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Flops and Flips

A simple flop (resp. simple flip) is a birational map
Y > Y which induces an isomorphism (Y — C) =
(YT —C7), where C' and C™ are smooth rational curves
on the Gorenstein (resp. Q-Gorenstein) threefolds Y and
Y ™", respectively, and

Ky -C=Ky+-C"=0

(resp. Ky -C <0 and Ky+-C > 0).



The curves C' and C can be contracted to points (in Y

and Y7, respectively), yielding the same normal variety
X.
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and Y7, respectively), yielding the same normal variety
X.

Thanks to a theorem of Kawamata, it is known that all
birational maps between Calabi—Yau threefolds can be
expressed as the composition of simple flops.



The curves C' and C can be contracted to points (in Y

and Y7, respectively), yielding the same normal variety
X.

Thanks to a theorem of Kawamata, it is known that all
birational maps between Calabi—Yau threefolds can be
expressed as the composition of simple flops.

hanks to work of Mori, Reid, Kawamata, and others,
simple flips and contractions of divisors form the building
blocks for birational transformations used to construct
minimal models of threefolds of general type.



Another theorem of Kawamata relates the two:
essentially, every simple flip has a cover which is a
simple flop.



Atiyah’s Flop

In 1958, Atiyah noticed that if he made a basechange
s = t* in the versal deformation of an ordinary double

point

Ty + 22 = S,
then the resulting family of surfaces admitted a
simultaneous resolution of singularities.



That is, factoring the equation as
zy = (t+ 2)(t — 2)

and blowing up the (non-Cartier) divisor described
by = t + 2z = 0, one obtains a family of non-
singular surfaces which, for each value of ¢, resolves
the corresponding singular surface.



That is, factoring the equation as
zy = (t+ 2)(t — 2)

and blowing up the (non-Cartier) divisor described
by = t + 2z = 0, one obtains a family of non-
singular surfaces which, for each value of ¢, resolves
the corresponding singular surface.

In fact, there are two ways of doing this, for one might
have chosen to blow up the divisor + =t — 2z = 0
instead. This produces two threefolds Y and Y related
by a flop.



Reid’s pagoda

A generalization of Atiyah's flop was discussed by Miles
Reid in 1983.

ry = (t+ 2%)(t — 2°)



Reid’s pagoda

A generalization of Atiyah's flop was discussed by Miles
Reid in 1983.

ry = (t+ 2%)(t — 2°)

The flop itself can be described by blowing up C' and
its proper transforms k£ times, and then blowing back
down:



F®-b

Pagoda (5.8)

Each of the lower layers F® is a copy of F,, meeting F¢*" in w
negative section, and F¢-? in a disjoint section of self-intersection +
The topmost layer G is a copy of P!xX P!, with normal bundle of tyr
(—1, —1), intersecting F™~V in a curve of type (1, 1). The thick bla
lines that look like lightning conductors are fibres of the two rulings.

The base S, which is optional, is the proper transform of a surfa
SCX with CC S and (C?)y= —2. :




F®-b

Pagoda (5.8)

L

Each of the lower layers F is a copy of F,, meeting F¢*" in

negative section, and F¢-? in a disjoint section of self-intersection -

The topmost layer G is a copy of P! P!, with normal bundle of .\

(—1, —1), intersecting F™» in a curve of type (1, 1). The thick bla v’
lines that look like lightning conductors are fibres of the two rulings. .

The base S, which is optional, is the proper transform of a sutfs
Sc X with Cc S and (C?)y= —2.

Canonical 3-folds

&

The pagoda of Horyuji, near Nara, Japan
(from Horyuji by T. Nishioka and S. Miyakami, illustrated
by K. Hozumi, published by Soshisha, Tokyo, 1980).

(6.10) or [14] can be blown down along either of them. The blowing-
down can also be done step-by-step, starting from the top, and this in-
volves nothing more complicated than the Castelnuovo-Moishezon-
Nakano' criterion for contractions of geometrically ruled surfaces on

~ analytic 3-folds. The reader who has not met this kind of thing before is




Laufer’s analysis

Laufer analyzed simple flops from a different perspective.
In Atiyah's flop, the normal bundle of C' in Y is

O(—1) & O(-1)

(and this in fact characterizes an Atiyah flop) while in
Reid’s examples, the normal bundle is O & O(—2) (and
again, any rigid curve with such a normal bundle must
be one of Reid’s examples).



Laufer showed that any rational curve on a smooth
threefold which can be contracted to a Gorenstein
singular point must have normal bundle O(a) & O(b)
with (a,b) = (—1,—1), (0,—2), or (1,—3). The last
possibility was extremely surprising at the time, but
Laufer gave an explicit example to show that this
actually happened.



A slight generalization of Laufer's example (due to
Pinkham and DRM) is

2, .3 2 .3 2 A\
vy + vy — 0103 — vivg + A(vv; — v7) =0

(Laufer's example had A = 0).

10



A slight generalization of Laufer's example (due to
Pinkham and DRM) is

2, .3 2 .3 2 A\
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A slight generalization of Laufer's example (due to
Pinkham and DRM) is

2, .3 2 .3 2 A\
vy + vy — 0103 — vivg + A(vv; — v7) =0

(Laufer's example had A = 0). A small blowup is
obtained by blowing up the ideal generated by the 2 x 2
minors of the matrix

(0] V9 U3 [%Z!
—v3 —vg v1(vy 4+ Avp) wvo(ve + Avy)

We shall discuss this example again later in the talk.

10



Simultaneous resolution

A generalization of Atiyah's observation in a different
direction was made by Brieskorn and Tyurina, who
showed that the (uni)versal family over the versal
deformation space, for any rational double point, admits
a simultaneous resolution after basechange.

11



More precisely, each rational double point has an
assoclated Dynkin diagram I' whose Weyl group W =
W (I') acts on the complexification hc of the Cartan
subalgebra h of the associated Lie algebra g = g(I'"). A
model for the versal deformation space is given by

Det = f)@/W

and there is a (uni)versal family X — Def of
deformations of the rational double point.

12



The deformations of the resolution are given by a
representable functor, which can be modeled by

Res = [)(C.

The basechange which relates Res to Det is thus the
map hc — be/W.

13



The deformations of the resolution are given by a
representable functor, which can be modeled by

Res = [)(C.

The basechange which relates Res to Det is thus the
map hc — be/W.

In fact, there is a (uni)versal simultaneous resolution
X of the family X Xper Res. The construction of
this resolution requires some trickiness with the algebra
which will in fact be generalized and somewhat explained
later in this talk.

13
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Simultaneous partial resolution

It is not too hard to generalize the work of Brieskorn
and Tyurina to cases in which we do not wish to fully
resolve the rational double point, but only to partially
resolve It.
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If we let I'y C I' be the subdiagram for the part of the
singularity that is not being resolved, then we can define
a functor of deformations of the partial resolution, which

has a model
PRes(I"g) = he/W (T'y)

and there is a simultaneous partial resolution P?(I’o) of
the family X xpef PRes(T').



Back to flops

By a lemma of Reid, given a simple flop from Y to
Y ' and the associated small contraction Y — X, the
general hyperplane section of X through the singular
point P has a rational double point at P, and the proper
transform of that surface on Y gives a partial resolution
of the rational double point.

16



Back to flops

By a lemma of Reid, given a simple flop from Y to
Y ' and the associated small contraction Y — X, the
general hyperplane section of X through the singular
point P has a rational double point at P, and the proper
transform of that surface on Y gives a partial resolution
of the rational double point. This is the first instance
of Reid's “general elephant™ principle.

16



Pinkham used this to give a construction for all
Gorenstein threefold singularities with small resolutions
(with irreducible exceptional set): they can be described
as pullbacks of the (uni)versal family via a map from
the disk to PRes(I'y) (for some I'y C T' which is the

complement of a single vertex).

17



Pinkham used this to give a construction for all
Gorenstein threefold singularities with small resolutions
(with irreducible exceptional set): they can be described
as pullbacks of the (uni)versal family via a map from
the disk to PRes(I'y) (for some I'y C T' which is the

complement of a single vertex).

Kollar introduced an invariant of simple flops called the
length: it is defined to be the generic rank of the sheaf
on C defined as the cokernel of Oy — f*(mp) where
mp Is the maximal ideal of the singular point P.

17



It turns out that the length can be computed from the
hyperplane section, and it coincides with the coefficient
of the corresponding vertex in the Dynkin diagram in the
linear combination of vertices which yields the longest
positive root Iin the root system.

18



The generic hyperplane section

In 1989, Katz and DRM proved that the generic
hyperplane section for a flop of length £ was the smallest
rational double point which used ¢ as a coefficient in
the maximal root. The proof was computationally
Intensitive, and Kawamata later gave a short and direct
proof of this fact.

19



Other general facts about flops

Kollar and Mori gave a general construction of flops,
pased on the fact that the contracted variety X is a
nypersurface with an equation of the form

2+ f(x9,...,2,) = 0;

the flop is essentially induced by the automorphism
L1 — —I1.

20



Much more recently, Bridgeland has constructed flops
as moduli spaces for a certain category of complexes of
sheaves (the complexes of sheaves on Y which are the
inverse image under the flop of the structure sheaves of
points on Y ).

21



Much more recently, Bridgeland has constructed flops
as moduli spaces for a certain category of complexes of
sheaves (the complexes of sheaves on Y which are the
inverse image under the flop of the structure sheaves of
points on Y ). This work has been extended in various
ways by Kawamata, Chen, and Abramovich.

21



Wrapping D-branes

he physics represented by D-branes wrapping the
rational curve in a resolution of Atiyah's flop has been
thoroughly studied; for example, there is the large N
duality proposal of Gopakumar and Vafa, and the matrix
model presentation studied by Dijkgraaf and Vafa. We
began this project with a desire to obtain a similarly
deep understanding of the physics of D-branes wrapping
the rational curve for other kinds of flops.

22



One quickly runs into difficulties: the Pinkham
description in terms of a map from the disk to a

(uni)versal family is not adequate for describing the
D-brane states.

23



One quickly runs into difficulties: the Pinkham
description in terms of a map from the disk to a
(uni)versal family is not adequate for describing the
D-brane states.

However, there is an intriguing proposal for describing
certain D-branes states that was made by Kontsevich
in a different context: for Landau—Ginzburg theories,
Kontsevich has proposed using the category of “matrix
factorizations” of the Landau—Ginzburg potential to
describe D-brane states.

23



Here we do not have a Landau—Ginzburg theory, but we

do have a hypersurface singularity, and it makes sense
to consider the matrix factorizations in that context as

well.

24



Matrix factorizations

Matrix factorizations are a tool introduced by Eisenbud
in 1980 to study maximal Cohen—Macaulay modules
(modules over R whose depth is equal to the dimension)
on isolated hypersurface singularities.

25



The ring R is (the localization at the origin of)

klxi,...,x,/(f)

for some polynomial f € S = k|xy,...,z,] with an
isolated singular point at the origin.

26



A maximal Cohen—Macaulay module M is supported on
f =0 and is locally free away from the origin; regarded
as an S-module, there is a resolution

0— SO 2 g% _, A 0

Since fM = 0, fS% c W(S®) which implies that
there Is a map

S@k g S@k
such that ® o U = fid. The pair (P, V) is called a
matrix factorization.

27



A maximal Cohen—Macaulay module M is supported on
f =0 and is locally free away from the origin; regarded
as an S-module, there is a resolution

0— SO 2 g% _, A 0

Since fM = 0, fS® C W(S®") which implies that
there Is a map

S@k g S@k
such that ® o W = fid. The pair (®,V) is called a
matrix factorization. We also have W o ® = fid.

27



Eisenbud’'s Theorem

There Is a one-to-one correspondance between
isomorphism classes of maximal Cohen—Macaulay
modules over R with no free summands and matrix
factorizations (®,V¥) with no summand of the form
(1, f) (induced by an equivalence between appropriate
categories).

28



The McKay correspondance

The McKay correspondance for a rational double point
can be described in terms of maximal Cohen—Macaulay

modules. If X = C?/G and p is a representation of G
of rank 7 then

(C" x,C)/G — C*/G

is generically locally free, and a maximal Cohen-
Macaulay module.

29
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To express this more algebraically, we decompose
Cls, t] into Cls, t]“ modules according to the irreducible
representations p:

Cls,t]= € Cls,t],

pElrrep(G)

and each summand is a C[s, t|* module.



Example.

Let G = Z/NZ. The algebra CJ[s,t]“ is generated by
r = sV, y =t and z = st subject to the relation
zy — 2z = 0. We choose p;, to act as u — e>™ /Ny, |t
is not hard to see that M}, := C|s, ], _is generated over
Cls,t]® by s* and V=%, with relations

ot N—k _ N—k k

ysh = Ptk

31



This gives a presentation of M as the cokernel of

r Nk

The corresponding matrix factorization is

Y 2N =F r —zV Tk _ (xy o ZN)I2
2 2" J

If we do the minimal blowup which makes the cokernel of

the right-hand matrix locally free, we find that precisely

one curve Is blown up—the curve associated to the

corresponding representation py.




Grassmann blowups

We now describe a blowup associated to a matrix
factorization. Given a matrix factorzation (®, V), the
cokernel of W is supported on the hypersurface f = 0,
and the £ x k& matrix & will have some generic rank

k — r along the hypersurface (so that the cokernel has
rank 7).

33



We do a Grassmann blowup which makes this locally
free as follows. In the product C" x Gr(r, k) we take
the closure of the set

{(x,v) | * € Xsmooth, v = coker W, }.

There are natural coordinate charts for this blowup,
given by Plucker coordinates for the Grassmannian.

The Grassmann blowup is the minimal blowup which
makes the cokernel of ¥ locally free.

34



The explicit McKay correspondence

Gonzalez-Sprinberg and Verdier calculated generators
and relations for each C|s,t], (and hence a matrix
factorization), and used this to calculate Chern classes
of the correponding sheaves on the resolution of C*/G,
making the McKay correspondence very concrete.

35



Implicit in the literature (but | cannot find it stated
explicitly) is the fact that the Grassmann blowup of the
rational double point has an irreducible exceptional set:
it blows up precisely the component of the exceptional
divisor which Is associated to the representation p.

36



For example, taking

X
0
0
Y2
_ 73
Y Z?

gives the matrix factorization corresponding to the
central vertex of Ejg (with equation X2 + Y + Z4).

0
X
0
YZ
Y2
ZB

0
0
X
_ 72
—-YZ
YQ

Y
0
_ 72
— X

0
0

—Z
Y
0
0

—X
0

-
Z
Y
0
0

—X

37



Deformations

The versal deformation of the An_; singularity can be
written as

zy — fn(z)
for a monic polynomial f of degree N whose coefficient
of 22V~ vanishes. (The coefficients of this polynomial
generate the invariants of the Weyl group 20 4,,_, which
coincides with the symmetric group on N letters Gy.)

38



The partial resolution corresponding to the k" vertex in
the Dynkin diagram corresponds in the invariant theory
to the subgroup

S X Gy_r C Gy

The relationship between the invariants of these two
groups Is neatly summarized by writing

fn(z) = gr(z)hn—k(2)

where g and h are monic polynomials.

39



It I1s then clear that the matrix factorization data extends
to PRes: we have

{gky hNk(Z)}{ z  —hyi(2) = (zy—fun(2)]

—gk(2) Y

@ T

This is in fact what was used above to describe Reid’s
pagoda cases: the two blowups are obtained from the
two different matrices, and correspond to making the
cokernel of the matrix locally free.

40
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It I1s then clear that the matrix factorization data extends
to PRes: we have

{gky hNk(Z)}{ z  —hyi(2) = (zy—fun(2)]

—gk(2) Y

@ T

This is in fact what was used above to describe Reid's
pagoda cases: the two blowups are obtained from the
two different matrices, and correspond to making the
cokernel of the matrix locally free. hat Is, the two
threefolds related by a flop are obtained by Grassmann
blowups associated to coker(W¥) and coker(®).

40
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Conjectures and Theorems

Conjecture 1. For every length ¢ flop, there are two
maximal Cohen—Macaulay modules M and M™ on X

of rank ¢, such that Y (resp. Y ) is the Grassmann
blowup of M (resp. M ™).



Conjecture 2. If the flop has length ¢, then the matrix
factorizations corresponding to M and M ™ are of size

20 x 20, and are obtained from each other by switching
the factors (®, V) — (U, ®).

)



Conjecture 3. For a partial resolution of a rational
double point corresponding to a single vertex in the
Dynkin diagram with coefficient ¢ in the maximal
root, the versal deformation X over PRes has matrix
factorizations of size 2¢ x 2/, such that a simultaneous
partial resolution can be obtained as the Grassmann
blowup of the corresponding Cohen—Macaulay module.

43



Conjecture 3. For a partial resolution of a rational
double point corresponding to a single vertex in the
Dynkin diagram with coefficient ¢ in the maximal
root, the versal deformation X over PRes has matrix
factorizations of size 2¢ x 2/, such that a simultaneous
partial resolution can be obtained as the Grassmann
blowup of the corresponding Cohen—Macaulay module.

Theorem. The conjectures above hold for length 1 and
2.

43



Note that we in fact gave (most of ) the proof for length
1 in our discussion of the Ay_1 case above.
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Note that we in fact gave (most of ) the proof for length
1 in our discussion of the Ay_1 case above.

Expectation. Bridgeland’'s categorical description of
flops should be explicitly describable in terms of M and

M.

44



What about flips? We don't have a precise conjecture
to make at the moment; however, we speculate that
flips are obtained via equivariant matrix factorizations
for some group action.
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What about flips? We don't have a precise conjecture
to make at the moment; however, we speculate that
flips are obtained via equivariant matrix factorizations
for some group action.

That i1s, the contracted space will be described In
the form (f = 0)/G and one will look for matrix
factorizations (W, ®) which are G-equivariant. Notice
that the group actions on the two factors ¥ and ® are
quite different, leading to the natural asymmetry one
finds in a flip (as opposed to a flop).

45



The conjectures above can be loosely stated as
follows: the general elephant of a flop has a matrix
factorization whose Grassmann blowup(s) realize the
partial resolution, and that matrix factorization can
be deformed to the total space.

46



The conjectures above can be loosely stated as
follows: the general elephant of a flop has a matrix
factorization whose Grassmann blowup(s) realize the
partial resolution, and that matrix factorization can
be deformed to the total space. Hopefully, a similar
statement of some kind is true for flips as well.

46



47

The universal flop of length 2

We now describe a flop of length 2 which will turn
out to be universal in a certain sense. Our description
follows an idea of Reid although this was not the way
we originally found the flop.



We start with a quadratic equation in four variables
x, y, z, t over the field C(u,v,w), chosen so that its
discriminant is a perfect square. The one we use has
matrix

1 0 O 0
0 u v 0
0 v w 0
00 0 uw—v°
whose determinant is (uw — v*)?. (Reid’s matrix had

v=20.)

48



We start with a quadratic equation in four variables
x, y, z, t over the field C(u,v,w), chosen so that its
discriminant is a perfect square. The one we use has
matrix

0 0
v 0
W 0
9

o O =
o< £ O

0

whose determinant is (uw — v?)2. (Reid's matrix had
v = 0.) The corresponding quadratic equation is

0 ww—v

T + uy® + 2uyz + w2’ + (uw — vt (1)

48



The quadratic in C* has two rulings by C?; since
the determinant is a perfect square, the individual
rulings are already defined over C(u,v,w). In fact,
the corresponding rank two sheaf is a maximal Cohen—
Macaulay module over the hypersurface defined by

equation ( ) (which we now regard as a hypersurface in
C".

49



Although the singularity of this equation is not isolated
so that we cannot invoke Eisenbud’s theorem, in fact
this maximal Cohen—Macaulay module can be expressed
in terms of a matrix factorization (&, ).

50



The one we will use has

T — Vi Y
o — uwy + 2vz —x — vt
N Wz —wt
uwt Wz
and
[ T + vt Y
U uwy + 2vz —x + vt
N — Wz —wt
uwt — Wz

—2Z
—ut
xr — vl

t
—Z
Y

uwy + 2vz —x — vt

z
—ut
xr + vt

uwy + 2vz —x + vt

t
%

Y

51



For these matrices,

OV = (27 4+ uy® + 2vyz + w2 + (uvw — v°)t*) L.

52



For these matrices,

OV = (27 4+ uy® + 2vyz + w2 + (uvw — v°)t*) L.

Example. If we set
T = V4, Y= 103, 2 =109, L= 11,

u=v1,v=0,w= Av; + vy
then we reproduce the Laufer—-Pinkham—DRM example
mentioned earlier.
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We do the Grassmann blowup corresponding to the
cokernel of W.

53



We do the Grassmann blowup corresponding to the
cokernel of W.

There are only two coordinate charts which are relevant
for our computation. For the first, we introduce four
new variables A; ; and eight equations E; ; by means of

| 0
0 |
Ay Ao

I I

53



Note that by multiplying by ® from the left, we see that

the original equation Is contained in the ideal generated
by the E/,;J'.

We then compute

2B+ 2E90 —thy 1 + utky o

= (Z2 + ut2)(A1,1 + Ay )
utELl -+ utEQ,Q -+ ZE271 — UZELQ
= (2" + ut’)(2v — udj pu + As))

54



so that the proper transform must include
Ey=A11+ Ay

and
E2 — 20 — UA1,2 + A271

These allow us to eliminate A;; and As;, leaving as
variables on this chart A; 2 and Aj 5, as well as z, vy, z,
t, u, v, W.

55
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We compute once again:
2EBs1 +utEso — (xz +vzt)Ey — yzFEs

—I—(utALQ — ZAQ,Q)EQ,Q - (—UtAQ’Q — UZA1,2 + QUZ)ELQ
= — (2% + ut’)(w + udi, — 20A; 2 + A3 ,)

which implies that the proper transform must also
include

Es =w + uAi2 — 20A19 + A%)Q

In fact, the ideal is generated by F 5, E29, E1, E5, and
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E3: we have
Ei11=—FEs9+ 2k + th

bEo1=ubyo—utk + zk»
FEs1 = (uA19—2v)E) o+ Ag o Fg o+ (x+vt) By +yEs— 2 E5
Fso= —A12F29 + Asol 9 — tE3
Ey1 = Ao 1By 0+ uA; 1By o+ (2uz—uzAy o—utAs o) B+
(—2zA29 + utAi9)Ey + utEs
Eyo = AsoF9+ uAioF 9 — 2E3



To study the second coordinate chart, we introduce
four new variables B; ; and eight new equations E; ; by
means of

| 0
=~ B11 Bio
0 |
_32,1 Bz,z_

Note that by multiplying by ® from the left, we see that

the original equation is contained in the ideal generated
by the Ei,j-
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We then compute
ybh1—tE31 — wthi1 o — ylbso

= (wt® +y°)(Bi,1 — Bay2)
and
wtby 1+ yls1 + wyky s — wthso

— (th —+ yz)(BQJ —+ wBLQ)

Thus, the proper transform must include

Ei = Bi; — By

59



and
B, = By +wbBi 2

These allow us to eliminate B;; and Bs;, leaving as
variables on this chart B2 and Bs, as well as z, y, z,
t, u, v, W.

We compute once again:
yE2,1+(sz,2—’th1,2)E3,2+(wyB1,2—2”Uy+?Uth,2)E1,2

+(xy — vyt)El — yzEQ — ’UJtEQ’Q
= (wzt2 + y2)(u + B;Q + wBi2 — 20B1 %)

60
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and conclude that the proper transform must include
E3 = U+ B%,Q 2 HJB%,Q — QUBLQ

In fact, El, EQ, Eg, ELQ and E’gg will generate the ideal,
as we now demonstrate.

El,l — E?,,z + yE1 + tE,

E2,1 = —By 2E3 o+ (—wBi 2+ QU)ELZ + yEB
—(x — fut)El + 2B,
Ezz = —B12E32 —|-322E12 — tFs



E3,1 - —UJELQ — wtF) + yE’z
E471 — UJBLQE?)’Q—UJBQQELQ—F’UJtEg—UJZEl—(CE—Ut)EQ
E 9= —DBssEs9+ (—wBj 2+ 2v)E; 2 + yEs

62
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The D, case

The versal deformation of D,, can be written in the form

n—1
X4 Y?Z = 2" 4 29Y =Y 6y 2

1=1

The invariant theory is based on the polynomial

Zn

n

Z 02"+ = [(Z2 + 1) (2)

=
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The Weyl group 2 p_ is an extension of the symmetric
group G,, (acting to permute the ¢;'s) by a group
(o)™ 1. The latter is the subgroup of (u5)" (acting on
the t,'s by coordinatewise multiplication) which preserves
the product ¢;...t,. (This product coincides with v in
the polynomial.) We have dy; = o;(¢%, ... ,t%), with

50 — ’}/2.
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Picking a vertex in most cases corresponds to D,,_; and

1. (This holds for 0 < k < n — 2, where £ = 0 means
that we choose no vertex at all.) In the invariant theory,
this means that we break the group action into

Gk X man—k

The two polynomials which now capture the invariant
theory are

n

H ) and Zh(Z) + n* = H (Z +t5)

j=1 Jj=k+1



(where n is the quantity such that 7 =t;.1...t,). To
relate these to the original polynomial ( ), we write

f(U) =Q(-U") +UP(-U")

and note that if Z = —U? then

(Z+1) = f(U)F(-U) =Q(2)" + ZP(Z)’

1

k

J



so that

n

[[(Z +8) = (Zn2Z) + ) (Q(2)* + ZP(Z)?)

j=1

and v = nQ(0). Moreover, the relationship between
P(U), Q(U), and the polynomials occuring in the
invariant theory is captured by the existence of a
polynomial in two variables G(Z, U) satisfying

UP(Z)+Q(Z) =(Z +UHG(Z,U) + f(U).

One final manipulation: we write Q(Z2) = ZS5(Z) + Q(0)
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when needed so that

Q(Z)" — Q(0)° = ZS(2)[2Q(Z) — Z5(Z)].
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Thus, the polynomial

1

=~ -+ [z +£)

g=1

F(Z)

which appears in the versal deformation of D,, can be
rewritten as

F(
W2)Q(Z)*+ZP(Z)" |+’

2
25(2)2Q(2)—ZS(Z)*+P(Z)?]



We're now ready for a matrix factorization. We use the
universal length two matrix factorization, with

=X, y=Y —nS5(2), 2=Q(2), t = P(2),

u=2/2 v=2mn, w=—h(2).
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In the first chart, after eliminating A;; and A, ;, the
proper transform is defined by the ideal (Ej5, E 9, Es5)
where

Ero=Y —nS5(2) + Q(Z)A12+ P(Z) Az
allows us to eliminate Y, and
Eyo=—X+nP(Z) — ZP(Z) A1+ Q(Z) Az
allows us to elminate X. The remaining generator is
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which is the versal deformation of a D,,_j singularity.

In the other chart, after eliminating B 4 aNnd @2,1,A’ghe
proper transform is defined by the ideal (E3, E1 9, E39).

We have

F39 =X +nP(Z) + h(Z)P(Z)Bis + (Y —nS(Z))Bay

which allows us to eliminate X on this chart, but

E1,2 = Q(Z) + (Y —nS(A))B12 + P(Z)Bap

does not immediately allow elimination.

he third
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generator Is
Ey=Z + B3, — h(Z)B}, — 2B »

To understand the geometry of this chart, we form the
combination

F19—G(Z, Bys)E3 = (Y—1S(Z))B12+G(Z, B22)h(Z) B3,

+2nG(Z, B22)B12 + f(B22)
— (Y — US(Z) —+ G(Z, B272)h(Z)Bl,2 + 277G(Z, B272))B1’2
+f(B22)



so introducing the variable

_~

Y =Y —nS(Z) + G(Z, By2)h(Z)B1 5 + 20G(Z, By )

we see that this forms a versal deformation of an Aj;_;
singularity »

Y B2+ f(Ba2)
since f(U) is monic of degree k. Note that Z can be
implicitly eliminated using Eg.
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