(⇒ Poisson VOA ) )

Inezlp. g. t ) Is Ig )
"

Schur index"\
Ic (p,or)

(⇒ associated Voa)

"

Coulomb index
"

(⇒Coulomb chiral
ring
)

[Rastelli et. at . 6201313

No index limit is guaranteed to return the Hilbert series of RH .

This is in contrast to 3d N=4 theories . So one way
out is to reduce to 3d & flow to IR.

See [Razamate Willett 1201473
.

Alternatively, RH isn't the
"

right
"

object to study in 4d.
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Anunnaturaostruction

Generically , Inez counts Ys - Bps statesloperotors up to cancellations . In special limits counts only more highly Susy operators .

Inft)
/ ' '

Hall- Littlewood index "

In Iq ,

t)
(⇒ Ha"- Littlewood chiral ring)

7

✓ "
Macdonald inc

(⇒ Poisson VOA ) )

Inezlp. g. t ) Is Ig )
"

Schur index"\
Ic (p,or)

(⇒ associated Voa)

"

Coulomb index
"

(⇒Coulomb chiral
ring
)

[Rastelli et. at . (20131

IHL is almost courting Higgs chiral ring operators, but not quite :
trace overstates with

fl 1=212- r , j z
-

- O

I.it = Strait
'"

fi
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The Hall - Littlewood Chiral Ring
IHL counts fafsigns) ing several

conditions :operators obey

fqzR)

)
m E- 212- r

characterises NH chiral
ring operators

w jz -- O

w j . = - r → additional conditiongiving specialisation of
chiral

ring

It's an exercise in superconformal rep
' theory to find where such states can occur.

• Biz multiples (primary obeys A=zR&r=j=jz=o) ⇒ superconformal primary is Higgs chiral ring operator

• DIG. .
multiples (primary obeys A=2RtjitI&jr. - r- I &jz=o ) ⇒ QI- descendant is counted . Annihilated by Q? ,

Q !

Some intuition comes from (free) Lagrangian gauge theories.

-
[ hypermultiplet scalars .

D c > pig ) ri . . - ri
.Jtf fj, o ) ✓ positive -helicity, right -handedgauginos.

[
homogeneous degree - n polynomial .
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The Hall - Littlewood Chiral Ring
These 7g - BPS operators have non- singular collisions and define (super-)commutative associative Cl

- algebra RHL .

Structural properties :

m Ezo- Ezo graded by FR, - r) w/Grassmann parity = r rm od 2) .

m (RHD
"

= RH

* J
- Enriched with f- I

, o ) - Poisson bracket (extending symplectic P. B. on RH ) .

• Coupling- independent (like RH ) .

*
These latter two properties follow from a slightly elaborate realisation of RHL starting with VOA structure .

-14 of E



RHL for
gauge

theories

For a
gauge theory , RAL is determined classically ( like Higgs branch) .

Suppose we know RH for a theory T, want to gauge G-symmetry of T.

original gauged at fully gauged
theory Zero coupling
- -g -gI > I > I

O

RHIT ) > fR.IT] R.fveotor39.IT?:ttio. > R.IT 's ]

Nontrivial step is to account for recombination of ⑤ & D-operators at non -zero coupling . Only possible recombination patterns are as follows :

^

Drt Irgc) Cruz (j . -I , o)
¥ E:

^
s n

n

CRro
,
o ) Briz CR

"
o)

↳
DIT Erj . - I, o )

¥ at
. ¥5

."
ADITI

ro, o ) (j , , o )

Recombination encoded in cohomology of (corrected) Q's action on zero- coupling ring .
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RHL for
gauge

theories

This defines a Hall - Littlewood cohomology problem . Can formalize abstractly.

• RHL[g - vector- multiplet]= {Grassmann algebragenerated by
" " ' ' '"""G f E Tg

m HL
.

= (RHIT)④Ag )
's

(when RHETT #Rat]
,
cohomological grading on HL

.

is sum of Ag grading & f- r) -grading on RHL .)

Differential determined by Q
'

.
SUSY transformations of interacting gauge theory. Extends uniquely as differential on HL

.

.

m dah fx) = O for xe RHLIT)

w din a ) = pea ER, IT)

Corresponding cohomology is our objective : RHLITG ] EH
* (HL.

, dah)

(Poisson bracket inherited from RHLST] ; A's Poisson commute with everything)
-16 of -23



Relations to Koszul Homology13125T

This cohomological story can be related to some familiar constructions .

m Before restricting to g - invariants
, we have the Kostal complex(Koszul homology associated to the moment map .

• Tempting to introduce ghosts in A•g* and complete classical BRSTcomplex of Kostaht - Sternberg. This isn't
ahat physics dictates. If so inclined, we have cohomology of relative 13125Tcomplex defined by Poisson kernel

of anti -ghosts .

• In contrast to plain vanilla applications of BRSTin physics, we are especially interested in higher

cohomology classes .

• This description of Rite forgauge theories is natural in derived algebraicgeometry . It is the coordinate ring of
the derived symplectic quotient of the (pre-gauging) Higgs branch by ga .

Rafts )I dMH%g, DM
,
ITSE spec (RHITSD
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Relations to Koszul Homology13125T

(Non -)vanishing properties of Kostal homology of a ring R associated to elements {Mi ER} :

m Ho IK . HuisD= Vermin

w {lui} form regular sequence in R ⇒ H ; fk • (fluid) = O for is I

*
Non- vanishing higher homology ⇒ { lui} don't form regular sequence ⇒ pic

' ro) not a complete intersection.

By nature of HK quotient :

{ dime (pie' ro) -- dim arm.) - dim (g) + n } → ftp.?t?ndjgfiyg, on r stabilizesgeneric}

So higher HL cohomology detects unbroken gauge symmetry on NH .

* scheme - theoretic subtlety here .
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Shadows of the full moduli space ?

Previous result suggests that there is higher HL cohomology when there is an enhanced Higgs branch .

MH

Mnixed

I N
j

ME or

µ
,
embedded smoothly in higher dimensional mixed branch : MH isMmixed

RHL
may see something of this ambient mixed branch. There is even a natural conjecture :

RH aftNiMH)
*

This appears to be almost correct. What we know comes from examples .

* In general, this conjecture is probably not well- defined here . -19 of ee



Examplesindasss

A
,
12,00 Sefton

, e.g. , Cg -- 4 °
-

=¥e:c:÷÷:÷÷:*

①
land many duality g

a
- → = gauging ages::{gygnupof

m µHE %Dg+ ,

=
①"" 2%2=+2-2+42-9 >

Dmz : Ed
,
I to ,

E- Iffy) , are
m residual Uhlsgauge symmetry on MH .

Naively , dim, H ) = 4 - Rent - 3 ←

rlgaugegrps
= 412g -D - 313g -3)
= I -
g

true dinner ↳sidual symmetries -20 of -23



Examplesindasss

A
,
12,00 Sefton

, e.g. , Cg -- 4 °
¥--¥¥o ÷:÷÷÷÷÷÷÷÷÷÷:
s Q

.

HL cohomology calculation somewhat elaborate; simplified by gauging Suez)
factors in two stages

b
, Az

"O C. O
→ riiitr.int

ha. O O
q

b

← of -23



Examplesindasss
Observations

,
m HII

, decomposes as direct sumofg identical
,
indecomposable modules over HEE RH .

¥
-µ - Hint 0 for i -- I

,
. . .,g ; Him -- O for

ing

¥
① ① -

"

Outer
"

Ucg) symmetry that leaves HEERA invariant
.

Suggestive of 3d Coulomb branch symmetries.

Consider a"%g+ ,

where Dmz : I'S→ Q2'S

(§
.

.

) ⇐ µ¥
,
) (§

,
) er, (Fg!) { corresponds to naiveguess from previous slide .

omit all invariants constructed only from Qi's , as well as Oi, . . . Ginley )m chore men . Result matches RHL exactly .
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Conclusions

w Higgs branches of 4dN=2 SCFTS arise naturally as derived algebraic spaces . Captured by Raft].

m When derived structure is included
,
extra symmetries emerge . These seem to be related to symmetries of

3d Coulomb branch obtained by S
'
- reduction

.

• Though andiscussed here, Rita plays a prominent role in the vertex operator algebras associated to these same 4d
theories

.

Openquestionssm
Importance ofconformal invariance ?

•

Why is 4d the right place to see this derived structure ?

m Clarify relationship to full moduli space geometry .

m Better uses of DAG formalism?
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I


