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  Mathematics can be wild

1

➡ Analysis:   topologies and maps can be involved

Physics is more tame, isn’t it?

‣ common feature:   no proper graphical representation

→  complicated sets:  Cantor sets, …

→  complicated functions:  
<latexit sha1_base64="rr7azOry14re72K/Q+OsKLi/Iww=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IpV48VrAf0ISy2W7apZtN3N0US+jv8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHtzG+PqVQsEg96ElMvxAPBAkawNpIXlJ/O0Q1y62zgpr1iya7Yc6BV4mSkBBkaveKX249IElKhCcdKdR071l6KpWaE02nBTRSNMRnhAe0aKnBIlZfOj56iM6P0URBJU0Kjufp7IsWhUpPQN50h1kO17M3E/7xuooNrL2UiTjQVZLEoSDjSEZolgPpMUqL5xBBMJDO3IjLEEhNtciqYEJzll1dJ66LiXFaq99VSrZ7FkYcTOIUyOHAFNbiDBjSBwCM8wyu8WWPrxXq3PhatOSubOYY/sD5/AP1tkPY=</latexit>

f(x) =
n <latexit sha1_base64="IkLFECqWAQWWnmyhegmXoaYSzm0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsYi0YfURpXjOq1Vx4nsG9Qq6sDCr7AwgBArH8HG3+CmGaDlWL46Oude2ff4seAaHOfbKqytb2xuFbdLO7t7+wf24VFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++mfvtB6Y0j+Q9TGPmhWQoecApASP17bLTw4szMQXYBFKVWUTM+nbFqToZ8Cpxc1JBORp9+6s3iGgSMglUEK27rhODlxIFnAo2K/USzWJCx2TIuoZKEjLtpdkSM3xqlAEOImWuBJypvydSEmo9DX3TGRIY6WVvLv7ndRMIrryUyzgBJunioSARGCI8TwQPuGIUxNQQQhU3f8V0RBShYHIrmRDc5ZVXSeu86l5Ua3e1Sv06j6OIyugEnSEXXaI6ukUN1EQUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AEtOl0k=</latexit>

0 x rational
<latexit sha1_base64="qAyH7virBbUvvUDVmbB0pSkzcVM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0kxmSO9IydOXGX3HjQhG3foM7/8Z0OgttPSGXwzn3ktzjx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wdNHSWKsgaNRKTaPtFMcMkawEGwdqwYCX3BWv7oZua3HpjSPJL3MImZF5KB5AGnBIzUs4/dLp6fsSnAxpBypTKTiGnPLjsVJwNeJm5OyihHvWd/dfsRTUImgQqidcd1YvBSooBTwaalbqJZTOiIDFjHUElCpr00W2OKT43Sx0GkzJWAM/X3REpCrSehbzpDAkO96M3E/7xOAsGVl3IZJ8AknT8UJAJDhGeZ4D5XjIKYGEKo4uavmA6JIhRMciUTgru48jJpnlfci0r1rlquXedxFNEROkFnyEWXqIZuUR01EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz/21Zg5</latexit>

1 x irrational

<latexit sha1_base64="GaUBiivDltD4474wqq7ie39qv50=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIySXuSlAvQtCLxwjmAUkIs5PZZHB2dpnplcQl+CtePCji1f/w5t84SfagiQUNRVU33V1eJLgGx/m2MkvLK6tr2fXcxubW9o69u1fXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4d1fT/zGA1Oah/IORhHrBKQvuc8pASN17QO/MCxetoENIdFcjgvuybDYtfNOyZkCLxI3JXmUotq1v9q9kMYBk0AF0brlOhF0EqKAU8HGuXasWUToPemzlqGSBEx3kun1Y3xslB72Q2VKAp6qvycSEmg9CjzTGRAY6HlvIv7ntWLwLzoJl1EMTNLZIj8WGEI8iQL3uGIUxMgQQhU3t2I6IIpQMIHlTAju/MuLpH5acs9K5dtyvnKVxpFFh+gIFZCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH7PWjJXO7KM/sD5/AD44lHQ=</latexit>

f(x) = sin(1/x)
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➡ Logic:   Gödel’s first incompleteness theorem                            
→  there are statements that are undecidable



  Mathematics can be wild

1

➡ Analysis:   topologies and maps can be involved

What is a good Tameness Principle?

‣ common feature:   no proper graphical representation

→  complicated sets:  Cantor sets, …

→  complicated functions:  
<latexit sha1_base64="rr7azOry14re72K/Q+OsKLi/Iww=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IpV48VrAf0ISy2W7apZtN3N0US+jv8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHtzG+PqVQsEg96ElMvxAPBAkawNpIXlJ/O0Q1y62zgpr1iya7Yc6BV4mSkBBkaveKX249IElKhCcdKdR071l6KpWaE02nBTRSNMRnhAe0aKnBIlZfOj56iM6P0URBJU0Kjufp7IsWhUpPQN50h1kO17M3E/7xuooNrL2UiTjQVZLEoSDjSEZolgPpMUqL5xBBMJDO3IjLEEhNtciqYEJzll1dJ66LiXFaq99VSrZ7FkYcTOIUyOHAFNbiDBjSBwCM8wyu8WWPrxXq3PhatOSubOYY/sD5/AP1tkPY=</latexit>

f(x) =
n <latexit sha1_base64="IkLFECqWAQWWnmyhegmXoaYSzm0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsYi0YfURpXjOq1Vx4nsG9Qq6sDCr7AwgBArH8HG3+CmGaDlWL46Oude2ff4seAaHOfbKqytb2xuFbdLO7t7+wf24VFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++mfvtB6Y0j+Q9TGPmhWQoecApASP17bLTw4szMQXYBFKVWUTM+nbFqToZ8Cpxc1JBORp9+6s3iGgSMglUEK27rhODlxIFnAo2K/USzWJCx2TIuoZKEjLtpdkSM3xqlAEOImWuBJypvydSEmo9DX3TGRIY6WVvLv7ndRMIrryUyzgBJunioSARGCI8TwQPuGIUxNQQQhU3f8V0RBShYHIrmRDc5ZVXSeu86l5Ua3e1Sv06j6OIyugEnSEXXaI6ukUN1EQUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AEtOl0k=</latexit>

0 x rational
<latexit sha1_base64="qAyH7virBbUvvUDVmbB0pSkzcVM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0kxmSO9IydOXGX3HjQhG3foM7/8Z0OgttPSGXwzn3ktzjx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wdNHSWKsgaNRKTaPtFMcMkawEGwdqwYCX3BWv7oZua3HpjSPJL3MImZF5KB5AGnBIzUs4/dLp6fsSnAxpBypTKTiGnPLjsVJwNeJm5OyihHvWd/dfsRTUImgQqidcd1YvBSooBTwaalbqJZTOiIDFjHUElCpr00W2OKT43Sx0GkzJWAM/X3REpCrSehbzpDAkO96M3E/7xOAsGVl3IZJ8AknT8UJAJDhGeZ4D5XjIKYGEKo4uavmA6JIhRMciUTgru48jJpnlfci0r1rlquXedxFNEROkFnyEWXqIZuUR01EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz/21Zg5</latexit>

1 x irrational

➡ Logic:   Gödel’s first incompleteness theorem                            
→  there are statements that are undecidable
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<latexit sha1_base64="GaUBiivDltD4474wqq7ie39qv50=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIySXuSlAvQtCLxwjmAUkIs5PZZHB2dpnplcQl+CtePCji1f/w5t84SfagiQUNRVU33V1eJLgGx/m2MkvLK6tr2fXcxubW9o69u1fXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4d1fT/zGA1Oah/IORhHrBKQvuc8pASN17QO/MCxetoENIdFcjgvuybDYtfNOyZkCLxI3JXmUotq1v9q9kMYBk0AF0brlOhF0EqKAU8HGuXasWUToPemzlqGSBEx3kun1Y3xslB72Q2VKAp6qvycSEmg9CjzTGRAY6HlvIv7ntWLwLzoJl1EMTNLZIj8WGEI8iQL3uGIUxMgQQhU3t2I6IIpQMIHlTAju/MuLpH5acs9K5dtyvnKVxpFFh+gIFZCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH7PWjJXO7KM/sD5/AD44lHQ=</latexit>

f(x) = sin(1/x)



  Finiteness as a tameness principle?
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➡ Longstanding question:  Is number of distinct effective theories from string 
theory below fixed cut-off finite? e.g. [Douglas ’03] [Acharya,Douglas ’06]

‣ much recent activity:  finiteness of spectra, ranks of gauge groups

[Taylor etal],[Kim,Shiu,Vafa],[Lee,Weigand],[Tarazi,Vafa] [Hamada,Montero,Vafa,Valenzuela]

[Adams,DeWolfe,Taylor] [Kim,Shiu,Vafa] [Kim,Tarazi,Vafa] [Cvetic,Dierigl,Lin,Zang] 
[Dierigl,Heckman] [Font,Fraiman,Grana,Nunez,DeFreitas] [Hamada,Vafa]

Finiteness criterion seems to be a yes/no-criterion: 
Can we turn finiteness into a structural criterion?

➡ In certain string theory models finiteness is now part of general 
mathematical theorem                               [Bakker,TG,Schnell,Tsimerman]



  Finiteness as a tameness principle?

2

Tameness principle: demand that theories are formulated  
within ’Tame geometry’ or ‘o-minimal geometry’ 

(needed in the proof of [Bakker,TG,Schnell,Tsimerman])

➡ Longstanding question:  Is number of distinct effective theories from string 
theory below fixed cut-off finite? e.g. [Douglas ’03] [Acharya,Douglas ’06]

‣ much recent activity:  finiteness of spectra, ranks of gauge groups

[Taylor etal],[Kim,Shiu,Vafa],[Lee,Weigand],[Tarazi,Vafa] [Hamada,Montero,Vafa,Valenzuela]

[Adams,DeWolfe,Taylor] [Kim,Shiu,Vafa] [Kim,Tarazi,Vafa] [Cvetic,Dierigl,Lin,Zang] 
[Dierigl,Heckman] [Font,Fraiman,Grana,Nunez,DeFreitas] [Hamada,Vafa]

➡ In certain string theory models finiteness is now part of general 
mathematical theorem                               [Bakker,TG,Schnell,Tsimerman]



  What is tameness?
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→  no sets with infinite disconnected components: 
      integers, lattices…  

➡ Avoid wild sets and functions:  

➡ Comes from logic: o-minimal structures 
can avoid logical undecidability [Tarski] (Gödel’s theorems are over integers) 

➡ Grothendieck’s dream to develop math. framework for geometry:
  →  tame topology   [Esquisse d’un programme]

➡ Tameness implements a generalized finiteness principle
→  restricts sets and functions:  tame sets + tame functions

→  no functions with infinitely many isolated minima, maxima, zeros 
      as in   

<latexit sha1_base64="GaUBiivDltD4474wqq7ie39qv50=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIySXuSlAvQtCLxwjmAUkIs5PZZHB2dpnplcQl+CtePCji1f/w5t84SfagiQUNRVU33V1eJLgGx/m2MkvLK6tr2fXcxubW9o69u1fXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4d1fT/zGA1Oah/IORhHrBKQvuc8pASN17QO/MCxetoENIdFcjgvuybDYtfNOyZkCLxI3JXmUotq1v9q9kMYBk0AF0brlOhF0EqKAU8HGuXasWUToPemzlqGSBEx3kun1Y3xslB72Q2VKAp6qvycSEmg9CjzTGRAY6HlvIv7ntWLwLzoJl1EMTNLZIj8WGEI8iQL3uGIUxMgQQhU3t2I6IIpQMIHlTAju/MuLpH5acs9K5dtyvnKVxpFFh+gIFZCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH7PWjJXO7KM/sD5/AD44lHQ=</latexit>

f(x) = sin(1/x)



  Tameness - a generalized finiteness principle

4

➡ Tameness from theory of o-minimal structures (model theory, logic)                                                                                                          

Recent lectures:   2022 Fields institute program (6 months)
intro book [van den Dries] 

➡ structure      :   collect subsets of                                                                                                              

‣ sets defined by all real polynomials included (algebraic sets)
‣ closed under linear projections
‣ closed under finite unions, intersections, products, and complements

<latexit sha1_base64="v5NPtPz63B7WaM6LyzaKFTV98e8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEFyEkpagboejGZRX7gCaWyXTSDp1MwsxEKKG48VfcuFDErV/hzr9x0nahrQcuHM65l3vvCRJGpXKcb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2gGShFFOGooqRtqJICgKGGkFw6vcbz0QIWnM79QoIX6E+pyGFCOlpa554EVIDYIgux3fc8uzIL9wrYpl23bXLDu2MwFcJO6MlMEM9a755fVinEaEK8yQlB3XSZSfIaEoZmRc8lJJEoSHqE86mnIUEelnkxfG8FgrPRjGQhdXcKL+nshQJOUoCnRnfrCc93LxP6+TqvDczyhPUkU4ni4KUwZVDPM8YI8KghUbaYKwoPpWiAdIIKx0aiUdgjv/8iJpVmz31K7eVMu1y1kcRXAIjsAJcMEZqIFrUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx8k8JVS</latexit>

Rn, n = 1, 2, ...
<latexit sha1_base64="G9WG7kLMFDI/tqUEzRQ01amOGtc=">AAACHXicbZDLSsNAFIYnXmu9RV26CRbBhZRMKb3sim5cVrQXSEKZTCft0MmFmYlQQl7Eja/ixoUiLtyIb+MkzUJbDwx8/P85M2d+N2JUSNP81tbWNza3tks75d29/YND/ei4L8KYY9LDIQv50EWCMBqQnqSSkWHECfJdRgbu7DrzBw+ECxoG93IeEcdHk4B6FCOppJFeT+z8EotPXCcxq6ZpQggvM4DNhqmg3W7VYCu1fSSnGLHkLk1HeiXvVGWsAiygAorqjvRPexzi2CeBxAwJYUEzkk6CuKSYkbRsx4JECM/QhFgKA+QT4ST5YqlxrpSx4YVcnUAaufp7IkG+EHPfVZ3ZjmLZy8T/PCuWXstJaBDFkgR48ZAXM0OGRhaVMaacYMnmChDmVO1q4CniCEsVaFmFAJe/vAr9WhU2qvXbeqVzVcRRAqfgDFwACJqgA25AF/QABo/gGbyCN+1Je9HetY9F65pWzJyAP6V9/QDA256j</latexit>

S

➡ tame/o-minimal structure     :  only subsets of       that are in      are  
                                                      finite unions of points and intervals 

<latexit sha1_base64="unEuT7utuAP30hCdIaTdySdTKpg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybkniAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8k/mtJ1SaR/LBTGL0QzqUfMAZNVZ67IbUjIIgvZ/2yhW36s5AlomXkwrkqPfKX91+xJIQpWGCat3x3Nj4KVWGM4HTUjfRGFM2pkPsWCppiNpPZ4mn5MQqfTKIlH3SkJn6eyOlodaTMLCTWUK96GXif14nMYMrP+UyTgxKNv9okAhiIpKdT/pcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xzu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPwE2Q+w==</latexit>R <latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S



  Tameness - a generalized finiteness principle

4

➡ Tameness from theory of o-minimal structures (model theory, logic)                                                                                                          

Recent lectures:   2022 Fields institute program (6 months)
intro book [van den Dries] 

➡ tame/o-minimal structure     :  only subsets of      are                                                 
<latexit sha1_base64="unEuT7utuAP30hCdIaTdySdTKpg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybkniAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8k/mtJ1SaR/LBTGL0QzqUfMAZNVZ67IbUjIIgvZ/2yhW36s5AlomXkwrkqPfKX91+xJIQpWGCat3x3Nj4KVWGM4HTUjfRGFM2pkPsWCppiNpPZ4mn5MQqfTKIlH3SkJn6eyOlodaTMLCTWUK96GXif14nMYMrP+UyTgxKNv9okAhiIpKdT/pcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xzu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPwE2Q+w==</latexit>R<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
finitely many points/intervals
infinitely long intervals  
whole real line

➡ structure      :   collect subsets of                                                                                                              

‣ sets defined by all real polynomials included (algebraic sets)
‣ closed under linear projections
‣ closed under finite unions, intersections, products, and complements

<latexit sha1_base64="v5NPtPz63B7WaM6LyzaKFTV98e8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEFyEkpagboejGZRX7gCaWyXTSDp1MwsxEKKG48VfcuFDErV/hzr9x0nahrQcuHM65l3vvCRJGpXKcb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2gGShFFOGooqRtqJICgKGGkFw6vcbz0QIWnM79QoIX6E+pyGFCOlpa554EVIDYIgux3fc8uzIL9wrYpl23bXLDu2MwFcJO6MlMEM9a755fVinEaEK8yQlB3XSZSfIaEoZmRc8lJJEoSHqE86mnIUEelnkxfG8FgrPRjGQhdXcKL+nshQJOUoCnRnfrCc93LxP6+TqvDczyhPUkU4ni4KUwZVDPM8YI8KghUbaYKwoPpWiAdIIKx0aiUdgjv/8iJpVmz31K7eVMu1y1kcRXAIjsAJcMEZqIFrUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx8k8JVS</latexit>

Rn, n = 1, 2, ...
<latexit sha1_base64="G9WG7kLMFDI/tqUEzRQ01amOGtc=">AAACHXicbZDLSsNAFIYnXmu9RV26CRbBhZRMKb3sim5cVrQXSEKZTCft0MmFmYlQQl7Eja/ixoUiLtyIb+MkzUJbDwx8/P85M2d+N2JUSNP81tbWNza3tks75d29/YND/ei4L8KYY9LDIQv50EWCMBqQnqSSkWHECfJdRgbu7DrzBw+ECxoG93IeEcdHk4B6FCOppJFeT+z8EotPXCcxq6ZpQggvM4DNhqmg3W7VYCu1fSSnGLHkLk1HeiXvVGWsAiygAorqjvRPexzi2CeBxAwJYUEzkk6CuKSYkbRsx4JECM/QhFgKA+QT4ST5YqlxrpSx4YVcnUAaufp7IkG+EHPfVZ3ZjmLZy8T/PCuWXstJaBDFkgR48ZAXM0OGRhaVMaacYMnmChDmVO1q4CniCEsVaFmFAJe/vAr9WhU2qvXbeqVzVcRRAqfgDFwACJqgA25AF/QABo/gGbyCN+1Je9HetY9F65pWzJyAP6V9/QDA256j</latexit>

S



  Tameness - a generalized finiteness principle
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<latexit sha1_base64="v5NPtPz63B7WaM6LyzaKFTV98e8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEFyEkpagboejGZRX7gCaWyXTSDp1MwsxEKKG48VfcuFDErV/hzr9x0nahrQcuHM65l3vvCRJGpXKcb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2gGShFFOGooqRtqJICgKGGkFw6vcbz0QIWnM79QoIX6E+pyGFCOlpa554EVIDYIgux3fc8uzIL9wrYpl23bXLDu2MwFcJO6MlMEM9a755fVinEaEK8yQlB3XSZSfIaEoZmRc8lJJEoSHqE86mnIUEelnkxfG8FgrPRjGQhdXcKL+nshQJOUoCnRnfrCc93LxP6+TqvDczyhPUkU4ni4KUwZVDPM8YI8KghUbaYKwoPpWiAdIIKx0aiUdgjv/8iJpVmz31K7eVMu1y1kcRXAIjsAJcMEZqIFrUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx8k8JVS</latexit>

Rn, n = 1, 2, ...
<latexit sha1_base64="G9WG7kLMFDI/tqUEzRQ01amOGtc=">AAACHXicbZDLSsNAFIYnXmu9RV26CRbBhZRMKb3sim5cVrQXSEKZTCft0MmFmYlQQl7Eja/ixoUiLtyIb+MkzUJbDwx8/P85M2d+N2JUSNP81tbWNza3tks75d29/YND/ei4L8KYY9LDIQv50EWCMBqQnqSSkWHECfJdRgbu7DrzBw+ECxoG93IeEcdHk4B6FCOppJFeT+z8EotPXCcxq6ZpQggvM4DNhqmg3W7VYCu1fSSnGLHkLk1HeiXvVGWsAiygAorqjvRPexzi2CeBxAwJYUEzkk6CuKSYkbRsx4JECM/QhFgKA+QT4ST5YqlxrpSx4YVcnUAaufp7IkG+EHPfVZ3ZjmLZy8T/PCuWXstJaBDFkgR48ZAXM0OGRhaVMaacYMnmChDmVO1q4CniCEsVaFmFAJe/vAr9WhU2qvXbeqVzVcRRAqfgDFwACJqgA25AF/QABo/gGbyCN+1Je9HetY9F65pWzJyAP6V9/QDA256j</latexit>

S

fi
infi 
whole real line

➡ Tameness from theory of o-minimal structures (model theory, logic)                                                                                                          

Recent lectures:   2022 Fields institute program (6 months)
intro book [van den Dries] 

➡ structure      :   collect subsets of                                                                                                              

‣ sets defi
‣ closed under projections
‣ closed under fi

➡ tame/o-minimal structure     :  only subsets of      are                                                 
<latexit sha1_base64="unEuT7utuAP30hCdIaTdySdTKpg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybkniAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8k/mtJ1SaR/LBTGL0QzqUfMAZNVZ67IbUjIIgvZ/2yhW36s5AlomXkwrkqPfKX91+xJIQpWGCat3x3Nj4KVWGM4HTUjfRGFM2pkPsWCppiNpPZ4mn5MQqfTKIlH3SkJn6eyOlodaTMLCTWUK96GXif14nMYMrP+UyTgxKNv9okAhiIpKdT/pcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xzu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPwE2Q+w==</latexit>R<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

sets in o-minimal structure      :   tame sets

functions with graph being a tame set:  tame functions

<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

→ tame manifold, tame bundles… a tame geometry



  Examples and Non-Examples

➡ Consider function:   

    
<latexit sha1_base64="MoiJ6VDY3ijSADzRl6Do1n96lTw="></latexit>

sin(x), x 2 R

➡ Periodic functions                                  are never tame (when not constant)
<latexit sha1_base64="R5lWx3pclN03jNeJU3j6Z2PR/4w=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFahDIjvjZC0Y3LCvYB06Fk0kwbmkmGJCOWoZ/hxoUibv0ad/6N6WOhrQdCDufcy733hAln2rjut7O0vLK6tp7byG9ube/sFvb2G1qmitA6kVyqVog15UzQumGG01aiKI5DTpvh4HbsNx+p0kyKBzNMaBDjnmARI9hYyY9KTyeifG2/cqdQdCvuBGiReDNShBlqncJXuytJGlNhCMda+56bmCDDyjDC6SjfTjVNMBngHvUtFTimOsgmK4/QsVW6KJLKPmHQRP3dkeFY62Ec2soYm76e98bif56fmugqyJhIUkMFmQ6KUo6MROP7UZcpSgwfWoKJYnZXRPpYYWJsSnkbgjd/8iJpnFa8i8r5/VmxejOLIweHcAQl8OASqnAHNagDAQnP8ApvjnFenHfnY1q65Mx6DuAPnM8fkKWQJg==</latexit>

f(x+ n) = f(x)

tame function split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f

→  finitely many minima and maxima, tame tail to infinity

<latexit sha1_base64="BOXkQ8poL0betLJC+AC5LNjM5/k="></latexit>

f : R ! R

5



  Examples of o-minimal structures

6

needed for projection property

➡ Simplest structure:                   (used e.g. in real algebraic geometry)

‣ sets in          are zero-sets of finitely many real polynomials: 

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg
<latexit sha1_base64="A2wK7tyKoEpkiaJWFsn8Sihh4XY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vp7Syura+Ud6sbG3v7O5V9w/aOkkVoS2S8ER1Q6wpZ4K2DDOcdqWiOA457YTjm9zvPFGlWSIezETSIMZDwSJGsLGS78fYjMIwu58+in615tbdGdAy8QpSgwLNfvXLHyQkjakwhGOte54rTZBhZRjhdFrxU00lJmM8pD1LBY6pDrJZ5ik6scoARYmyTxg0U39vZDjWehKHdjLPqBe9XPzP66UmugoyJmRqqCDzQ1HKkUlQXgAaMEWJ4RNLMFHMZkVkhBUmxtZUsSV4i19eJu2zundRP787rzWuizrKcATHcAoeXEIDbqEJLSAg4Rle4c1JnRfn3fmYj5acYucQ/sD5/AFID5Hb</latexit>

Rn
<latexit sha1_base64="qSx29WjbWWaNE4+N1qwAlfpt8u8="></latexit>

Pk(x1, ..., xn) = 0 \ P̂l(x1, ..., xn) > 0
<latexit sha1_base64="VwIezzYxGRGmqjEMHd4IxQrRTl8=">AAACAnicbZBPS8MwGMbT+W/Of1VP4iU4BA+jtDLUizD04nGC24S1jDRLt7AkLUkqjDK8+FW8eFDEq5/Cm9/GrOtBNx8I/Hje9+XN+4QJo0q77rdVWlpeWV0rr1c2Nre2d+zdvbaKU4lJC8cslvchUoRRQVqaakbuE0kQDxnphKPrab3zQKSisbjT44QEHA0EjShG2lg9+2B06dUcp8Z9v8JydGr+EGnIe3bVddxccBG8AqqgULNnf/n9GKecCI0ZUqrruYkOMiQ1xYxMKn6qSILwCA1I16BAnKggy0+YwGPj9GEUS/OEhrn7eyJDXKkxD00nR3qo5mtT879aN9XRRZBRkaSaCDxbFKUM6hhO84B9KgnWbGwAYUnNXyEeIomwNqlVTAje/MmL0D51vDOnfluvNq6KOMrgEByBE+CBc9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++CPrM8fd3qUTA==</latexit>

k = 1, ..,m

l = 1, ..., m̂

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial
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➡ Simplest structure:                   (used e.g. in real algebraic geometry)

‣ sets in          are zero-sets of finitely many real polynomials: 

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg
<latexit sha1_base64="A2wK7tyKoEpkiaJWFsn8Sihh4XY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0kwlJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTSs60cd1vp7Syura+Ud6sbG3v7O5V9w/aOkkVoS2S8ER1Q6wpZ4K2DDOcdqWiOA457YTjm9zvPFGlWSIezETSIMZDwSJGsLGS78fYjMIwu58+in615tbdGdAy8QpSgwLNfvXLHyQkjakwhGOte54rTZBhZRjhdFrxU00lJmM8pD1LBY6pDrJZ5ik6scoARYmyTxg0U39vZDjWehKHdjLPqBe9XPzP66UmugoyJmRqqCDzQ1HKkUlQXgAaMEWJ4RNLMFHMZkVkhBUmxtZUsSV4i19eJu2zundRP787rzWuizrKcATHcAoeXEIDbqEJLSAg4Rle4c1JnRfn3fmYj5acYucQ/sD5/AFID5Hb</latexit>

Rn
<latexit sha1_base64="qSx29WjbWWaNE4+N1qwAlfpt8u8="></latexit>

Pk(x1, ..., xn) = 0 \ P̂l(x1, ..., xn) > 0
<latexit sha1_base64="VwIezzYxGRGmqjEMHd4IxQrRTl8=">AAACAnicbZBPS8MwGMbT+W/Of1VP4iU4BA+jtDLUizD04nGC24S1jDRLt7AkLUkqjDK8+FW8eFDEq5/Cm9/GrOtBNx8I/Hje9+XN+4QJo0q77rdVWlpeWV0rr1c2Nre2d+zdvbaKU4lJC8cslvchUoRRQVqaakbuE0kQDxnphKPrab3zQKSisbjT44QEHA0EjShG2lg9+2B06dUcp8Z9v8JydGr+EGnIe3bVddxccBG8AqqgULNnf/n9GKecCI0ZUqrruYkOMiQ1xYxMKn6qSILwCA1I16BAnKggy0+YwGPj9GEUS/OEhrn7eyJDXKkxD00nR3qo5mtT879aN9XRRZBRkaSaCDxbFKUM6hhO84B9KgnWbGwAYUnNXyEeIomwNqlVTAje/MmL0D51vDOnfluvNq6KOMrgEByBE+CBc9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++CPrM8fd3qUTA==</latexit>

k = 1, ..,m

l = 1, ..., m̂

→  complete sets compatible with structure axioms  
     (i.e. add sets obtained by projection, unions,…)

➡ General structure:   add more functions                                to generate sets
<latexit sha1_base64="05kBt/aTTEGK+/U2PhBNLeXWnJY="></latexit>

Pk(x1, ..., xm, f1(x), ..., fn(x)) = 0

<latexit sha1_base64="v8yFcmvAeh1IgX9DQjDtV1mqDuk=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiJFxVXRjcsq9gFNDJPppB06MwkzE6WE/oEbf8WNC0XcunXn3zhpC2rrgQuHc+7l3nvChFGlHefLmptfWFxaLqwUV9fWNzbtre2GilOJSR3HLJatECnCqCB1TTUjrUQSxENGmmH/Ivebd0QqGosbPUiIz1FX0IhipI0U2AdRQM88jnQvDLPr4S33JO32NJIyvoc/emCXnLIzApwl7oSUwAS1wP70OjFOOREaM6RU23US7WdIaooZGRa9VJEE4T7qkrahAnGi/Gz0zxDuG6UDo1iaEhqO1N8TGeJKDXhoOvML1bSXi/957VRHp35GRZJqIvB4UZQyqGOYhwM7VBKs2cAQhCU1t0LcQxJhbSIsmhDc6ZdnSeOo7B6XK1eVUvV8EkcB7II9cAhccAKq4BLUQB1g8ACewAt4tR6tZ+vNeh+3zlmTmR3wB9bHNwr1nVA=</latexit>

fi : Rm ! R

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial



  Examples of o-minimal structures

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

6

➡ Some important examples:
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg [Wilkie ’96]‣              extended by exponential function:

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp
[van den Dries,  
  Macintyre,Marker ’94]

‣ exp and restricted real analytic functions:             

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg
[Denef,  
van den Dries ’88]

‣              extended by restricted real analytic functions:
<latexit sha1_base64="dAInqm0oys6RbsqoZmvlgenVC+E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcsq9gFNCJPppB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45YcKo0o7zbVXW1jc2t6rbtZ3dvf0D+/Cop+JUYtLFMYvlIESKMCpIV1PNyCCRBPGQkX44vSn8/iORisbiQWcJ8TkaCxpRjLSRArvucaQnYZjfz4LckxwiMQvshtN05oCrxC1JA5ToBPaXN4pxyonQmCGlhq6TaD9HUlPMyKzmpYokCE/RmAwNFYgT5efz8DN4apQRjGJpntBwrv7eyBFXKuOhmSyiqmWvEP/zhqmOrvyciiTVRODFoShlUMewaAKOqCRYs8wQhCU1WSGeIImwNn3VTAnu8pdXSe+86V40W3etRvu6rKMKjsEJOAMuuARtcAs6oAswyMAzeAVv1pP1Yr1bH4vRilXu1MEfWJ8/CBeVBw==</latexit>Ran

‣ several more recent examples:  e.g. 
(1)  add solutions to certain first-order differential equations   
(2)  structure including                    and 

to the domain 0  �  a are restricted analytic functions. e
r, r 2 R is not

restricted analytic and Ran,exp has to be used to make ez definable on the domain
0  �  a. We stress that even though Ran,exp is significantly larger than Ralg,
there are commonly appearing functions that are not definable in this structure.
Most notably, neither the Gamma-function �(x) on (0,1) nor the Riemann Zeta-
function on (1,1) are definable in Ran,exp as shown in [16].

It is important to stress that the theory of o-minimal structures is very rich
and still under investigation. To give an example of this, let us note that a long-
standing question of whether or not one can construct an o-minimal structure
that makes both �(x)|(0,1) and ⇣(x)|(0,1) definable was only answered very re-
cently. It has been proved more than two decades ago in [17] that one construct
two di↵erent o-minimal structures making either one or the other function de-
finable. To show that there is a structure in which both are definable was only
achieved earlier this year in [18]. This example indicates that, in general, it is
not possible to simply combine o-minimal structures to find larger structures.
Whether or not there is a single o-minimal structure that su�ces for all physical
applications is an open and challenging question. In this work, it will be often
su�cient to consider the o-minimal structure Ran,exp, but it is important to keep
in mind that the generalized finiteness properties and the logical completeness
statements are present in all o-minimal structures.

3 Tameness of perturbative amplitudes

In this section we will make our main statement and sketch the proof of the
Theorem stated in section 1.1. For this we first carefully define our setup and the
involved spaces. Our starting point is a quantum field theory on a d-dimensional
space-time defined by a Lagrangian L. We require this theory to be local and
describe the dynamics of finitely many fields which are either scalars, fermions,
gauge fields, or higher form fields. We stress that the considered Lagrangians
are thus assumed to have only finitely many terms that depend polynomially
on the fields of the theory. This will ensure that in perturbation theory the
physical amplitudes can be computed to a certain fixed loop-level using a finite
number of propagators and interaction vertices. Our main statement will also
need renormalizablity of the QFT, since it relies on the presence of only finitely

many counterterms. We will comment on the treatment of non-renormalizable
e↵ective theories and later return to these cases in section 5.
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<latexit sha1_base64="ZzoReax2RSmIYoaTQBqfVVd4sgc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEILUhJpKjHohePFewHtKVstpt26WYTdidiTXvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXleJLgGx/m2lpZXVtfWMxvZza3tnV17b7+mw1hRVqWhCFXDI5oJLlkVOAjWiBQjgSdY3RtcT/z6PVOah/IOhhFrB6Qnuc8pASN17MPWIwOSfyiMOknePW1x6cOwMO7YOafoTIEXiZuSHEpR6dhfrW5I44BJoIJo3XSdCNoJUcCpYONsK9YsInRAeqxpqCQB0+1kev8Ynxili/1QmZKAp+rviYQEWg8Dz3QGBPp63puI/3nNGPzLdsJlFAOTdLbIjwWGEE/CwF2uGAUxNIRQxc2tmPaJIhRMZFkTgjv/8iKpnRXd82LptpQrX6VxZNAROkZ55KILVEY3qIKqiKIRekav6M16sl6sd+tj1rpkpTMH6A+szx/3YZVw</latexit>

⇣(x)|(1,1) [Rolin,Servi,Speissegger ’22]
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➡ Sets in                   given by finitely many equalities and inequalities:
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

polynomial exponential restricted analytic

needed for tameness  
of complex exponential: 

<latexit sha1_base64="/QItGJ8zTzYC0nK0QadX1OSRXSo=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSEXVZdOOygr1AE8pkOmmHTiZxZqKU2Edx40IRtz6JO9/GaZqFtv4w8PGfczhn/iDhTGnH+bZKK6tr6xvlzcrW9s7unl3db6s4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/P6p0HKhWLxZ2eJNSP8FCwkBGsjdW3q47H6T3ykhFDOZG+XXPqTi60DG4BNSjU7Ntf3iAmaUSFJhwr1XOdRPsZlpoRTqcVL1U0wWSMh7RnUOCIKj/LT5+iY+MMUBhL84RGuft7IsORUpMoMJ0R1iO1WJuZ/9V6qQ4v/YyJJNVUkPmiMOVIx2iWAxowSYnmEwOYSGZuRWSEJSbapFUxIbiLX16G9mndPa+f3Z7VGldFHGU4hCM4ARcuoAE30IQWEHiEZ3iFN+vJerHerY95a8kqZg7gj6zPH/Jskyo=</latexit>

0  �  c
<latexit sha1_base64="ps6Y4KK82D9ZcsM+TcwJzMY9/3s="></latexit>

ez = er(cos(�) + i sin(�))

<latexit sha1_base64="Dq/hcJaOm3ZmpbK635Hm1pa0pyc="></latexit>

Pk(x1, ..., xn, e
x1 , ..., exn , f1(x), ..., fm(x)) = 0

P̃l(x1, ..., xn, e
x1 , ..., exn , f̃1(x), ..., f̃m(x)) > 0

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial



  A currently active field of mathematics
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➡ Tameness used in many recent proofs of deep mathematics conjectures:
‣ Klingler’s Ax-Schanuel conjecture for Hodge structures  [Bakker,Tsimerman ’17] 

several subsequent generalizations, e.g. to mixed Hodge structures

‣ Griffiths’ conjecture [Bakker,Brunebarbe,Tsimerman ‘18] 
‣ André-Oort conjecture [Pila,Shankar,Tsimerman ‘21] 
‣ Geometric André-Grothendieck Period Conjecture  [Bakker,Tsimerman ’22] 

 
→ very active field connecting logic, number theory, and geometry

➡ Historically routed in logic, there has been much recent activity  
in the field of tame geometry relating to different parts of mathematics



Tameness in perturbative 
Quantum Field Theories (QFTs)



   Perturbative QFTs
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➡ Scattering amplitudes

external 
particles

<latexit sha1_base64="LwHdCHz/09CAB9Wt0N7+Vqyi8pY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiTia1l147KCfUAbwmQ6aYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTJJwp7Tjf1srq2vrGZmmrvL2zu7dvHxy2VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2M7nO/PaZSsVg86UlCvQgPBAsZwdpIvm33IqyHBPPsdlpNfHbm2xWn5syAlolbkAoUaPj2V68fkzSiQhOOleq6TqK9DEvNCKfTci9VNMFkhAe0a6jAEVVeNks+RadG6aMwluYJjWbq740MR0pNosBM5jnVopeL/3ndVIc3XsZEkmoqyPxQmHKkY5TXgPpMUqL5xBBMJDNZERliiYk2ZZVNCe7il5dJ67zmXtUuHy8q9buijhIcwwlUwYVrqMMDNKAJBMbwDK/wZmXWi/VufcxHV6xi5wj+wPr8ARFwk00=</latexit>

A(pi)
How likely is the process?

<latexit sha1_base64="tlM7l+3Olzx0HTBSV4fgWliwxcE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECwI2i</latexit>p1

<latexit sha1_base64="G5j5u3yH3aE7qDdfJgrUEB5+kQY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEERI2j</latexit>p2

<latexit sha1_base64="OosA13sAO5ZPFHSNlMCZU3iaK/Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMFyI2k</latexit>p3

<latexit sha1_base64="6bkZ6cp3jOw8DmY3G7o/9NZvIfM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcHTI2l</latexit>p4

➡ Physics: defined using path integrals - “sum over all possible processes”

small coupling expansion

+

<latexit sha1_base64="I0GB7lfl6Nc01urF3+sq/D6MFGQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPqAzlEwm04ZmkjHJFMrQ73DjQhG3fow7/8a0nYW2HggczjmXe3PClDNtXPfbWVldW9/YLG2Vt3d29/YrB4ctLTNFaJNILlUnxJpyJmjTMMNpJ1UUJyGn7XB4N/XbI6o0k+LRjFMaJLgvWMwINlYKfG6jEUY+58jrVapuzZ0BLROvIFUo0OhVvvxIkiyhwhCOte56bmqCHCvDCKeTsp9pmmIyxH3atVTghOognx09QadWiVAslX3CoJn6eyLHidbjJLTJBJuBXvSm4n9eNzPxTZAzkWaGCjJfFGccGYmmDaCIKUoMH1uCiWL2VkQGWGFibE9lW4K3+OVl0jqveVe1y4eLav22qKMEx3ACZ+DBNdThHhrQBAJP8Ayv8OaMnBfn3fmYR1ecYuYI/sD5/AGwvpFo</latexit>

� ⌧ 1

+ +

→ summing till fixed loop number: finite number of Feynman integrals 

➡ Perturbative expansion:



   Perturbative QFTs
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➡ Theorem:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    

[Douglas,TG,Schlechter]
<latexit sha1_base64="5VwnjFHh6Olo0x7inlKQQkWthk0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Lv98sVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwD9zY2e</latexit>m1

<latexit sha1_base64="dbD0R8vOR85ULvP4a/BRYCg4TCQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh6LXjxWtLXQLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7DEc38z8xyemDY/Vg50kLJBkqHjEKbFOupf9Wr9c8areHHiV+DmpQI5mv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10FGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEratap/Ua3f1SuN6zyOIpzAKZyDD5fQgFtoQgsoDOEZXuENCfSC3tHHorWA8plj+AP0+QP/UY2f</latexit>m2

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�

tame in all parameters<latexit sha1_base64="SYDM+v0CI44ECulX2//ydAwdMrY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNbio1u5qlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEA5I2g</latexit>m3

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p <latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="VQPF/GiCHdq3WqORYlPJToeLbmo=">AAACEHicbVDLSgMxFM34rPVVdekmWMQKQ5mpz2XVjcsK9gGdYchk0jY0yQxJRihDP8GNv+LGhSJuXbrzb0wfC209EDicc+/NvSdMGFXacb6thcWl5ZXV3Fp+fWNza7uws9tQcSoxqeOYxbIVIkUYFaSuqWaklUiCeMhIM+zfjPzmA5GKxuJeDxLic9QVtEMx0kYKCkceR7qHEcuuhkEFlnjg2pAHFZsHJ7bHzKAI2TA5DgpFp+yMAeeJOyVFMEUtKHx5UYxTToTGDCnVdp1E+xmSmmJGhnkvVSRBuI+6pG2oQJwoPxsfNISHRolgJ5bmCQ3H6u+ODHGlBjw0laP11aw3Ev/z2qnuXPoZFUmqicCTjzopgzqGo3RgRCXBmg0MQVhSsyvEPSQR1ibDvAnBnT15njQqZfe8fHZ3WqxeT+PIgX1wAErABRegCm5BDdQBBo/gGbyCN+vJerHerY9J6YI17dkDf2B9/gAoNZrD</latexit>

A2(m1,m2,m3,�, p)

hidden finiteness property in all QFT amplitudes

Remarks:  - theorem is non-trivial: interesting implications for 
                     Feynman amplitudes (symmetry ⟷ relations)        [in progress]



  Why is this true?
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➡ amplitudes are composed of finitely many Feynman integrals 

➡ Note:  renormalizable theories have only finitely many  
            counterterms → tameness preserved by finite composition 

➡ Basic idea:  Feynman integrals are tame by relating them to period 
                    integrals of some auxiliary compact geometry  

<latexit sha1_base64="LrILQfKxBACIgglFb/PaSeOlQQk=">AAAB9HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+kXUo2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CoqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4up35rTFVmsXywUwSGgg8kCxiBBsrBY+9rKsEGiicDKc9t+xVvDnQKvFzUoYc9Z771e3HJBVUGsKx1h3fS0yQYWUY4XRa6qaaJpiM8IB2LJVYUB1k86On6MwqfRTFypY0aK7+nsiw0HoiQtspsBnqZW8m/ud1UhNdBxmTSWqoJItFUcqRidEsAdRnihLDJ5Zgopi9FZEhVpgYm1PJhuAvv7xKmhcV/7JSva+Wazd5HEU4gVM4Bx+uoAZ3UIcGEHiCZ3iFN2fsvDjvzseiteDkM8fwB87nD8zCkiI=</latexit>

Ygraph
review book by [Weinzierl] + many original works

➡ Use:  all steps only involve tame maps,  
          period integrals are tame maps in o-minimal structure   

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

seminal paper [Bakker,Klingler,Tsimerman ’18]
[Bakker,Mullane ’22]  related integration results [Comte,Lion,Rolin]



Tameness of full QFTs?



  Observables in QFT

➡ interested in physical observables in local QFTs
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particle described by the field 
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
→ dynamics encoded by Lagrangian, e.g.

<latexit sha1_base64="1DObmSpfMrQlxShQrZ3q2S45tS4="></latexit>

L = 1
2 (@�)

2 � 1
2m

2�2 � 1
4!��

4

local operator at some  
space-time point 
(e.g. polynomial in    )

<latexit sha1_base64="xyAVBROpWy2oDy1bIJyjFJUkPeA=">AAAB9XicbVDJTsMwEJ2UrZStwJGLRYXEqUoQ27GCC8ci6CI1oXJcp7VqO5HtgKKo/8GFAwhx5V+48Te4ywFanjTS03szmpkXJpxp47rfTmFpeWV1rbhe2tjc2t4p7+41dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gqH12O/9UiVZrG8N1lCA4H7kkWMYGOlh6zrIZ9J5N+xvsDdcsWtuhOgReLNSAVmqHfLX34vJqmg0hCOte54bmKCHCvDCKejkp9qmmAyxH3asVRiQXWQT64eoSOr9FAUK1vSoIn6eyLHQutMhLZTYDPQ895Y/M/rpCa6DHImk9RQSaaLopQjE6NxBKjHFCWGZ5Zgopi9FZEBVpgYG1TJhuDNv7xImidV77x6dntaqV3N4ijCARzCMXhwATW4gTo0gICCZ3iFN+fJeXHenY9pa8GZzezDHzifP3K8kdk=</latexit>

y1 2 ⌃
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�

path integral over  
all field configurations

exponential weight 
by parameter-dep. 
Lagrangian

➡ compute correlation functions:                                           (up to normalization)
<latexit sha1_base64="6JLikPBsuOvGVL6cG48ljTsmFbA="></latexit>

hO1(y1)...Ok(yk)i�,m =

Z
D�O1(y1)...Ok(yk) e

�
R
⌃ ddyL(�,m)

parameters of the model



  Observables in QFT

➡ interested in physical observables in local QFTs

12

particle described by the field 
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�
→ dynamics encoded by Lagrangian, e.g.

parameters of the model

➡ compute correlation functions:                                           (up to normalization)

<latexit sha1_base64="RHGHENwFSLwmQPHU8ODn5es7XM4="></latexit>

hO1(y1)...Ok(yk)i�

→  complicated function on product of space-time         
      and parameter space     
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⌃⇥ ...⇥ ⌃

<latexit sha1_base64="1DObmSpfMrQlxShQrZ3q2S45tS4="></latexit>

L = 1
2 (@�)

2 � 1
2m

2�2 � 1
4!��

4



  Tameness at non-perturbative level

➡ check tameness of partition functions                       of solvable theories:

- 2d theories:    (2,2) GLSMs appearing in Type II CY compactifications 
                                                               tame due to relation to periods  
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ZS2 = e�K = ⇧̄⌘⇧

- 0d theory:  sine-Gordon           

→ modified Bessel function is tame (construct geometry → period) 

reduces to the the standard integral 8

Z =

Z ⇡

�⇡

d� e
4� sin2(�) = 2⇡e2�I0(2�) . (18)

Here I0(x) is the modified Bessel function of the first kind. For this function we
can find an explicit geometric realization. To see this, one constructs a gauged
linear sigma model (GLSM) corresponding to the charge vector l = {�2, 1, 1, 1}.
The geometry described by this model has the fundamental period

!0 =
X x

n�(2n+ 1)

�(n+ 1)3
= e

2x
I0(2x) , (19)

which is exactly the partition function of the Sine-Gordon model. Note that the
sum of the charges does not cancel and the GLSM thus does not describe a flat
space. Nevertheless, this connection shows that e2xI0(2x) is a period integral and
thus Ran,exp-definable by [8]. This implies that the partition function of the 0d
Sine-Gordon model as a function of � is definable in Ran,exp. However we will see
in §4.2 that the generalization to other 0d models is an open question.

1d QFT

Let us consider the general finite temperature partition function: given an energy
spectrum En, possibly depending on other couplings (schematically denoted ~�),
this is

Z(�,~�) =
X

n

exp
⇥
� �En(~�)

⇤
=

Z
dxG(x, x; �) (20)

where G is the Euclidean time propagator.

We first consider the harmonic oscillator with V (x) = m2

2 x
2 and frequency

! = 1/m, then

Z(�,m) =
1

2 sinh �/(2m)
(21)

is definable in Ran,exp for �,m 2 (0,1).

What about more general potentials? One might argue on physical grounds
that the energy levels and partition function will be tame under variations which
preserve the large field behavior. One can show [32, 33] that starting from a
potential with a discrete and nondegenerate spectrum, and adding a relatively
bounded perturbation (so, preserving the large field behavior), the energy levels
and partition function are analytic in an open region containing this starting

8We choose the coe�cient of the coupling such that the normalized partition function Z/Z0

becomes exactly a geometric period, see equation (19). This is purely for aesthetics and any
rescaling � ! a� would work.
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- 1d theory:  harmonic oscillator (finite temperature partition function)

reduces to the the standard integral 8

Z =

Z ⇡

�⇡

d� e
4� sin2(�) = 2⇡e2�I0(2�) . (18)

Here I0(x) is the modified Bessel function of the first kind. For this function we
can find an explicit geometric realization. To see this, one constructs a gauged
linear sigma model (GLSM) corresponding to the charge vector l = {�2, 1, 1, 1}.
The geometry described by this model has the fundamental period

!0 =
X x

n�(2n+ 1)

�(n+ 1)3
= e

2x
I0(2x) , (19)

which is exactly the partition function of the Sine-Gordon model. Note that the
sum of the charges does not cancel and the GLSM thus does not describe a flat
space. Nevertheless, this connection shows that e2xI0(2x) is a period integral and
thus Ran,exp-definable by [8]. This implies that the partition function of the 0d
Sine-Gordon model as a function of � is definable in Ran,exp. However we will see
in §4.2 that the generalization to other 0d models is an open question.

1d QFT

Let us consider the general finite temperature partition function: given an energy
spectrum En, possibly depending on other couplings (schematically denoted ~�),
this is

Z(�,~�) =
X

n

exp
⇥
� �En(~�)

⇤
=

Z
dxG(x, x; �) (20)

where G is the Euclidean time propagator.

We first consider the harmonic oscillator with V (x) = m2

2 x
2 and frequency

! = 1/m, then

Z(�,m) =
1

2 sinh �/(2m)
(21)

is definable in Ran,exp for �,m 2 (0,1).

What about more general potentials? One might argue on physical grounds
that the energy levels and partition function will be tame under variations which
preserve the large field behavior. One can show [32, 33] that starting from a
potential with a discrete and nondegenerate spectrum, and adding a relatively
bounded perturbation (so, preserving the large field behavior), the energy levels
and partition function are analytic in an open region containing this starting

8We choose the coe�cient of the coupling such that the normalized partition function Z/Z0

becomes exactly a geometric period, see equation (19). This is purely for aesthetics and any
rescaling � ! a� would work.
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→ tame in 
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�,m

2d QFT: Free Yang-Mills theory

As an example of a two-dimensional theory we take the free Yang-Mills theories.
In two dimensions these have no perturbative degrees of freedom, but the theories
still include non-perturbative e↵ects. The partition functions for a SU(N) group
were computed in [37] with the result

Z =
X

R

dim(R)�e�
�A
2N C2(R)

, (24)

where the sum runs over the irreducible representations R of the gauge group.
In this expression we denoted by A and � the area and Euler characteristic of
the spacetime, respectively. C2 is the quadratic Casimir of the gauge group and
� = g

2
N is the ’t Hooft coupling. As an example we take the SU(2) partition

function on a torus. For this theory the partition function becomes

ZSU(2) = e
A�
16 (✓3(e

�A�
16 )� 1). (25)

The definability of theta-functions on their fundamental domain was shown in [38].
Thus the free SU(2) Yang-Mills theory provides another example of a non-
perturbatively definable partition function for all A,� > 0. Note that this result
naturally extends to many other settings in which theta-functions specify the
partition functions.

Non-critical M-theory and 2d strings

Two-dimensional non-critical Type 0A and 0B string theories have been studied in
much detail [39,40]. These theories admit one free parameter µ which allows one
to define a perturbative expansion. At the non-perturbative level these theories
are completed by matrix models. We are interested in checking the tameness of
the partition function of these two-dimensional string theories in the parameter µ.

In [41] it was shown that the matrix models of two-dimensional non-critical
string theory arise as solutions of a three dimensional non-critical M-theory. This
M-theory also depends on single free parameter, µ̃ = g

�2/3
M , which is identified

with the free parameter µ = g
�1
s of the string theories. Compactifying this non-

critical M-theory on a thermal circle of radius R leads to a theory which is dual to
the topological A-model on the conifold [42]. The partition function ZM(R, gM)
of the non-critical M-theory is equal to the partition function ZA(t, gA) of the
topological A-model. In this identification gM is mapped to the Kähler modulus
of the conifold as t = 2⇡Rg

3/2
M and R is mapped to gA = 2⇡iR in the A-model.

22

- 2d free Yang-Mills: SU(2) example

→ tame in          ,  theta tame on fundamental domain  [Peterzil,Starchenko] 
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�, A
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➡ Consider in 0d:                               →  

The A-model partition function takes the form
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by

S =
m

2

2
�
2 +

�

4!
�
4
. (27)
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result

Z =

r
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e

3m4

4� mK 1
4

✓
3m4

4�

◆
, (28)

where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that

K 1
4
(x) =

p
⇡x

1
4

21/4�
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e
�xt dt

(t2 � 1)
1
4

. (29)

for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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→ we expect Z to be tame, but tameness of                has not been proved          
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Conjecture [van den Dries][Kaiser]:  Given a real-valued tame function    
(in some o-minimal structure     ) the integral 
      
                                           
is also a tame function (in some o-minimal structure     ).
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➡ More generally:  QFTs on points        recently e.g. [Gasparotto,Rapakoulias,Weinzierl] 
 
correlation functions in 0d are ordinary integrals

4 Tameness of correlation functions

Having introduced a structure RT ,S associated to a set of QFTs T and a set of
spacetimes S, we now want to understand when this structure is o-minimal. There
are two steps involved in this process: (1) we need to ensure that Rbase, in which T

and S are definable, is an o-minimal structure, (2) we need to ensure that adding
the observables to Rbase as discussed in §3 preserves tameness. There are many
challenges to address in order to perform these steps. In particular, specifying
an appropriate tame set of theories T with as few as possible constraints will be
the task of §5. In the following we will focus on the second step. We will assert
that Rbase is o-minimal and discuss criteria that could possibly ensure that RT ,S
is o-minimal.

4.1 A toy model: QFTs on points

Let us begin by discussing the simplest situation, namely when considering a
QFT in zero-dimensions, i.e. on a point p. We have already mentioned the �4-
theory in part I, but in the following we want to be more general. Therefore,
let us assume that S(0) is the action of such a QFT with finitely many scalar
fields �1, ...,�k. While in higher dimensions, S(0) is an integral over spacetime,
in zero dimensions this is simply a function of fields evaluated at the point p.
We demand that the dependence of this Lagrangian on � and some parameters
� is definable in some o-minimal structure Rbase, e.g. S(0) = �1�2 + �2�4 and any
other polynomial is definable in Ralg. Correlation functions are evaluated by the
path integral (5), which in zero dimensions reduces to an ordinary integral

hO1...Oni� =

Z
d�1...d�k O1...On e

�S
(0)(�,�) , (16)

where the integration is performed from some initial to some final field config-
uration. Assuming that the operators Oi are Rbase-definable functions of � we
face two questions: (1) Is the structure Rbase,exp obtained by extending Rbase by
the exponential map an o-minimal structure? (2) Does the Rbase,exp-definable
function in (16) integrate to a �-dependent function that is definable in some
o-minimal structure RQFT0?

The first question can be answered a�rmatively as shown in [?]. Every o-
minimal structure remains o-minimal if one adds the real exponential function.
As simple example of this general fact we have seen in §2.2 where we listed both
the o-minimal structures Ran and Ran,exp.

The second question on whether integrals of tame functions are also tame is
longstanding in mathematics and has not been answered conclusively yet. There
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are two steps involved in this process: (1) we need to ensure that Rbase, in which T

and S are definable, is an o-minimal structure, (2) we need to ensure that adding
the observables to Rbase as discussed in §3 preserves tameness. There are many
challenges to address in order to perform these steps. In particular, specifying
an appropriate tame set of theories T with as few as possible constraints will be
the task of §5. In the following we will focus on the second step. We will assert
that Rbase is o-minimal and discuss criteria that could possibly ensure that RT ,S
is o-minimal.

4.1 A toy model: QFTs on points

Let us begin by discussing the simplest situation, namely when considering a
QFT in zero-dimensions, i.e. on a point p. We have already mentioned the �4-
theory in part I, but in the following we want to be more general. Therefore,
let us assume that S(0) is the action of such a QFT with finitely many scalar
fields �1, ...,�k. While in higher dimensions, S(0) is an integral over spacetime,
in zero dimensions this is simply a function of fields evaluated at the point p.
We demand that the dependence of this Lagrangian on � and some parameters
� is definable in some o-minimal structure Rbase, e.g. S(0) = �1�2 + �2�4 and any
other polynomial is definable in Ralg. Correlation functions are evaluated by the
path integral (5), which in zero dimensions reduces to an ordinary integral

hO1...Oni� =
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d�1...d�k O1...On e
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(0)(�,�) , (16)

where the integration is performed from some initial to some final field config-
uration. Assuming that the operators Oi are Rbase-definable functions of � we
face two questions: (1) Is the structure Rbase,exp obtained by extending Rbase by
the exponential map an o-minimal structure? (2) Does the Rbase,exp-definable
function in (16) integrate to a �-dependent function that is definable in some
o-minimal structure RQFT0?

The first question can be answered a�rmatively as shown in [?]. Every o-
minimal structure remains o-minimal if one adds the real exponential function.
As simple example of this general fact we have seen in §2.2 where we listed both
the o-minimal structures Ran and Ran,exp.

The second question on whether integrals of tame functions are also tame is
longstanding in mathematics and has not been answered conclusively yet. There
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eS = Ran,exp

[Comte,Lion,Rolin]

However, for non-perturbative results, we need exponential to be in     . 
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Let us begin by discussing the simplest situation, namely when considering a
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theory in part I, but in the following we want to be more general. Therefore,
let us assume that S(0) is the action of such a QFT with finitely many scalar
fields �1, ...,�k. While in higher dimensions, S(0) is an integral over spacetime,
in zero dimensions this is simply a function of fields evaluated at the point p.
We demand that the dependence of this Lagrangian on � and some parameters
� is definable in some o-minimal structure Rbase, e.g. S(0) = �1�2 + �2�4 and any
other polynomial is definable in Ralg. Correlation functions are evaluated by the
path integral (5), which in zero dimensions reduces to an ordinary integral
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where the integration is performed from some initial to some final field config-
uration. Assuming that the operators Oi are Rbase-definable functions of � we
face two questions: (1) Is the structure Rbase,exp obtained by extending Rbase by
the exponential map an o-minimal structure? (2) Does the Rbase,exp-definable
function in (16) integrate to a �-dependent function that is definable in some
o-minimal structure RQFT0?

The first question can be answered a�rmatively as shown in [?]. Every o-
minimal structure remains o-minimal if one adds the real exponential function.
As simple example of this general fact we have seen in §2.2 where we listed both
the o-minimal structures Ran and Ran,exp.

The second question on whether integrals of tame functions are also tame is
longstanding in mathematics and has not been answered conclusively yet. There
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  Are observables of every QFT tame? 

➡ No! 

→ tameness requires that all such symmetries are gauged or eventually  
     broken in full Z

e.g. consider discrete symmetry group G

level forces us to tackle a new class of functions.

Clearly, it would be helpful to know whether these functions are Ran,exp-
definable, or perhaps definable in another o-minimal structure. Not yet knowing
this, we will at least give a name to our ignorance: let us denote the structure to
which 0d QFT observables belong as RQFT0. We will discuss its precise definition
in §5.1. Our question then becomes, is RQFT0 o-minimal and if so, is it a new
structure or simply Ran,exp.

One-dimensional partition functions and quantum periods

There are reasons to think that quantum mechanics also leads to a new class of
functions, possibly requiring a di↵erent definition of tameness. A very interesting
approach to the full quantum problem is the exact WKB method, see [46] and
references therein. In a complicated way explained there, the spectrum can be
determined using a modified Bohr-Sommerfeld condition (22) defined in terms of
“quantum periods.” Another important relation discussed in this literature is to
1 + 1 integrable QFT [47].

In §5.1 we will discuss a structure RQFT1 defined by the observables of 1-
dimensional QFT, so that we can ask: is it o-minimal?

Counterexamples, global symmetries, and tameness in the UV

Having discussed situations where we expect tameness to be present, let us now
turn to cases where tameness is absent and discuss reasons and remedies for this.
We can distinguish various classes of counterexamples according to the restric-
tions we place on the UV definition of the theory. For example, we might not be
surprised to find that a theory whose UV Lagrangian includes non-tame functions
has a non-tame partition function. Whether or not this can actually happen in
theories compatible with quantum gravity will be the subject of section 5. How-
ever, a priori there appears to be nothing wrong to include a non-tame function
in the definition in the UV theory.

The basic example here is a theory with a theta angle ✓, such as 4d QCD.
If we regard the partition function as a function of ✓ 2 R then of course it is
not tame due to the presence of a periodic potential cos ✓. This issue is easily
remedied by identifying ✓ ⇠= ✓ + 2⇡ and taking the domain to be ✓ 2 [0, 2⇡).
More generally, let us consider a theory depending on couplings � varying over
some parameter space P. We want to study the symmetry group G acting on �,
in some faithful representation, such that the partition function is invariant

Z(g · �) = Z(�) . (31)

25

→ never tame if dim(G) is infinite

→  One of best understood conjectures about  
      Quantum Gravity:  ‘No global symmetries in QG’

- confirmed in all String Theory settings
- proved within AdS/CFT for most global symmetries

[Harlow,Ooguri]

[Banks,Dixon][Banks,Seiberg]
- black hole arguments
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Having discussed situations where we expect tameness to be present, let us now
turn to cases where tameness is absent and discuss reasons and remedies for this.
We can distinguish various classes of counterexamples according to the restric-
tions we place on the UV definition of the theory. For example, we might not be
surprised to find that a theory whose UV Lagrangian includes non-tame functions
has a non-tame partition function. Whether or not this can actually happen in
theories compatible with quantum gravity will be the subject of section 5. How-
ever, a priori there appears to be nothing wrong to include a non-tame function
in the definition in the UV theory.

The basic example here is a theory with a theta angle ✓, such as 4d QCD.
If we regard the partition function as a function of ✓ 2 R then of course it is
not tame due to the presence of a periodic potential cos ✓. This issue is easily
remedied by identifying ✓ ⇠= ✓ + 2⇡ and taking the domain to be ✓ 2 [0, 2⇡).
More generally, let us consider a theory depending on couplings � varying over
some parameter space P. We want to study the symmetry group G acting on �,
in some faithful representation, such that the partition function is invariant

Z(g · �) = Z(�) . (31)

25

→ never tame if dim(G) is infinite

➡ Non-tameness of Lagrangian:  easy to get non-tame Lagrangian by  
                                                      picking non-tame potential V(x)                                              

Simple:
<latexit sha1_base64="KXyGh7tBp3a7YDPncczM3DkkQyM="></latexit>

V (✓) = A cos(✓) +B cos(↵ ✓) ↵ irrational

[Tachikawa]Fancy:

We show this by resorting to the negative solution to Hilbert’s 10th problem4 we reviewed in
Sec. 2.4. Take a Diophantine equation

P⇠(x1, . . . , xk) = 0 (3.3)

over Z corresponding to a Turing machine ⇠. We now consider a Wess-Zumino model with 2k+1
chiral superfields Y , Z1, . . . , Zk and X1, . . . , Xk, with the superpotential

W⇠ = Y P⇠(X1, . . . , Xk)
2 +

X

a

Za(sin 2⇡iXa)
2
. (3.4)

Let us now look for supersymmetric vacua of this model. The condition @W⇠/@Za = 0
imposes the condition Xa 2 Z. Then the condition @W⇠/@Y = 0 imposes the condition P⇠ =
0. When these two conditions are met, the remaining F-term conditions @W⇠/@Xa = 0 are
automatically satisfied, without restricting the vacuum expectation values of Za and Y . We found
that this model breaks supersymmetry if and only if the Diophantine equation P⇠ does not have
any solution over integers, i.e. if and only if the Turing machine ⇠ does not halt.

Now, the undecidability of the halting of Turing machines immediately means that there is
no uniform algorithm to decide if a given 2d N=(2, 2)-supersymmetric Wess-Zumino model is
supersymmetric or not. Furthermore, by using the Turing machine ⇠ZFC which looks for a con-
tradiction of ZFC, we can construct a Wess-Zumino model with the superpotential W⇠ZFC which
breaks supersymmetry if and only if ZFC is consistent, which can neither be proved nor be dis-
proved by means of ZFC itself.
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Existence of supersymmetric vacua is undecidable!

➡ tameness depends on the UV origin of the theory

→  One of best understood conjectures about  
      Quantum Gravity:  ‘No global symmetries in QG’
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QFTs compatible  
with quantum gravity 



  A tameness conjecture

16

QFTs

set of d-dimensional QFTs

e.g. defined by a Lagrangian
 

<latexit sha1_base64="ULqQ5Z8ShuSe7hrDejqu2uStLcs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahBSmJFHVZdOPCRQX7gCaWyWTSDp1MwsxEKCFLN/6KGxeKuPUT3Pk3TtoutPXAwOGce+/ce7yYUaks69soLC2vrK4V10sbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Ts1jokbogGnAcVIaalvHjohUkOMWHqT3acVv5pVnHhITxymZ/io2jfLVs2aAC4Se0bKYIZm3/xy/AgnIeEKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE9TjkIi3XRySAaPteLDIBL6cQUn6u+OFIVSjkNPV+Zry3kvF//zeokKLtyU8jhRhOPpR0HCoIpgngr0qSBYsbEmCAuqd4V4iATCSmdX0iHY8ycvkvZpzT6r1W/r5cblLI4iOABHoAJscA4a4Bo0QQtg8AiewSt4M56MF+Pd+JiWFoxZzz74A+PzB+xYmUY=</latexit>

L(d)(�,�)

energy scale

cut-off scale of QFTs 



  A tameness conjecture
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QFTs

QG

set        of d-dimensional QFTs
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T
parameterized by tame  
Lagrangian varying over 
tame field and parameter space



  A tameness conjecture
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Conjecture [TG ‘21]:  

All effective theories valid below a fixed finite energy cut-off scale that  
can be consistently coupled to quantum gravity are labelled by a tame  
parameter space and must have scalar field spaces and Lagrangians that  
are tame in an o-minimal structure. 

➡ Conjecture implies several finiteness conjectures proposed in the past  
e.g. [Douglas][Acharya,Douglas][Vafa][Hamada,Montero,Vafa,Valenzuela] 

➡ Part of the Swampland Program searching for universal constraints from 
Quantum Gravity

➡ bold conjecture based mostly on evidence from string theory, but fits nicely  
with other conjectures about the nature of Quantum Gravity



Evidence from String Theory:  
A Tameness Theorem 




   String theory and higher dimensions

Study effective four-dimensional theories arising from String Theory       
 
                                                                                     

→    Four-dimensional physics depends on choice of      
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

  ⇒ String Theory formulated consistently in 10 space-time dimensions
or 12 space-time dimensions (F-theory)

8-dimensional  
compact manifold

Product Ansatz for the higher-dimensional space-time manifold:

our 4-dimensional  
space-time
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S⇥ Y

Fifth force problem:   deformations of      correspond to massless fields 
                   → fifths force → immediate contradiction with experiment
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Y
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  Solutions with background fields

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

rough idea:  introduce generalization of electromagnetic field, called  
                      on eight-dimensional manifold
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Y
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Y
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G4
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G4

equations of motion (Maxwell eq):
<latexit sha1_base64="Tfwz+e0Azzx2yB1NObkMV+wgDhU="></latexit>

G42 H
4(Y,R)

quantization:
<latexit sha1_base64="d8omvmKluzovcCcBoGew5wI9E+s="></latexit>

G42 H
4(Y,Z)

Aim:    choice of        solves fifth-force problem, 
             but parametrizing set of discrete parameters on lattice  
                                                                        → disaster for tameness?
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G4

differential 4-form ‘flux’
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  Best understood solutions 

➡ Solution to 12-dimensional theory (F-theory) of the form: 
 

solving Einstein’s equations and other equations of motion

<latexit sha1_base64="BWpPOJRxgYAQfY+Hwg43U6EIN5Q=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi6rLoxmVF+5AmlMl00g6dTMLMjRBC/RU3LhRx64e482+ctFlo64GBwzn3cs8cPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrnO/+8iU5pG8hzRmXkhGkgecEjDSoFpzQwJj38/uptgFHjKNHwbVut2wZ8DLxClIHRVoDapf7jCiScgkUEG07jt2DF5GFHAq2LTiJprFhE7IiPUNlcSc8bJZ+Ck+NsoQB5EyTwKeqb83MhJqnYa+mcyj6kUvF//z+gkEl17GZZwAk3R+KEgEhgjnTeAhV4yCSA0hVHGTFdMxUYSC6atiSnAWv7xMOqcN57xxdntWb14VdZTRITpCJ8hBF6iJblALtRFFKXpGr+jNerJerHfrYz5asoqdGvoD6/MHZyWUng==</latexit>

S⇥ Y‣ 12d manifold: Calabi-Yau fourfold:  
Kähler, vanishing first Chern class 

‣ 4-form flux:
<latexit sha1_base64="d8omvmKluzovcCcBoGew5wI9E+s="></latexit>

G42 H
4(Y,Z)

Hodge star operator on    
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

(true in cohomology)
self-dual flux

<latexit sha1_base64="F3YjVu1Emwaawp8o3xsF/iqdx8o="></latexit>

⇤G4 = G4
<latexit sha1_base64="4+uOCEF0up825+U1VV59/qMY7oI="></latexit>

G4 ^ J = 0

Kähler form on    
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

20

<latexit sha1_base64="gqT07xT6om7lPH3dpUb0iM2fFgw="></latexit>Z

Y
G4 ^G4 = ` cancellation of  

charge on compact 
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y



  Best understood solutions 

➡ Solution to 12-dimensional theory (F-theory) of the form: 
 

solving Einstein’s equations and other equations of motion

<latexit sha1_base64="F3YjVu1Emwaawp8o3xsF/iqdx8o="></latexit>

⇤G4 = G4
<latexit sha1_base64="4+uOCEF0up825+U1VV59/qMY7oI="></latexit>

G4 ^ J = 0

⇒ should be read as a condition on the choice of complex structure  
     and Kähler structure on         ⇒  solve fifth force problem

20

‣ 4-form flux:
<latexit sha1_base64="d8omvmKluzovcCcBoGew5wI9E+s="></latexit>

G42 H
4(Y,Z)

<latexit sha1_base64="gqT07xT6om7lPH3dpUb0iM2fFgw="></latexit>Z

Y
G4 ^G4 = ` cancellation of  

charge on compact <latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

<latexit sha1_base64="BWpPOJRxgYAQfY+Hwg43U6EIN5Q=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi6rLoxmVF+5AmlMl00g6dTMLMjRBC/RU3LhRx64e482+ctFlo64GBwzn3cs8cPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrnO/+8iU5pG8hzRmXkhGkgecEjDSoFpzQwJj38/uptgFHjKNHwbVut2wZ8DLxClIHRVoDapf7jCiScgkUEG07jt2DF5GFHAq2LTiJprFhE7IiPUNlcSc8bJZ+Ck+NsoQB5EyTwKeqb83MhJqnYa+mcyj6kUvF//z+gkEl17GZZwAk3R+KEgEhgjnTeAhV4yCSA0hVHGTFdMxUYSC6atiSnAWv7xMOqcN57xxdntWb14VdZTRITpCJ8hBF6iJblALtRFFKXpGr+jNerJerHfrYz5asoqdGvoD6/MHZyWUng==</latexit>

S⇥ Y‣ 12d manifold: Calabi-Yau fourfold:  
Kähler, vanishing first Chern class 

(true in cohomology)
self-dual flux

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y



   Finiteness conjectures

➡ Concrete conjecture:   The number of solutions in the described setting is 
                                       finite. Finitely many choices for       .

[Douglas ’03] [Acharya,Douglas ’06]

<latexit sha1_base64="Ugtc9xSN0+QTF7B1tflgZTmCvM0=">AAACFXicdVBLSwMxGMzWV62vVY9egkXwUJbdurQVPBQ86LGCfUC7lGyabUOzD5KsUJb+CS/+FS8eFPEqePPfmN2u4HMgMMzMl3wZN2JUSNN81wpLyyura8X10sbm1vaOvrvXEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113ep763RvCBQ2DazmLiOOjcUA9ipFU0lCvJIPskj4fu05iGmaGyi8yvxja86FeNo3TRq1q12Bq1K2qlZJq3T6xoZVHyyBHa6i/DUYhjn0SSMyQEH3LjKSTIC4pZmReGsSCRAhP0Zj0FQ2QT4STZAvN4ZFSRtALuTqBhJn6dSJBvhAz31VJH8mJ+Oml4l9eP5Zew0loEMWSBHjxkBczKEOYVgRHlBMs2UwRhDlVu0I8QRxhqYosqRI+fwr/J52qYdUM+8ouN8/yOorgAByCY2CBOmiCS9ACbYDBLbgHj+BJu9MetGftZREtaPnMPvgG7fUDpmKasg==</latexit>

G4

➡ Answer:  Yes (on fixed topology for    ). [Bakker,TG,Schnell,Tsimerman ’21]
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

→ Gen. finiteness theorem by [Cattani,Deligne,Kaplan ’95] on Hodge classes

➡ Hodge theory formulation (focus on primitive part) 
(Hodge decomposition)

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

Hodge classes: 
<latexit sha1_base64="Y9fQu0r+S9JzZDY4Gx8cDyLnNt8="></latexit>

G4 2 H
4(Y,Z)\H2,2 [CDK] → loci are complex algebraic

Self-dual classes: 
<latexit sha1_base64="M5D9KvrM60t8G8X0Ser0d4O7EtU="></latexit>

G4 2 H
4(Y,Z)\(H4,0 �H

2,2 �H
0,4)

→ loci can be real!
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   Finiteness conjectures

➡ Concrete conjecture:   The number of solutions in the described setting 
                                       finite. Finitely many choices for       .

[Douglas ’03] [Acharya,Douglas ’06]

<latexit sha1_base64="Ugtc9xSN0+QTF7B1tflgZTmCvM0=">AAACFXicdVBLSwMxGMzWV62vVY9egkXwUJbdurQVPBQ86LGCfUC7lGyabUOzD5KsUJb+CS/+FS8eFPEqePPfmN2u4HMgMMzMl3wZN2JUSNN81wpLyyura8X10sbm1vaOvrvXEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113ep763RvCBQ2DazmLiOOjcUA9ipFU0lCvJIPskj4fu05iGmaGyi8yvxja86FeNo3TRq1q12Bq1K2qlZJq3T6xoZVHyyBHa6i/DUYhjn0SSMyQEH3LjKSTIC4pZmReGsSCRAhP0Zj0FQ2QT4STZAvN4ZFSRtALuTqBhJn6dSJBvhAz31VJH8mJ+Oml4l9eP5Zew0loEMWSBHjxkBczKEOYVgRHlBMs2UwRhDlVu0I8QRxhqYosqRI+fwr/J52qYdUM+8ouN8/yOorgAByCY2CBOmiCS9ACbYDBLbgHj+BJu9MetGftZREtaPnMPvgG7fUDpmKasg==</latexit>

G4

21

➡ Tameness results:
‣ [Bakker,Klingler,Tsimerman ’18] show that period map is definable in  

new proof of the theorem of [Cattani,Deligne,Kaplan] using tame geometry              

<latexit sha1_base64="moeB+JytxNky0OstzPlsnbk3t18="></latexit>Ran,exp

‣ Finiteness/Tameness theorem:  Locus of integral self-dual classes  
with bounded self-intersection is                 -definable closed real-analytic 
subspace of Hodge bundle and restriction of projection to  
the base to this locus has finite fibers.

<latexit sha1_base64="moeB+JytxNky0OstzPlsnbk3t18="></latexit>Ran,exp

[Bakker,TG,Schnell,Tsimerman]

➡ Answer:  Yes (on fixed topology for    ). [Bakker,TG,Schnell,Tsimerman ’21]
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

→ Gen. finiteness theorem by [Cattani,Deligne,Kaplan ’95] on Hodge classes



Tameness of CFTs



  Structures from physical theories

➡ Idea:  associate a structure to any set of physical theories

22

➡ Starting point for QFTs: 
‣ set of QFTs      , e.g. specified Lagrangians 

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T
<latexit sha1_base64="ULqQ5Z8ShuSe7hrDejqu2uStLcs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahBSmJFHVZdOPCRQX7gCaWyWTSDp1MwsxEKCFLN/6KGxeKuPUT3Pk3TtoutPXAwOGce+/ce7yYUaks69soLC2vrK4V10sbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Ts1jokbogGnAcVIaalvHjohUkOMWHqT3acVv5pVnHhITxymZ/io2jfLVs2aAC4Se0bKYIZm3/xy/AgnIeEKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE9TjkIi3XRySAaPteLDIBL6cQUn6u+OFIVSjkNPV+Zry3kvF//zeokKLtyU8jhRhOPpR0HCoIpgngr0qSBYsbEmCAuqd4V4iATCSmdX0iHY8ycvkvZpzT6r1W/r5cblLI4iOABHoAJscA4a4Bo0QQtg8AiewSt4M56MF+Pd+JiWFoxZzz74A+PzB+xYmUY=</latexit>

L(d)(�,�)

‣ set       of Euclidean spacetimes 
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
<latexit sha1_base64="8YRa8DpYLpMDsUEIafeEqLr75rM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqx6MVjRfuB7VKyabYNTbJLkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1RpVkkH8w4pr7AA8lCRrCx0mO5e88GAp8NTnvFkltxZ0DLxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+dXTxBJ1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbvoz5TlBg+tgQTxeytiAyxwsTYkAo2BG/x5WXSPK94F5XqXbVUu87iyMMRHEMZPLiEGtxCHRpAQMIzvMKbo50X5935mLfmnGzmEP7A+fwBZM2QGA==</latexit>

(⌃, g)

→   both sets should be definable in some structure  
<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S

Example:  
           :  polynomial Lagrangians with real valued parameters 
                                  <latexit sha1_base64="uXkGlSL8UVApStzIboHW4tvtv5k=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFcCFlRoq6LLpxWbUvaKclk8m0oZkHSUYoYxf+ihsXirj1N9z5N2baLrT1QMLhnHvJyXFjzqSyrG8jt7S8srqWXy9sbG5t75i7ew0ZJYLQOol4JFoulpSzkNYVU5y2YkFx4HLadIfXmd98oEKyKKypUUydAPdD5jOClZZ65kEnwGrguunduOudolp23Xe9nlm0StYEaJHYM1KEGao986vjRSQJaKgIx1K2bStWToqFYoTTcaGTSBpjMsR92tY0xAGVTjrJP0bHWvGQHwl9QoUm6u+NFAdSjgJXT2Zp5byXif957UT5l07KwjhRNCTTh/yEIxWhrAzkMUGJ4iNNMBFMZ0VkgAUmSldW0CXY819eJI2zkn1eKt+Wi5WrWR15OIQjOAEbLqACN1CFOhB4hGd4hTfjyXgx3o2P6WjOmO3swx8Ynz+O6ZUp</latexit>

Rd, T d, Sd

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T
:  spacetimes                       with standard metric

<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
<latexit sha1_base64="oItJdtVUi3R2KJOvtFRsBhz1clQ=">AAACLXicbZDLSgMxFIYz9VbrbdSlm2ARXEiZEW8boagLl1V7g7aWTCbThmYuJBmhDHkhN76KCC4q4tbXMNMOYlt/CHz85xxyzu9EjAppWSMjt7C4tLySXy2srW9sbpnbO3URxhyTGg5ZyJsOEoTRgNQklYw0I06Q7zDScAbXab3xRLigYVCVw4h0fNQLqEcxktrqmjdtH8m+4yT3qpuMGSOWVNXRLz8o9Zi0uQ9d4il4OdWvXcR6qmsWrZI1FpwHO4MiyFTpmm9tN8SxTwKJGRKiZVuR7CSIS4oZUYV2LEiE8AD1SEtjgHwiOsn4WgUPtONCL+T6BRKO3b8TCfKFGPqO7kx3FbO11Pyv1oqld9FJaBDFkgR48pEXMyhDmEYHXcoJlmyoAWFO9a4Q9xFHWOqACzoEe/bkeagfl+yz0undSbF8lcWRB3tgHxwCG5yDMrgFFVADGDyDVzACH8aL8W58Gl+T1pyRzeyCKRnfP54hqi4=</latexit>

Rdef
T ,S = Ralg
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➡ Extend structure               by physical observables:  
add correlation/partition functions:

<latexit sha1_base64="ppi5LwmFyX84dRHrGfFMd0bGTak=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCCymJFHVZdOOyam/QhjCZTtqhk0mYmQgl5AXc+CpuXCji1r0738ZJGkRbfxj4+M85zDm/FzEqlWV9GQuLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsrqnXsiJA15U00i4gRoyKlPMVLacs3DfoDUyPOS29RNcsaIJc305Ifv0tQ1K1bVygXnwS6gAgo1XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTcjyWJEB6jIelp5Cgg0knya1J4pJ0B9EOhH1cwd39PJCiQchJ4ujPbUc7WMvO/Wi9W/oWTUB7FinA8/ciPGVQhzKKBAyoIVmyiAWFB9a4Qj5BAWOkAyzoEe/bkeWifVu2zau2mVqlfFnGUwD44AMfABuegDq5BA7QABg/gCbyAV+PReDbejPdp64JRzOyBPzI+vgHei5y2</latexit>RT ,S

<latexit sha1_base64="d18sXZQ2GfzyqPgECjbjq+WWcdc="></latexit>

f↵(y,�) = hO1(y1)...O1(yn)i� new structure

➡ Idea:  associate a structure to any set of physical theories

➡ Starting point for QFTs: 
‣ set of QFTs      , e.g. specified Lagrangians 

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T
<latexit sha1_base64="ULqQ5Z8ShuSe7hrDejqu2uStLcs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahBSmJFHVZdOPCRQX7gCaWyWTSDp1MwsxEKCFLN/6KGxeKuPUT3Pk3TtoutPXAwOGce+/ce7yYUaks69soLC2vrK4V10sbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Ts1jokbogGnAcVIaalvHjohUkOMWHqT3acVv5pVnHhITxymZ/io2jfLVs2aAC4Se0bKYIZm3/xy/AgnIeEKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE9TjkIi3XRySAaPteLDIBL6cQUn6u+OFIVSjkNPV+Zry3kvF//zeokKLtyU8jhRhOPpR0HCoIpgngr0qSBYsbEmCAuqd4V4iATCSmdX0iHY8ycvkvZpzT6r1W/r5cblLI4iOABHoAJscA4a4Bo0QQtg8AiewSt4M56MF+Pd+JiWFoxZzz74A+PzB+xYmUY=</latexit>

L(d)(�,�)

‣ set       of Euclidean spacetimes 
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
<latexit sha1_base64="8YRa8DpYLpMDsUEIafeEqLr75rM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqx6MVjRfuB7VKyabYNTbJLkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1RpVkkH8w4pr7AA8lCRrCx0mO5e88GAp8NTnvFkltxZ0DLxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+dXTxBJ1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbvoz5TlBg+tgQTxeytiAyxwsTYkAo2BG/x5WXSPK94F5XqXbVUu87iyMMRHEMZPLiEGtxCHRpAQMIzvMKbo50X5935mLfmnGzmEP7A+fwBZM2QGA==</latexit>

(⌃, g)

→   both sets should be definable in some structure  
<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S

<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S
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Example:  harmonic oscillator in quantum mechanics (Euclidean)
<latexit sha1_base64="pTMn3DSUYcobyiY/pJi/o/hRSp4=">AAACJHicbZDLSsNAFIYn9VbrLerSzWARXEhJpKggQtGNy6q9QRvCZDpph04uzEzEEvIwbnwVNy684MKNz+IkDWJbfxj4+M85zDm/EzIqpGF8aYWFxaXlleJqaW19Y3NL395piSDimDRxwALecZAgjPqkKalkpBNygjyHkbYzukrr7XvCBQ38hhyHxPLQwKcuxUgqy9bPex6SQ8eJbxM7zhgjFjeSo1++SxJ4AafauAfJQ5jYetmoGJngPJg5lEGuuq2/9/oBjjziS8yQEF3TCKUVIy4pZiQp9SJBQoRHaEC6Cn3kEWHF2ZEJPFBOH7oBV8+XMHP/TsTIE2LsOaoz3VXM1lLzv1o3ku6ZFVM/jCTx8eQjN2JQBjBNDPYpJ1iysQKEOVW7QjxEHGGpci2pEMzZk+ehdVwxTyrVm2q5dpnHUQR7YB8cAhOcghq4BnXQBBg8gmfwCt60J+1F+9A+J60FLZ/ZBVPSvn8A29GmLA==</latexit>RT ,S = Rexp

➡ Idea:  associate a structure to any set of physical theories

➡ Starting point for QFTs: 
‣ set of QFTs      , e.g. specified Lagrangians 

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T
<latexit sha1_base64="ULqQ5Z8ShuSe7hrDejqu2uStLcs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahBSmJFHVZdOPCRQX7gCaWyWTSDp1MwsxEKCFLN/6KGxeKuPUT3Pk3TtoutPXAwOGce+/ce7yYUaks69soLC2vrK4V10sbm1vbO+buXltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq9zsPREga8Ts1jokbogGnAcVIaalvHjohUkOMWHqT3acVv5pVnHhITxymZ/io2jfLVs2aAC4Se0bKYIZm3/xy/AgnIeEKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE9TjkIi3XRySAaPteLDIBL6cQUn6u+OFIVSjkNPV+Zry3kvF//zeokKLtyU8jhRhOPpR0HCoIpgngr0qSBYsbEmCAuqd4V4iATCSmdX0iHY8ycvkvZpzT6r1W/r5cblLI4iOABHoAJscA4a4Bo0QQtg8AiewSt4M56MF+Pd+JiWFoxZzz74A+PzB+xYmUY=</latexit>

L(d)(�,�)

‣ set       of Euclidean spacetimes 
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
<latexit sha1_base64="8YRa8DpYLpMDsUEIafeEqLr75rM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqx6MVjRfuB7VKyabYNTbJLkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1RpVkkH8w4pr7AA8lCRrCx0mO5e88GAp8NTnvFkltxZ0DLxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+dXTxBJ1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbvoz5TlBg+tgQTxeytiAyxwsTYkAo2BG/x5WXSPK94F5XqXbVUu87iyMMRHEMZPLiEGtxCHRpAQMIzvMKbo50X5935mLfmnGzmEP7A+fwBZM2QGA==</latexit>

(⌃, g)

➡ Extend structure               by physical observables:  
add correlation/partition functions:

→   both sets should be definable in some structure  
<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S

<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S
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<latexit sha1_base64="ppi5LwmFyX84dRHrGfFMd0bGTak=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCCymJFHVZdOOyam/QhjCZTtqhk0mYmQgl5AXc+CpuXCji1r0738ZJGkRbfxj4+M85zDm/FzEqlWV9GQuLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsrqnXsiJA15U00i4gRoyKlPMVLacs3DfoDUyPOS29RNcsaIJc305Ifv0tQ1K1bVygXnwS6gAgo1XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTcjyWJEB6jIelp5Cgg0knya1J4pJ0B9EOhH1cwd39PJCiQchJ4ujPbUc7WMvO/Wi9W/oWTUB7FinA8/ciPGVQhzKKBAyoIVmyiAWFB9a4Qj5BAWOkAyzoEe/bkeWifVu2zau2mVqlfFnGUwD44AMfABuegDq5BA7QABg/gCbyAV+PReDbejPdp64JRzOyBPzI+vgHei5y2</latexit>RT ,S

➡ Tameness questions:   

(1):    If               is o-minimal, is               o-minimal?

‣ Are physical observables tame?

<latexit sha1_base64="ppi5LwmFyX84dRHrGfFMd0bGTak=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCCymJFHVZdOOyam/QhjCZTtqhk0mYmQgl5AXc+CpuXCji1r0738ZJGkRbfxj4+M85zDm/FzEqlWV9GQuLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsrqnXsiJA15U00i4gRoyKlPMVLacs3DfoDUyPOS29RNcsaIJc305Ifv0tQ1K1bVygXnwS6gAgo1XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTcjyWJEB6jIelp5Cgg0knya1J4pJ0B9EOhH1cwd39PJCiQchJ4ujPbUc7WMvO/Wi9W/oWTUB7FinA8/ciPGVQhzKKBAyoIVmyiAWFB9a4Qj5BAWOkAyzoEe/bkeWifVu2zau2mVqlfFnGUwD44AMfABuegDq5BA7QABg/gCbyAV+PReDbejPdp64JRzOyBPzI+vgHei5y2</latexit>RT ,S
<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S

‣ Tameness of the set of physical theories?

(2):    What are simple conditions on theories such that        
          is o-minimal? 

<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S

For (2): Tameness conjecture → effective theories compatible with QG  
                                                        and valid below fixed cut-off scale



  Structures from physical theories

➡ First-order logic:                   should be rich enough to formulate           
                                                 statements about the physical observables
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<latexit sha1_base64="ppi5LwmFyX84dRHrGfFMd0bGTak=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCCymJFHVZdOOyam/QhjCZTtqhk0mYmQgl5AXc+CpuXCji1r0738ZJGkRbfxj4+M85zDm/FzEqlWV9GQuLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsrqnXsiJA15U00i4gRoyKlPMVLacs3DfoDUyPOS29RNcsaIJc305Ifv0tQ1K1bVygXnwS6gAgo1XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTcjyWJEB6jIelp5Cgg0knya1J4pJ0B9EOhH1cwd39PJCiQchJ4ujPbUc7WMvO/Wi9W/oWTUB7FinA8/ciPGVQhzKKBAyoIVmyiAWFB9a4Qj5BAWOkAyzoEe/bkeWifVu2zau2mVqlfFnGUwD44AMfABuegDq5BA7QABg/gCbyAV+PReDbejPdp64JRzOyBPzI+vgHei5y2</latexit>RT ,S

We consider:

➡ Tameness questions:   

(1):    If               is o-minimal, is               o-minimal?

‣ Are physical observables tame?

<latexit sha1_base64="ppi5LwmFyX84dRHrGfFMd0bGTak=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCCymJFHVZdOOyam/QhjCZTtqhk0mYmQgl5AXc+CpuXCji1r0738ZJGkRbfxj4+M85zDm/FzEqlWV9GQuLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsrqnXsiJA15U00i4gRoyKlPMVLacs3DfoDUyPOS29RNcsaIJc305Ifv0tQ1K1bVygXnwS6gAgo1XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTcjyWJEB6jIelp5Cgg0knya1J4pJ0B9EOhH1cwd39PJCiQchJ4ujPbUc7WMvO/Wi9W/oWTUB7FinA8/ciPGVQhzKKBAyoIVmyiAWFB9a4Qj5BAWOkAyzoEe/bkeWifVu2zau2mVqlfFnGUwD44AMfABuegDq5BA7QABg/gCbyAV+PReDbejPdp64JRzOyBPzI+vgHei5y2</latexit>RT ,S
<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S

‣ Tameness of the set of physical theories?

(2):    What are simple conditions on theories such that        
          is o-minimal? 

<latexit sha1_base64="t8N0KmUOWK8zYXw4FpCRy2/nj60=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCCwmJeFsW3bis2hs0MUwmk3bo5MLMRCghb+HGV3HjQhG3uvNtnKRFtPWHgY//nMOc83sJo0Ka5pc2N7+wuLRcWamurq1vbOpb220RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YaXRb1zT7igcdSUo4Q4IepHNKAYSWW5umGHSA48L7vJ3axkjFjWzA9/+DbP7zKbh9AnQe7qNdMwS8FZsCZQAxM1XP3T9mOchiSSmCEhepaZSCdDXFLMSF61U0EShIeoT3oKIxQS4WTlXTncV44Pg5irF0lYur8nMhQKMQo91VlsK6ZrhflfrZfK4NzJaJSkkkR4/FGQMihjWIQEfcoJlmykAGFO1a4QDxBHWKooqyoEa/rkWWgfGdapcXJ9XKtfTOKogF2wBw6ABc5AHVyBBmgBDB7AE3gBr9qj9qy9ae/j1jltMrMD/kj7+AbXYKD7</latexit>

Rdef
T ,S

<latexit sha1_base64="5L88dWzbfMYd5jr8WHOBU4P6d84=">AAACVXicdVFbS8MwGE2rzjlvVR99CQ7Bh1Fa8fYoDi+PTtwF1jLSLHNh6YXkqzhK/+RexH/ii2C6TVCnBwKHc75DvpwEieAKHOfNMJeWV0qr5bXK+sbm1ra1s9tScSopa9JYxLITEMUEj1gTOAjWSSQjYSBYOxjVC7/9zKTicfQI44T5IXmK+IBTAlrqWcILCQyDIHvIe5kH7AWyxs1j3s9rHl60rr+sP7z6/7HGbZ7XbNvuWVXHdqbAi8Sdkyqa475nTbx+TNOQRUAFUarrOgn4GZHAqWB5xUsVSwgdkSfW1TQiIVN+Nm0lx4da6eNBLPWJAE/V74mMhEqNw0BPFhur314h/uV1Uxhc+BmPkhRYRGcXDVKBIcZFxbjPJaMgxpoQKrneFdMhkYSC/oiKLsH9/eRF0jq23TP7tHFSvbya11FG++gAHSEXnaNLdIfuURNRNEHvhmGYxqvxYS6bpdmoacwze+gHzO1PFt21Ow==</latexit>RQFTd, REFTd, RCFTd, RQG, ...



  Conformal field theories

➡ CFTs are axiomatically well-defined theory set containing  
assume:  CFT is unitary and local

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

➡ CFTs require no UV completion with quantum gravity

➡ In [Douglas,TG,Schlechter II] we argue that CFT observables are tame and 
discuss various conditions which we believe ensure that      is tame set

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

Conjecture 1 (Tame observables):  
All observables of a tame set       of CFTs are tame functions. 

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

<latexit sha1_base64="YtviAKZUzEPgiJ36x7ReK/crc58=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmkqMtiQVxW6QuaECbTSTt08mDmRiwhbvwVNy4UcetfuPNvnLRZaOuBC4dz7uXee7yYMwmm+a0tLa+srq2XNsqbW9s7u/refkdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb9zI/e49FZJFYQsmMXUCPAyZzwgGJbn6oR1gGHleepe5qQ30AdLGdSsbZK5eMavmFMYisQpSQQWarv5lDyKSBDQEwrGUfcuMwUmxAEY4zcp2ImmMyRgPaV/REAdUOun0g8w4UcrA8COhKgRjqv6eSHEg5STwVGd+r5z3cvE/r5+Af+mkLIwToCGZLfITbkBk5HEYAyYoAT5RBBPB1K0GGWGBCajQyioEa/7lRdI5q1rn1dptrVK/KuIooSN0jE6RhS5QHd2gJmojgh7RM3pFb9qT9qK9ax+z1iWtmDlAf6B9/gA+gpdp</latexit>RCFTd

Alternative: Structure               for such theories is o-minimal.
<latexit sha1_base64="ppi5LwmFyX84dRHrGfFMd0bGTak=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCCymJFHVZdOOyam/QhjCZTtqhk0mYmQgl5AXc+CpuXCji1r0738ZJGkRbfxj4+M85zDm/FzEqlWV9GQuLS8srq6W18vrG5ta2ubPblmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43vsrqnXsiJA15U00i4gRoyKlPMVLacs3DfoDUyPOS29RNcsaIJc305Ifv0tQ1K1bVygXnwS6gAgo1XPOzPwhxHBCuMENS9mwrUk6ChKKYkbTcjyWJEB6jIelp5Cgg0knya1J4pJ0B9EOhH1cwd39PJCiQchJ4ujPbUc7WMvO/Wi9W/oWTUB7FinA8/ciPGVQhzKKBAyoIVmyiAWFB9a4Qj5BAWOkAyzoEe/bkeWifVu2zau2mVqlfFnGUwD44AMfABuegDq5BA7QABg/gCbyAV+PReDbejPdp64JRzOyBPzI+vgHei5y2</latexit>RT ,S
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  Conformal field theories

➡ CFTs are axiomatically well-defined theory set containing  
assume:  CFT is unitary and local

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

➡ CFTs require no UV completion with quantum gravity

➡ In [Douglas,TG,Schlechter II] we argue that CFT observables are tame and 
discuss various conditions which we believe ensure that      is tame set

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

Conjecture 1 (Tame observables):  
All observables of a tame set       of CFTs are tame functions. 

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T
evidence from considering expansion into conformal partial waves

implications:  conditions on gaps for operators  
                         finite radius of convergence of conformal perturbation 
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  Conformal field theories

➡ CFTs are axiomatically well-defined theory set containing  
assume:  CFT is unitary and local

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

➡ CFTs require no UV completion with quantum gravity

➡ In [Douglas,TG,Schlechter II] we argue that CFT observables are tame and 
discuss various conditions which we believe ensure that      is tame set

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

Conjecture 2 (Tame theory spaces):   
 

Theory space       of CFTs in d=2 is tame set if  
       -   central charge is bounded by  
       -   lowest operator dimensions bounded from below by 

<latexit sha1_base64="0gVPGciAnnofyfuirkSKgs6gIjY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VbFpoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uGRr2WqCG0TyaXqhlhTzgRtG2Y47SaK4jjktBNObnO/80SVZlI8mGlCgxiPBIsYwcZKfn+MDSKDas2tu3OgVeIVpAYFWoPqV38oSRpTYQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1TgmOogm187Q2dWGaJIKlvCbs/V3xMZjrWexqHtjLEZ62UvF//zeqmJroOMiSQ1VJDFoijlyEiUv46GTFFi+NQSTBSztyIyxgoTYwOq2BC85ZdXiX9R9y7rjftGrXlTxFGGEziFc/DgCppwBy1oA4FHeIZXeHOk8+K8Ox+L1pJTzBzDHzifPyQSjts=</latexit>

ĉ

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T
<latexit sha1_base64="3j5ldpny3NYbQEAu0/tUlY6pjnM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1GNRDx4r2A9oQthst+3S3U3YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPz4lRwA5737ZTW1jc2t8rblZ3dvf0D9/CoZZJMU9akiUh0JyaGCa5YEzgI1kk1IzIWrB2P7mZ+e8y04Yl6gknKQkkGivc5JWClyHWDeyaARHmgJZZcTSO36tW8OfAq8QtSRQUakfsV9BKaSaaACmJM1/dSCHOigVPBppUgMywldEQGrGupIpKZMJ9fPsVnVunhfqJtKcBz9fdETqQxExnbTklgaJa9mfif182gfxPmXKUZMEUXi/qZwJDgWQy4xzWjICaWEKq5vRXTIdGEgg2rYkPwl19eJa2Lmn9Vu3y8rNZvizjK6ASdonPko2tURw+ogZqIojF6Rq/ozcmdF+fd+Vi0lpxi5hj9gfP5A3aHk5A=</latexit>

�min

implies conjectures by [Douglas,Acharya][Kontsevich,Soibelman]
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  Conformal field theories

➡ CFTs are axiomatically well-defined theory set containing  
assume:  CFT is unitary and local

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

➡ CFTs require no UV completion with quantum gravity

➡ In [Douglas,TG,Schlechter II] we argue that CFT observables are tame and 
discuss various conditions which we believe ensure that      is tame set

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

Conjecture 2 (Tame theory spaces):   
 

Theory space       of CFTs in d>2 is tame set if  
       -   appropriate measure of degrees of freedom is bounded by  
       -   theories differing by discrete gaugings are identified

<latexit sha1_base64="0gVPGciAnnofyfuirkSKgs6gIjY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VbFpoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uGRr2WqCG0TyaXqhlhTzgRtG2Y47SaK4jjktBNObnO/80SVZlI8mGlCgxiPBIsYwcZKfn+MDSKDas2tu3OgVeIVpAYFWoPqV38oSRpTYQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1TgmOogm187Q2dWGaJIKlvCbs/V3xMZjrWexqHtjLEZ62UvF//zeqmJroOMiSQ1VJDFoijlyEiUv46GTFFi+NQSTBSztyIyxgoTYwOq2BC85ZdXiX9R9y7rjftGrXlTxFGGEziFc/DgCppwBy1oA4FHeIZXeHOk8+K8Ox+L1pJTzBzDHzifPyQSjts=</latexit>

ĉ

<latexit sha1_base64="yP169jRF0ZDPdgvMMz7+cYkrzVU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+redb3x2Kg174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkBuRcw==</latexit>

T

➡ many challenging cases: e.g. 3d Chern-Simons matter theories 
→  show that there are no infinite discrete families
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➡ Suggested that tameness of set of well-defined physical theories and their 
observables as a general principle 
 

➡ Showed tameness of perturbative QFT amplitudes and certain  
non-perturbative settings  

➡ Near future:  tameness of space of Conformal Field Theories and their  
                        correlation functions

➡ Evidence for tameness from effective theories arising in String Theory 
→ tameness theorem for self-dual integral classes, ‘flux vacua’
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Often made statement:    
 
All fields of mathematics are relevant in physics (especially string theory)  
apart from mathematical logic. 

Fascinating new perspective: 

Sets of well-defined QFTs  
and physical observables 

First order structure (model) 
with tameness property 
‘o-minimal structure’

Much left to be explored at this new interface of physics-mathematics: 
implications of tameness (computational + understanding QFTs)  
relation to other QG conjectures,…,  
connection with decidability



Thanks!


