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CHAPTER 1

Quadratic Forms and Orthogonal Groups

1. Symmetric Bilinear Forms

Let R be a commutative ring with identity, and let F' be an R-
module.

DEFINITION 1.1. An F-valued symmetric bilinear form over R is a
pair
(L,(—,—)), where L is an R-module, and (—,—) : L x L — F is a
symmetric function which is R-linear in each variable. We will often
abuse language and refer to (, ) as the bilinear form, and say that ( , )
is a symmetric bilinear form over R on L.

A symmetric bilinear form is also sometimes referred to as an inner
product.

Let Symm? L be the quotient of L&y L by the submodule generated
by all tensors of the form z ® y — y ® x; Symm? L is the 2"¢ symmetric
power of L. An F-valued symmetric bilinear form over R on L can also
be defined as an R-linear map from Symm? L to F.

The first example of such a form is the R-valued symmetric bilinear
form on R, which is the multiplication map.

DEFINITION 1.2. Let (L, (, )) be an F-valued symmetric bilinear
form over R. The adjoint mapto (L, {, )) (orto (, )), denoted by Ad, is
the R-linear map from L to Hompg(L, F) defined by Ad(x)(y) = (z,y).
We will say that

(, ) is nondegenerate if Ad is injective, and

(, ) is unimodular if Ad is an isomorphism.

The kernel of { , ), denoted by Ker( , ) (or Ker L if no confusion is
possible) is the kernel of Ad.

Note that ( , ) is nondegenerate if and only if Ker( , ) = (0). If
L= L/Ker{, ), then (, ) descends to a nondegenerate form on L. In
this book we will deal primarily with nondegenerate forms, and we will
largely ignore questions involving nondegeneracy. By modding out the
kernel, one can usually reduce a problem to the nondegenerate case, so
we feel that this is not a serious limitation.

1



2 I. QUADRATIC FORMS AND ORTHOGONAL GROUPS

In this book we will often deal with the special case of an R-valued
bilinear form on a free R-module. We give this type of form a special
name.

DEFINITION 1.3. An inner product R-module, or inner product mod-
ule over R, is anondegenerate R-valued symmetric bilinear form (L, (—,
over R such that L is a finitely generated free R-module. If R is a field,
this is usually referred to as a inner product vector space over R. We
sometimes abuse notation and refer to L as the inner product module;
the bilinear form (—, —) is assumed to be given.

2. Quadratic Forms
Let R be a commutative ring, and let F' be an R-module.

DEFINITION 2.1. An F-valued quadratic form over R is a pair
(L,Q), where L is an R-module and @) : L — F is a function sat-
isfying

(i) Q(rf) =r?Q(¢) for all € Rand £ € L
(ii) the function (, )o: L x L — F defined by

(z,9)0 = Q(z +y) — Q(z) — Qy)

is an F-valued symmetric bilinear form on L.

Again we often refer to () as the form on L. The adjoint map Adg
of Q is simply the adjoint map of (, )g. We say () is nondegenerate
(respectively, unimodular) if (, )¢ is. The bilinear form ( , )¢ is called
the associated bilinear form to Q.

We denote the kernel of (, )o by Ker(L, Q) (or just by Ker(L) or
Ker(Q) when that is convenient). The kernel of a quadratic form has
a refinement called the g-radical of (L, Q). This is defined to be

Rad, (L, Q) = {z € Ker(L, Q)|Q(x) = 0}.
(We denote the g-radical by Rad,(L) or Rad,(()) when convenient.)
Notice that 2Q(x) = (z,2)g = 0 for x € Ker(L,Q), so that if multi-
plication by 2 is injective in F', then the g-radical coincides with the
kernel.

When restricted to the kernel of @), ) is Z-linear, and its g-radical
is just the kernel of Q|ker(q). Also, since 2Q(z) = 0 for x € Ker(Q), the
image of Q|ker(g) is contained in the kernel of multiplication by 2 on
F. If this kernel is finite of order N, then the “index” of the g-radical
of @ in the kernel of @) is a divisor of N.

Note that if L = L/ Rad,(L), then Q descends to a quadratic form
on L with trivial ¢-radical.



2. QUADRATIC FORMS 3

The reader will note the difference between our definition of (, )g
and the more usual 1[Q(z +y) — Q(x) — Q(y)]; this definition requires
multiplication by 2 to be an isomorphism on F'; and we do not want
to restrict ourselves to this case. The price we pay is that not every
symmetric bilinear form can occur as the associated bilinear form to
some quadratic form.

DEFINITION 2.2. An F-valued symmetric bilinear form (L, ( , ))

over R is even if there exists an F-valued quadratic form @) over R on
L such that (, ) = (, )o-

The reason for this terminology is that if (, ) is an even form, then
(x,z) is divisible by 2 in F.

LEMMA 2.3. Let (, ) be an even F-valued symmetric bilinear form
over R on L. Assume that r> = r mod 2R for all v in R. Let R =
R/2R and L = L/2L. Let K = {f € F|2f = 0}. Then the set of
F-valued quadratic forms Q over R on L such that (, ) = (, )g isin
1-1 correspondence with Homp(L, K).

PROOF. Fix an F-valued quadratic form @y on L such that (, ) =
(, )qgo- Let ¢ € Homp(L,K), and let 7 : L — L be the quotient
map. Then Qo + 7o ¢ = @ is an F-valued quadratic form on L,
and (, )o, = (, )g,- Conversely, if @) is an F-valued quadratic
form on L with ( , ) = (, )g, thena = Q — Qo : L — F is Z-
linear. Moreover, 2a(z) = a(2z) = 4a(z), so 2a(z) = 0 for all x
in L; hence aw maps L to K. Since «(2L) = 0, « factors through a
group homomorphism ¢ : L — K. Finally, if Z € L, and » € R, then
o(rz) = r?¢(z) = r¢(z) by our assumption on R. Hence, ¢ is R-linear

and R-linear also. Q.E.D.

Most of the rings occurring in this book satisfy the hypothesis of
the previous lemma. In particular, any field of characteristic # 2 does,
Z does, Z, does (for any p), etc.

COROLLARY 2.4. Let { , ) be an even F-valued symmetric bilinear
form over R on L. Assume that multiplication by 2 is injective on F.
Then there is a unique F-valued quadratic form Q) over R on L such

that<,>:<,)Q.

PROOF. In this case K = {f € F|2f = 0} is trivial. Let @
and () be two F-valued quadratic forms over R on L with associated
bilinear forms ( , ). Then a = @ — @3 is a Z-linear map from L to F,
and as in the proof of the previous lemma « has values in K. Hence

a=0and @ = Qs. Q.E.D.



4 I. QUADRATIC FORMS AND ORTHOGONAL GROUPS

COROLLARY 2.5. Assume that 2 is a unit in R. Then any F-valued
symmetric bilinear form ( , ) over R is even, and there is a unique F'-
valued quadratic form @) over R such that (, ) = (, )g.

PROOF. (, ) is even, since Q(z) = 3(x, ) is the required quadratic
form. @ is unique by the previous corollary. Q.E.D.

3. Quadratic Modules

In this book we will be dealing with the following special case of
the previous definitions. Let R be a commutative ring with identity.

DEFINITION 3.1. A quadratic R-module, or quadratic module over
R, is a nondegenerate R-valued quadratic form (L, Q) over R such that
L is a finitely generated free R-module. If R is a field, this is usually
referred to as a quadratic vector space over R. We sometimes abuse
notation and refer to L as the quadratic module; the form () is assumed
to be given.

Note that if (L, Q) is a quadratic R-module, and if (—, —) is the as-
sociated bilinear form to @, then (L, (—, —)) is an (even) inner product
module over R.

As is usual with free modules, many of the concepts can be ex-
pressed in terms of matrices. Let us review this part of the theory
now.

Let Q be a quadratic form on RY, with values in R, endowing
R with the structure of a quadratic R-module. Let {, ) = (, )o
be the associated bilinear form. The matriz of @ (or of (, )) is the
N x N symmetric matrix A over R, whose i —j™ entry is (e;, ¢;), where
{e1,...,en} is the standard basis of RY. With this notation, if X and
Y are column vectors in RY, then (X,Y) = XTAY. Note that since
(, ) is even, the diagonal entries of A are in 2R.

In more generality, let (L,Q) be a quadratic R-module, and let
S = {s1,...,sn} be a basis for L over R. The matriz of @ (or of (, ))
with respect to S is the N x N symmetric matrix A = ((s;, s;)).

Of course, giving an ordered basis S for L is equivalent to giving
an isomorphism « : L — RY (sending s; to ;). With this notation, we
have (z,y) = a(z)" Aa(y).

Note that for a quadratic R-module (L, Q), the adjoint map Adg
maps L to its dual L# = Homg(L, R), and by our convention Adg is
injective.

If L has basis S = {s1, ..., sy}, then L# has dual basis S# =
{s¥,...,s%}, defined by s7(s;) = d;;, the Kronecker delta.
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LEMMA 3.2. Let (L, Q) be a quadratic R-module with basis S. Let A
be the matriz of Q with respect to S. Then the matriz of Adg : L — L#
with respect to S and S* is also A.

PROOF. Let C' = (¢;;) denote the matrix of Adg, so that Adg(e;) =

doe ckjek#. Then Adg(e;)(e;) = >, ckjek#(ei) = ¢;j, so that (e;,e;) =
(ej,e;) = Adg(ej)(e;) = ¢;j, proving that A = C. Q.E.D.

COROLLARY 3.3. With the notations of Lemma 3.2, we have:

(8.3.1) det(A) is not a zero divisor in R,
(3.3.2) Q is unimodular if and only if det(A) is a unit in R.

Let us assume that (L, Q) is a quadratic R-module with two bases
S and T, inducing isomorphisms ag and ap : L — RY. Let Ag and
Ar be the matrices of () with respect to S and T, respectively, and let
P be the matrix of the isomorphism ag o az;' : RN — RN,

LEMMA 3.4. With the above notations, Ay = PT AgP.

PROOF. For any z in L, ag(z) = Par(z), or ar(r) = P lag(x).
Hence (z,y) = as(r)" Asas(y) = as(z) (P~ PTAsPP ag(x) =
ar(z)"(PTAgP)ar(x), so that Ap = PTAgP. Q.E.D.

We will use the notation R* for the units of a ring R. The above
lemma leads us to the following.

DEFINITION 3.5. Let (L, Q) be a quadratic R-module. The discri-
minant of (L, Q) (or of L, or of Q) is the class of det(A) in R/(R*)?,
where A is the matrix of ) with respect to some basis of L.

A few remarks are in order. Firstly, the discriminant of L (denoted
by disc(L), or disc(Q)) is well defined by Lemma 3.4. Secondly, by
Corollary (3.3.1), disc(L) in fact lies in {non-zero divisors of R}/(R*).
In particular, if R is an integral domain, then disc(L) € (R—{0})/(R*)%.
Furthermore, if R is a field, then disc(L) € R*/(R*)?. In this case,
the values for disc(L) form a group.

In general, @ is unimodular if and only if disc(Q) € R*/(R*)2.
Note that any quadratic R-module is unimodular when R is a field.

The value group R*/(R*)? occurs so often in this book that we will
use the following notation for it. If R is any commutative ring with
identity, define D(R) = R*/(R*)%* D(R) is an abelian group, every
nontrivial element having order 2.

It will be useful to collect these value sets for the discriminant in
the following important cases.

LEMMA 3.6.
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(3.6.1) Z. — {0}/(Z*)* = Z — {0}.
Hence any quadratic Z-module has a nonzero rational integer
as discriminant.
(3.6.2) D(Q) is a free Z/2-module on the set {—1} U{p > 1|p is a
prime in Z}.
(3.6.3) D(R) is a cyclic group of order 2, generated by the class of —1.
(5.6.4) D(C) is a trivial group.
(3.6.5) Recall that 2\ = {u € Zy | ||ul|, = 1}. Then:
(a) Ifp is odd, D(Z,) is a cyclic group of order two, generated
by the class of a non-square mod p. In this case, a unit
u € Z, is a square if and only if u is a square mod p.
(b) If p = 2, D(Zs) is a Klein 4-group, consisting of the
classes of 1, 3, 5 and 7. A unit u € Z; is a square if
and only if u =1 mod 8.
Since every element of Z,—{0} can be uniquely written as
pu, with e > 0 and u € Z,;, the discriminants of quadra-
tic Zy-modules lie in Z,—{0}/(ZX)* = Nx (L)) /(Z))* =
N x7Z/2 if p is odd
NxZ/2xZ/2 ifp=2.
(3.6.6) Every element of Q) can be uniquely written as p°u, with e € Z
and u € Z, . Hence

| zZ)2xZ)2 if p is odd
D(@y) = { ZJ2xTJ2 X )2 if p—2.

(3.6.7) (a) If p is odd, D(Z/p°) is a cyclic group of order 2, generated
by the class of a nonsquare mod p. Again, a unit u € (Z/p°)*
s a square if and only if u is a square mod p.
(b) If p =2, we have

trivial if e=1
D(7Z/2°) = < cyclic of order 2 if e=2
a Klein 4-group if e > 3.

We leave the elementary proofs of these computations to the reader.
Because of its pervasive usage, we will often use the notation U, for
Y/
g We would like to identify these value groups in the p-adic and p-
primary cases with “standard” groups. We do this via the following
isomorphisms, all of which we call x.
For R =R, x : D(R) — {%1} is the obvious isomorphism.
For R = Z,, p odd, x : D(Z,) — {£1} is the Legendre symbol; for
uelU,
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(u) = (2) | +1 ifuis asquare
XW=\p) T =1 ifuisa non-square.
For R =7Z/p% p odd, x : D(Z/p¢) — {£1} is the Legendre symbol.
For R = Zs, x : D(Zsy) — (Z/8)* is the “mod 8" map.
For R=7/2° ¢ >3, x : D(Z/2°) — (Z/8)* is the mod 8 map.
For R=7/4, x : D(Z/4) — (Z/4)* is the identity.
For R=7/2, x : D(Z/2) — (Z/2)* is the identity.
Note that for any prime p, we have a commutative square

D(Z,) — standard group

D(Z/p?) - standard group

in addition the squares

D(Z/p*) - standard group

!

D(Z/p?) - standard group

commute, where e < e;. In both cases the vertical maps are the
natural quotient maps.
We will extend this notation to D(Q,) by defining

¥(pu mod (Q)?) = x(u mod U7),
where e € Z and v € U,. In this case
x : D(Q,) — {£1} if pis odd
and
x:D(Q2) — (Z/8)"
are only group homomorphisms, with kernel of order 2, generated by
the prime p in each case.

In case R = Z, a quadratic Z-module will be referred to as an
integral quadratic form, justifying the title of this book. Similarly, if
R =Q, R or C, a quadratic R-module will be called a rational, real
or complex quadratic form, respectively. An integral p-adic quadratic

form is a quadratic Z,-module, and a rational p-adic quadratic form is
a quadratic Q,-module.

4. Torsion Forms over Integral Domains

The central construction dealt with in this book is a special case of
the following type of quadratic form. Throughout this section, let R
denote an integral domain, and let K denote its fraction field.
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DEFINITION 4.1. A torsion quadratic form over R is a K/R-valued
quadratic form over R on a finitely generated torsion R-module.

Similarly, a torsion bilinear form over R is a K/R-valued bilinear
form over R on a finitely generated torsion R-module.

Note that there is no requirement of nondegeneracy in the above
definition.

If G is a torsion R-module, define G* = Hompg(G, K/R), so that if
(G, q) is a torsion quadratic form over R, the adjoint map Ad, maps
G to G#. In case G is cyclic, these groups are isomorphic:

LEMMA 4.2. Assume a € R, a # 0. Then the map o : R/a —
Hompg(R/a, K/R) defined by
ry

a(x mod (a))(y mod (a)) = o mod R

is an isomorphism of R-modules.

PROOF. It is clear that « is well defined, and is an R-map. Assume
a(z mod (a)) = 0. Then a(r mod (a))(1 mod (a)) = £ mod R will be
0in K/R,ie., £ € R, or a|r; hence x mod (a) = 0 in R/a. Therefore,
ais 1-1. Let ¢ € (R/a)?, and write ¢(1 mod (a)) = £ mod R. Since
0 = ¢(0) = ¢(amod (a)) = ap(l mod (a)) = ¢ mod R, glap in R.
Write ap = rq; then 2 = % in K so that ¢(1 mod (a)) = 7 mod R,
and ¢ = a(r mod (a)) by linearity. Hence « is onto. Q.E.D.

ESES]

o

This leads to the following result which is well known in case R = Z.
As is standard, we will abbreviate “principal ideal domain” to P.I.D.

LEMMA 4.3. Assume R is a P.I.D. and G s a finitely generated
torsion R-module. Then G = G# as R-modules.

PROOF. By hypothesis on R, G is a direct sum of cyclic torsion
R-modules. Since (), Gy)# = @, G¥, the result follows from Lemma
4.2. Q.E.D.

COROLLARY 4.4. Assume R is a P.1.D. and let (G, q) be a torsion
quadratic form over R. Then G is nondegenerate if and only if G is
unimodular.

Two special cases will be of particular interest to us. Firstly, if
R = Z, then a torsion quadratic form (G,q) over Z will be called a
finite quadratic form; the group G is a finite abelian group, and the
values of ¢ lie in Q/Z. A finite bilinear form is a torsion bilinear form
over Z.

Secondly, if R = Z,, then a torsion quadratic form (G, ¢) over Z,
will be called a p-primary quadratic form. In this case the group G is
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a finite abelian p-group and the values of ¢ lie in Q,/Z,. A p-primary
bilinear form is a torsion bilinear form over 7Z,.

The value group Q,/Z, for a p-primary quadratic form is isomorphic
to a sub-quotient group of Q. Let Q) C Q denote the set of all rational
numbers with denominator a power of p.

LEMMA 4.5. There is a natural isomorphism between Q,/Z, and

Q®» /7.

PROOF. Represent elements of QQ, as Laurent series in p, with co-
efficients in {0,1,...,p — 1}. Define 3 : Q, — QW /Z by (3 a;p’) =
(>0 @p') mod Z. Then 3 is a surjective group homomorphism with
kernel Z,. Q.E.D.

5. Orthogonality and Splitting
Let (L1, ®1) and (Lg, Q2) be two F-valued quadratic forms over R.

DEFINITION 5.1. The direct sum (or orthogonal direct sum) of
(L1,Q1) and (Lo, Q) is the pair (L; & Lo, Q1 + @2). (The func-
tion Ql + QQ . Ll D L2 — I is defined by (Ql + QQ)(:B:L,ZL'Q) =
Q1(x1) + Q2(2).)

It is trivial to check that (L ® Lq, Q1 +Q)2) is an F-valued quadratic
form over R. In addition, we have the following.

LEMMA 5.2. Using the above notations,

(5.2.1) Q1 + Q2 is nondegenerate if and only if Q1 and Q3 are.
(5.2.2) Q1+ Qo is unimodular if and only if Q1 and Qs are.

Proor. This follows immediately from the formula Adg,+q, =
Adg, ® Adg,, and the fact that direct sums commute with Hom. Q.E.D.

LEMMA 5.3. Assume that (L1, Q1) and (Lo, Q2) are quadratic R-
modules. Then

(5.3.1) (L1 @ Ly, Q1 + Q2) is a quadratic R-module.

(5.3.2) Assume Sy and Sy are bases for Ly and Ly, respectively, so
that Ay and Ay are the matrices of Q1 and Q2 with respect to
S1 and Sy, respectively. Then S; U Sy = {(s1,0)|s; € S1}U
{(0, s2) | s2 € Sa} is a basis for Ly ® Ly over R, and the matrix
of Q1 + Q2 with respect to S; U Sy is (()41 AS)'

(5.5.8) disc(Q1 + Q2) = disc(Q1) disc(Q2).

PROOF. The first statement follows immediately from the
definitions and
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Lemma (5.2.1). The second statement is clear by the following calcu-
lation:

(@1, 22), (Y1, 2)) v, = (@1 + Q2) (w1 + Y1, 22 + y2)
—(Q1 4 Q2) (w1, 22) — (Q1 + Q2) (Y1, y2)
= Qi(z1 + 1) + Qawa + 12)
_Q1<731> - Qz(i@) - Ql(yl) - Q2(y2)
= (21, Y1)q: + (T2, 42)Q,-
Finally, the last statement follows from the second. Q.E.D.

The above construction is sometimes referred to as an external di-
rect sum. There is, of course, a notion of internal direct sum, also.

DEFINITION 5.4. Let (L, Q) be an F-valued quadratic form over R,
with associated bilinear form ( , ).

(5.4.1) Two elements x, y € L are said to be orthogonal, or perpen-
dicular if (x,y) = 0.

(5.4.2) An element = € L is isotropic if Q(z) = 0; x is anisotropic if
Q(z) # 0.

(5.4.3) If X C L is a subset of L, the perpendicular module to X,
denoted by X+, is the set {y € L|(z,y) =0 for all x in L}.

(5.4.4) A subset X C L is totally anisotropic if each element of X is
isotropic. This implies that X C X*.

Note that (x,z) = 0 does not imply that x is isotropic, unless
multiplication by 2 is injective on F. Similarly, X C X+ does not
imply that X is totally isotropic.

Also note that if X is any set, X+ is a submodule of L. Moreover,
X C (X))t always.

DEFINITION 5.5. Let (L,Q) be an F-valued quadratic form over
R. A splitting of (L, Q) is a direct sum decomposition L = M & N
of L such that every element of M is orthogonal to each element of
N. If M is a submodule of L, we say that M splits off L it M is a
direct summand of L, and there exists a submodule N of L such that
L =M@ N is a splitting.

Note that if L = M @ N is a splitting of L, then (L, Q) is isomorphic
to the orthogonal direct sum of (M, Q|y) and (N, Q|n).

There is one simple but important criterion for a submodule of L
to split off.

PROPOSITION 5.6. Let (L, Q) be an F-valued quadratic form over R
and let M be a submodule of L. Assume that (M, Q|y) is unimodular.
Then M splits off L. In fact, L = M & M~ is a splitting of L.
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PROOF. Since M is unimodular, M N M+ = {0}; hence, it suf-
fices to show that L = M + M*. Restriction gives an R-map res :
Hompg(L, F') — Hompg(M, F'). Let o = resoAdy : L — Hompg(M, F).
Note that a|y = Adyy, so by the unimodularity of M, «fy is an iso-
morphism; hence, « is onto. The kernel of « is exactly M, so we have
an exact sequence of R-modules

0— M+ — L% Homg(M, F) — 0.

Let x € L. Since «y is an isomorphism, there is an element m € M
such that a(m) = a(z); hence x —m € M*. Therefore z = m + (r —
m) € M + M*. Q.E.D.

There is a generalization of the above proposition for R a discrete
valuation ring which will be discussed later.

DEFINITION 5.7. An F-valued quadratic form (L, Q) over R is in-
decomposable if L does not split as the direct sum of two proper nonzero
submodules. A quadratic R-module (L, Q) is diagonalizable if L splits
as the direct sum of rank one submodules.

PROPOSITION 5.8. Assume that R is a field of characteristic # 2,
and let (L, Q) be a quadratic R-module. Then (L, Q) is diagonalizable.

PROOF. The proof is by induction on the rank of L. If rank(L) = 1,
there is nothing to do; assume rank(L) > 2. If x € L and Q(z) # 0,
then M = span of z splits off L, and by induction M~ is diagonalizable;
hence, L = M @ M+~ is diagonalizable. Therefore, we need only show
that there is a vector z in L with Q(z) # 0. However, if Q(z) = 0 for
every x in L, () is degenerate. Q.E.D.

6. Homomorphisms

DEFINITION 6.1. Let (L1,Q1) and (L, Q2) be two F-valued qua-
dratic forms over R. A homomorphism ¢ from (L,Q1) to (Ls, @Q)2) (or,
for convenience, from L; to L) is an R-map ¢ : Ly — Lg such that
Q200 =Q. If ¢pis 1-1, ¢ is called an embedding.

This is, of course, just what one would expect. Note that if (L, Q)
is an F-valued quadratic form over R, and M C L is a submodule,
then the inclusion map inc : M — L is an embedding of (M, Q|ys) into
(L,Q).

The reader should also note that if L splits as L = M & N, then
the projection map 7 : L. — M is not a homomorphism in general; it
is only if Q|y = 0.

The composition of homomorphisms is a homomorphism.
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LEMMA 6.2. Let ¢ : (L1,Q1) — (Lo, Q2) be a homomorphism of
F-valued quadratic forms over R. Assume x € Ly and ¢(x) = 0. Then

Adg, (x) =0 and Q1(z) =

PROOF. By assumption, Qi(z) = Q2(¢(z)) = Q2(0) = 0, so we
need only check that Adg,(z) = 0. Let y € L. Then Qi(x+y) =
Qa(P(z+y)) = Q2(¢(y)) = Qu(y), so that Q1($+ )= Q1(y) = 0. Since

Q1(x) = 0 also, we have (z,y)g, = Q1(z +y) — Q1(z) — Q1(y) =0, so
that Adg, (z) = 0. Q.E.D.

COROLLARY 6.3. Let ¢ : (L1,Q1) — (L2, Q2) be a homomorphism
of F-valued quadratic forms over R. Assume that Ly is nondegenerate.
Then ¢ is an embedding.

COROLLARY 6.4. Let ¢ : (L1,Q1) — (L2, Q2) be a homomorphism
of quadratic R-modules. Then ¢ is an embedding.

These corollaries follow immediately from Lemma 6.2.
Note that if ¢ is a bijective homomorphism of F-valued quadratic
forms over R, then ¢! is also a homomorphism.

DEFINITION 6.5. An isomorphism (or isometry) of F-valued qua-
dratic forms is a bijective homomorphism. An automorphism is a self-
isometry. Two F-valued quadratic forms (L1, Q1) and (Lo, @Q2) are iso-
morphic (or isometric) if there exists an isomorphism between them,
and we use the usual notation (L1,Q1) = (Ls,@2) in this case. (We
will often abbreviate this to Ly = Ly or Q1 = @s.)

The following “equivalence relation” on F-valued quadratic forms
is coarser than isomorphism, but still is quite rich.

DEFINITION 6.6. Two F-valued quadratic forms (L, Q1) and (Lo, Q2)
over R are stably isomorphic if there exist two unimodular F-valued
quadratic forms over R, M; and M,, such that Ly & M; = Ly & M.
We denote this by Ly ~g Ly (or Q1 ~g Q2).

It will be useful to consider the following special class of homomor-
phisms, whose importance is motivated by the above.

DEFINITION 6.7. A homomorphism ¢ : L; — Ly of F-valued qua-
dratic forms over R is stable if Ly = ¢(Ly) ® ¢(Ly)*, and ¢(Ly)*

unimodular.

Note that if M is unimodular, the inclusion of L into L & M is
a stable homomorphism. We leave to the reader to check that the
smallest equivalence relation on F-valued quadratic forms over R such
that if there exists a stable homomorphism ¢ : L1y — Loy, then L, is
equivalent to Lo, is stable isomorphism.
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7. Examples

We will collect in this section the fundamental examples of bilinear
and quadratic forms which are needed in this book. These examples
will all be either quadratic R-modules, or torsion quadratic forms.

EXAMPLE 7.1. Rank 1 quadratic R-modules.

Let R be any commutative ring with identity, and let a € R. Let
L be a free rank-one R-module with basis S = {s}. Define Q : L — R
by Q(rs) = ar?. The associated bilinear form is then (s, ys) = 2zya,
so the matrix of (, ) with respect to S is the 1 x 1 matrix (2a). Hence
(', ) is nondegenerate if and only if 2a is not a zero-divisor in R; if this
is the case, then (L, Q) is a quadratic R-module of rank 1. We denote
by (a)r the isomorphism class of this quadratic R-module. The form
(1) g will usually be denoted by 1g.

Note that (a)g = (b) g if and only if there is a unit u € R* such that
a = u®b. Hence, if multiplication by 2 in injective on R, then rank-one
quadratic R-modules are classified by {non-zero divisors of R}/(R*).
In particular, if R is an integral domain, rank-one quadratic R-modules
are classified by (R — {0})/(R*)%.

We will use a special notation in case R = Z or Z,.

If a # 0, a € Z, then (a)z will be denoted simply by (a), if no
confusion is possible.

If a € Zy, a # 0, then we can write 2a = pu, where k > 0 and
u € U, The isomorphism class of the form (a)z, = (p*u)z, will be
denoted by Wy, , where ¢ = x(u).

Note that (a) = (b) if and only if @ = b, and W, = W], if and
only if e =nand k = (.

Also, disc({a)) = 2a and disc(W;,) = p*u mod U, where y(u) =
€.

Finally, note that if p = 2, the quadratic Z;-modules W3, are
not defined as quadratic modules; the quadratic form has values in
%BbeQ, not in BbbZ,. However, we can define the associated bilinear
form (—, —), which does have values in BbbZs; if s is the generator of
the free module L, this bilinear form is (zs, ys) = xyu, where x(u) = .
With this definition we have an (odd) inner product module over Zs.

EXAMPLE 7.2. The hyperbolic plane.

Let R be a commutative ring with identity, and let L be a free
rank 2 R-module with basis S = {s1,s2}. Define Q : L — R by
Q(r181 + r282) = rire. The associated bilinear form is then

! ! ! !
(r181 + 1roSg, 1181 + 1hSy) =TT + TV,
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and the matrix of @ with respect to S'is (¢ }). Hence, @ is nondegener-
ate and is in fact unimodular. The isomorphism class of this quadratic
R-module (L, Q) of rank 2 will be denoted by Ug, or simply U if no
confusion is possible; it is called the hyperbolic plane over R. Note that
disc(Ur) = —1 mod (R*)>.

LEMMA 7.3.
(7.8.1) If 2 is a unit in R, then Ug splits as (2)r @ (2) .
(7.8.2) If 2 is not a unit in R, then Ug is indecomposable.

PROOF. The first statement is easily seen, using the new basis {s;+
S9,81 — Sa}. Assume 2 is not a unit in R. If Ug splits, it must split as
a direct sum of 2 rank 1 quadratic R-modules, so Ur = (a)g @ (b) g for
some a, b € R, in which case disc(Ur) = 4ab mod (R*)%. Therefore,
4ab= —1 mod (R*)? so 2 must be a unit in R. Q.E.D.

EXAMPLE 7.4. An, Dy, En and Ty,

Let R = Z and let L be a free rank N Z-module with basis S =
{s1,...,sn}. Define a symmetric bilinear form (—, —) on L by setting
(si,8:;) = —2 for every i, (s;,8;41) = 1 fori = 1,...,N — 1, and all
other values = 0. This is an even bilinear form, so by 2.4, there is a
unique quadratic form ¢ on L inducing (—, —). The isomorphism class
of this form is denoted by Ay.

The matrix of Ay in the above basis is tri-diagonal, with —2 entries
on the main diagonal, +1 entries on the sub- and super-diagonals, and
0’s elsewhere. Clearly disc(A;) = —2 and disc(4y) = det (7%_3) = +3.
By expansion along the first row, one easily checks that disc(Ani2) =
—2disc(Any1) — disc(Ay). Therefore, disc(Ay) = (—=1)M(N + 1) for
all N, as is easily proved by induction.

The Ayx quadratic form is a special case of a more general con-
struction. Let G be a simple graph, i.e., one without loops or multiple
edges. Let L be the free Z-module on the set of vertices. Define a
bilinear form (—, —) on L by setting

-2 ifv=w
(v,w) = 1 if v # w but v and w are adjacent in G
0 if v # w and v is not adjacent to w in G

for vertices v, w in G and extending by linearity. The form (—, —) is
even and defines a quadratic form on L. The Ay form arises from the
graph which is simply a path on N vertices:

— o — . —o—o

U1 (% Up—1 Un
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The next level of complexity is obtained with the so-called T},

graphs, defined as the graph on p+q+r—2 vertices, labeled a1, ..., a,-1,b1,...,b4—1,c1, . ..

joined as follows:

b1 bg bq,1 € Cr—1 C2 C1
[ Ap—1
az
ay

Here p, q, r > 1, although if any equal 1, the graph reduces to a path,
giving the Ay form. We usually order the indices so that p < ¢ < r.
In this case the Ty, form is the A,.,_; form. The matrix for the Ty
-2 1
. -2 1 . .
form is o , whose determinant is +4. In general,
11 1 =2

the same expansion as in the Ay case above yields
disc(T} gr4+2) = —2disc(T} 4r41) — disc(Tpqr)-

Induction now easily shows that

disc(Tpyr) = (—=1)P " pgr — pg — pr — qr]
1 1 1

= (—1)pretrHpgy [1 ______ } '
p q T

Note that this formula holds in case p = 1 also, i.e., for the Ay case.

Let us note when the T}, is degenerate and when it is unimodular.
Firstly, T4 is degenerate if and only if disc(7,,) = 0, i.e., when 1 =
% + % + % Clearly T333 is degenerate and no T, with (p,q,7) >
(3,3,3) (ordered lexicographically) is degenerate. Therefore, all other
degenerate 1), ’s have p = 2; an easy computation shows that T544 and
1536 are the oan other exarilples. These forrAr}s have special names: Tj333
is denoted by Eﬁ, T244 by E7, and T236 by Eg.

For T}, to be unimodular, we must have pgr = pg + pr + qr £ 1;
there are no solutions to this if p > 3; hence p = 2 and we must have

7C7”*
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qr = 2q + 2r £ 1, forcing ¢ > 3. Therefore, r = (2¢g +1)/(q — 2), and
r > q implies ¢ < 4. For ¢ = 3, »r = 5 and r = 7 is a solution; there
is none for ¢ = 4. Hence the unimodular 7}, forms are T35 and Thsr;
these are denoted by Eg and FEjg, respectively.

In general, T, is denoted by D, s and Ts3. by E, 3. Note that
Eg - Eg.

The forms above which are negative definite are the Ay’s, the Dy’s,
Es, E7 and Eg. All other nondegenerate T, forms are indefinite. The
graphs for these negative definite forms are the Dynkin diagrams.

There are some non-obvious relationships among these forms. For
example, if r > 7, B, 3 =Ths, = Es U ® A,_7 (where, for r =7, A
is the trivial form of rank 0). The graph for F, 3 is

b1 b2 € Cr—1 Cr—2 Cr—3 Cr—4 Cr—5 Cr—6 Cr—7

® & & L L L @ @ *— - - -

a

The Es submodule is generated by ay, by, b, ¢4, Cr_3, Cr2, Crq
and e. Let f = 3a; + 2by + 4by + 2¢,_4 + 3¢,_3 + 4¢—o + 5e,_1 + Ge.
Then the U submodule is generated by c¢,_5 + f and ¢,_5 + ¢._¢ + f.
Since (f, f) = =2, {f,¢,_5) = 2, and (f,c,_¢) = 0, U C E. Finally
the A,_7 submodule is generated by ¢,_7 — ¢,_5 — f,¢—¢, ..., C2,c1, all
of which are in (U & Eg)*.

Note that, in particular, the unimodular form FE;y is isomorphic to
EsoU. o B

The forms Ejg, E; and Ey all have exactly a rank one radical; modulo
their radicals, they are isomorphic to Fg, E7 and Ejg, respectively. They
are called the extended diagrams for Eg, F; and FEg. There are also
extended diagrams for the other negative definite forms Ay and Dy,
denoted also by Ay and Dy. Ay is defined by the graph which is a
cycle of N+1 vertices. Dy is defined by the following graph with N 41
vertices:

Vo (%0

V1 (%) Un—2 Un—1

C2

&1
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As is the case with E@, E7 and Eg, these extended diagrams each have
a rank-one radical and modulo their radicals EN is isomorphic to Ay
and EN is isomorphic to Dy.

As special cases of the discriminant formula for the 7}, forms, we
have

disc(Dy) = (=1)V -4
and
disc(Ey) = (-1 TN —9).

EXAMPLE 7.5. Indecomposable rank-2 quadratic Zo-modules.

Let L be a free rank 2 Zy-module with basis S = {s;, s2}. Define
Q : L — Zy by Q(ays1 + azsy) = 2Fajas. The associated bilinear

0
2k

if K = 0. The isomorphism class of this quadratic form will be denoted
Using the same Zy-module L and basis S, define a different quadra-
tic form by Q (a1, +azs2) = 2¥(a?+ajas+a2). The associated bilinear

. k41 k . .
form has matrix (gk 2&1) with respect to S, so @ is nondegenerate

form has matrix 20>, and so () is nondegenerate, and unimodular

and unimodular if £ = 0. The isomorphism class of this quadratic form
will be denoted by V.

Note that disc(Uy) = —2%* mod UZ and disc(V},) = 3-2%* mod Ug;
hence, none of these forms are isomorphic to any other.

LEMMA 7.6. For all k > 0, Uy and V) are indecomposable.

Proor. We will only prove that Uy is indecomposable, leaving the
(similar) argument for the V}’s to the reader. Assume that Uy is rep-
resented by (L, Q) as above, and that (L, Q) splits as M & N where
M and N are rank-1 quadratic Zs-modules generated by m and n, re-
spectively. The set T' = {m,n} is then a basis for L and the matrix

of @ with respect to T is (ﬁQ(”;z?(n)o), so that disc(Uy,) = 4Q(m)Q(n)

mod UL. Since 2% divides every value of @, 2%*72 divides disc(Uy).
Since disc(Uy,) = —2% mod Ug, this contradiction proves the inde-
composability. Q.E.D.

Let us show that these are the only indecomposable rank-2 quadra-
tic Zis-modules, up to
isomorphism.

LEMMA 7.7. Let (L, Q) be an indecomposable rank-2 quadratic Zs-
module.
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(7.7.1) Assume that there is a nonzero x € L with Q(x) = 0. Then
(L, Q) = Uy for some k > 0.

(7.7.2) Assume that there is no nonzero x in L with Q(z) = 0. Then
(L, Q) = Vi for some k > 0.

(7.7.3) As an alternate characterization, (L,Q) = Uy if and only if
disc(L, Q) = 2§ for some odd § with (2) = 1, while (L, Q) =
Vi if and only if disc(L,Q) = 22 . § for some odd § with

2

() =1

PROOF. To prove the first statement, let Q(x) = 0. We may assume
x ¢ 2L, so {x} can be extended to a basis {z,y} for L over Z,. Let
(x,y) = 2%u, with u € Ug; by replacing y by u 'y, we may assume
(z,y) = 2F for some k > 0. Write (y,y) = r. If 7|2, then the span of y
splits off L: {y}+ = span of x— (2¥/r)y, and {z — (2¥/r)y,y} also forms
a basis for L. Since L is indecomposable, 2**t|r and by replacing y by

y — (r/2"™1)z, the matrix for @ becomes (9,
2.5, (L, Q) = Uy.

For the second statement, we may assume that there is a basis

S = {x,y} for L such that the matrix of () with respect to S is (gk 2’;)

2;); hence, by Corollary

If r|2%, then the span of x splits off L and if s|2¥, the span of y splits
off L by an argument similar to the above. Hence, we may assume
21 divides both » and s. Therefore, 2% divides every value of Q; by
replacing @ by 27%Q, we may assume k = 0. We must show that (L, Q)
represents V. Now the matrix of Q with respect for S is (7 1), with r
and s even; write r = 2u and s = 2v.

Claim: v and v are both odd.

Assume, for example, that v is even; write v = 2%w, where w is
a unit and L > 1. Replace y by v/ = 2Lz + (1 — 28" u)y. Then
(m,y) =28 - 2u + (1 — 2FF1y) - 1 = 1 still, and

W,y) = 222 2u+2-28(1 — 28 ) + (1 — 282 - 2y
9Lt [9Ly 41 — 2EHly 4y — 252y  22422)

which is divisible by 2X+2 since w is odd. By iterating this operation,
we achieve a sequence of bases {x,y®} such that ||(y@ y®)||, — 0.
Moreover, the sequence y® converges to ys in L and Q(ys) = 0,
contradicting the hypotheses on L. This proves the claim.
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Write v = 1+ 2w where w is a unit in Z, and L > 1. Again replace
y by v = 2Lx + (1 — 25 tu)y. We still have (z,y') = 1 and

<y/’ y/) — 22L A 2u + 2L+1(1 - 2L+1u) 4 (1 o 2L+1u>2 X 2(1 =+ 2Lw)
= 22y 4 28 — 22LH Ly 1 1 — 28Ty 4 2Ty — 22 ]

— 2[1 + 2L+1w/]

since w is odd.
By iterating this operation, we obtain a sequence of bases {x,y®}
such that

1Ky, 4 = 2[l2 — 0.

Moreover, the sequence y*) converges to ys in L, {2, 9o} is a basis for
L, and the matrix of Q with respect to this basis is (] 3).

By reversing the roles of x and y, we obtain (again by iteration) a
basis {Too, Yoo} for L such that the matrix of ¢ with respect to this
basis is ( }), proving the second statement by Corollary 2.5.

To prove the alternate characterization in the third part, note that

(L, Q) must be isomorphic to Uy or V; for some k. But disc(Uy) =

2% . (=1) and (&) = 1, while disc(V;) = 2% -3 and (3) = —1.
Thus, the isomorphism classes of these forms are determined by the
discriminant. Q.E.D.

ExXAMPLE 7.8. Clyclic torsion bilinear forms over Z.

In this section we want to briefly introduce the nondegenerate Q/Z-
valued symmetric bilinear forms over Z on G = Z/¢. 1If g generates G,
then any such bilinear form must be of the form (xg,yg) = zya/¢
mod Z, where (a,¢) = 1, a € Z. The form ( , ) depends only on the
class of a mod /), so we may consider a € (Z/¢)*. Moreover, a and a’
induce isomorphic bilinear forms if and only if there is a unit u € (Z/¢)*
such that ¢’ = v?a mod ¢. Therefore, these bilinear forms are classified
by (Z/0)*/((Z/0)*)? = D(Z/¢). This form will be denoted by zJ.

Again we want to be more specific in case / is a prime power ¢ = p*.
First assume p is odd. Assume that the bilinear form has the form
(rg,yg) = xya/p*, for a generator g of Z/p*. We denote this form by

wy, ,, where & = (%) = x(a). Here ¢ € {£1}.

Assume p = 2. Then the bilinear form has the form (xg,yg) =
zya/2¥. We denote this form by @5, where ¢ = x(a mod 2¥). Here
ee (Z/2)* = {1}itk =1, ¢ € (Z/4)* = {1,3} it k = 2; and
ee€(Z/8)* ={1,3,5,7}if k > 3.

EXAMPLE 7.9. Cyclic torsion quadratic forms over Z.
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Let G = 7Z/{ be a cyclic group of order ¢ with generator g. Fixa € Z
with (a, £) = 1 and af € 2Z. Define q : G — Q/Z by q(rg) = r?a/2¢
mod Z. This is well defined since af is even. The associated bilinear
form (xg,yg) = xya/¢ mod Z is nondegenerate since (a, {) = 1, so ¢ is
nondegenerate, hence unimodular. The isomorphism class of this finite
quadratic form will be denoted by zj.

Note that if @ = b mod 2¢, then 2§ = 28 so z¢ only depends on
the class of @ mod 2¢. If ¢ is even, then there are 2p(¢) possible classes
for a mod 2¢ satisfying (a, ¢) = 1(al € 27 is automatic); if £ is odd,
there are ¢(¢) possibilities for @ mod 2/, since in addition to (a, ¢) = 1,
a must be even. (¢(¢) is the Euler phi function.)

For these possible values for @ mod 2¢, multiplication by squares of
units in Z/¢ is well defined. To check this, let u € (Z/¢)* and first

assume ¢ is even. Then

(u+0)%a mod 20 = wu?a+ 20ua+ *a mod 2¢
= w’a+*a mod 20

= w?’a mod 2/

since for £ even, > =0 mod 2¢. Now assume / is odd; then (u + £)%a
mod 2/ = u?a + (*a mod 2¢ = u?a mod 2/ since a is even.

Therefore, if a and b are allowable values as above, then 2§ = 28 if
and only if there is a unit u € (Z/¢)* such that b = u*a mod 2/.

We can be more specific if £ is a prime power, say ¢ = pF.

If p = 2, then the allowable values for a mod 2*! are the units
(Z/2*+1)* and the class of a mod ((Z/2%)*)? determines the isomor-
phism class of the form z5,. Hence the set (Z/2%1)*/((Z/2%)*)? clas-
sifies finite quadratic form on Z/2*. Note that this set is in 1-1 corre-
spondence with D(Z/2**1); hence we will use this group to classify the
finite quadratic forms in this case. We denote the isomorphism class
of 2§, by w3, where ¢ = x(a). Hence if k =1, ¢ € (Z/4)* = {1,3}; if
k>2¢ee(Z/8)* ={1,3,5T}.

If p is odd, the allowable values for a mod 2p* are the even units
of (Z/2p*)*, which are in 1-1 correspondence with the units of Z/p*.
Hence, the group D(Z/p") classifies finite quadratic forms on Z/p*. We
denote the isomorphism class of 20 by wj, ., where € = x(a mod p*).

With this notation, we have that the associated bilinear form to
ws . is wy ., where if p =2 and £ < 2, the ’s are only “equal” mod 2k,

EXAMPLE 7.10. Indecomposable finite quadratic forms on Z,/2F x
7.)2%.
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Let G = Z/2F x Z/2*, with generators z, y of order 2¥. Define
q: G — Q/Z by q(ax + by) = 27%ab mod Z. The reader can check
that ¢ is a well-defined nondegenerate quadratic form on G, which is
in fact indecomposable. The isomorphism class of this quadratic form
will be denoted by wuy.

On the same group G, define a different quadratic form ¢ : G —
Q/Z by q(ax+by) = 27%(a®*+ab+b*) mod Z. This form is well defined
and nondegenerate and is also indecomposable; its isomorphism class
will be denoted by vy.

In keeping with the notations of Examples 7.8 and 7.9, we will
denote by @y (respectively vy) the isomorphism class of the associated
bilinear form on G to uy (respectively to vy).

EXAMPLE 7.11. Negation.

Let (L,Q) be an F-valued quadratic form over R. Then (L,—Q)
is also an F-valued quadratic form over R, which is nondegenerate
(respectively unimodular) if (L, Q) is. If (L, Q) is denoted by L, then
(L, —Q) will be denoted by —L.

Note that —(a)r = (—a)r and —Ug = Ug. For R = Z,, we have
—Up = U and =V = Vi; for R = Z,, -W;, = Wpf,f. For the finite
quadratic forms, we have —ws = w;,i, —up =y and —v = vy,

We now want to briefly discuss the elementary theory of quadratic
vector spaces over R. By Proposition (5.8), Lemma (3.6.3), and Exam-
ple 7.1, every such form is isomorphic to (1)5°* @ (—1)g°~ for integers
S+, 8- > 0. By Sylvester’s theorem, the pair (s,,s_) is determined by
the form.

DEFINITION 7.12. Let (L, Q) be a quadratic vector space over R.
Assume that (L, Q) = (1)5°" @ (—1)5°". The signature of (L, Q) is the
pair (s4,s-). (L,Q) is positive definite if s_ = 0, (L, Q) is negative
definite if sy =0, and (L, Q) is definite if s;s_ = 0; (L, Q) is indefinite
if s;ys_ #0.

COROLLARY 7.13. Two quadratic vector spaces over R are isomor-
phic if and only if they have the same rank and signature.

With the above language at our disposal, the signature of a qua-
dratic vector space (L, Q) over R can be described as follows: s, is
the dimension of a maximal subspace P C L on which @) is positive
definite; s_ is the dimension of a maximal subspace N C L on which
(@ is negative definite.
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Ring Notation | Rank Definition Discriminant
R (a)r 1 Q(r) = ar? 2a mod (R*)?
Z (a) 1 Q(r) = ar? 2a
Ly, p odd Wp{k 1 Q(r) = pkr?/2 pF mod U”
Zy,, p odd I/Vp_’/,c1 1 | Q(r)=p"*u/2, ue U -U"| p*u mod U”
Zs W34 1 Q(r) = 2+-1y? 2k mod UL
Zs W3, 1 Q(r) =32k 1p2 3-2F mod UL
Zs Wy 1 Q(r) =52k 1p2 5-2F mod UL
Zs Wy, 1 Q(r)=17-2k1p2 7-2F mod UL
R Ur 2 (r,s) =rs —1 mod (R*)?
Zs Uk 2 Q(r,s) = 2Frs —22F mod UL
Zy Vi 2 Q(r,s) =2(r* +rs+s%) |3-22¢ mod UL

TABLE 7.1. Basic Examples of Quadratic R-modules

Note that (L, Q) is positive (respectively negative) definite if and

only if whenever x € L and z # 0, then Q(z) = 0 (respectively Q(z) <
0).

ExAMPLE 7.14. Ezpansion.

Let (L,Q) be an F-valued quadratic form over R, and let r € R.
Then (L, Q) is an F-valued quadratic form over R. If r is a unit of
R, then r@) is nondegenerate if () is, and @) is unimodular if @) is. If
multiplication by r is injective on F', then () is nondegenerate if () is.
If the symbol A denotes the isomorphism class of (L, Q), we will use
the symbol A(r) for the isomorphism class of (L, 7Q).

For example, (a)p(r) = (ar)g. In particular, Uy(2) = Uy, and
Vi(28) 2 Viy .

We collect the examples of this section in the nearby tables for
convenience.

8. Change of Rings

Let (L, @) be an F-valued quadratic form over R. Let S be an
R-algebra. Define Qs : L ®r S — F ®p S by

QS(Z T; ® Si) = Z(l’l, in>Q ® §;S; + Z Q(l’l) ® S?.
i i<j i
We leave it to the reader to verify that Qg is well defined, and that it is
an (F' ®pg S)-valued quadratic form over S on L ®p S. The associated
bilinear form to (g has the form (z ® 5,y ® t)g, = (z,y)g ® st. It is
immediate that the adjoint map Ad Qs : L&gS — Homg(L®gS, F®r
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G Notation | Definition

LZit={g) |Z (zg,yg) = zya/l

Z[p* | podd | o), (rg,yg) = xy/p"

Z/p* , p odd @D;,i (rg,y9) = zya/p* where a is not a square mod p

72 W, (rg,y9) = xy/2

Z/4 Wy (zg,yg) = xy/4

74 W3 (rg,y9) = 3zy/4

Z)2" k>3 |y, (rg,yg) = wy/2"

Z)2% k>3 | w5, (zg,yg) = 3wy/2"

Z)2" k>3 | w3, (zg,yg) = dxy/2"

7)2% k>3 w;k (xg,yg) = Tay /2"

L)28 X T/2" | (w1, 22), (192)) = (21y2 + w2y1) /2"

Z/2k X Z/2k Uy, <(l’1, .772), (yl, y2)> = (2x1y1 + 2x2y2 + 21Yy2 + l’gyl)/Qk
TABLE 7.2. Basic Examples of Torsion Bilinear Forms
(—,—):GxXG— QJZ over Z

G Notation | Definition

Z]l = (g) 2y q(rg) =r*a/2(, (a,0) =1 and af € 27

Z/p* , podd|w), q(rg) = r*u/p* where 2u is a square mod p

Z/p* | p odd w;,i q(rg) = r?u/p* where 2u is not a square mod p

72 by |atre) =24

72 w31 q(rg) = 3r" /4

L2 k> 2| wy, q(rg) = r?/2k1

Z)2F  k>2 | w, q(rg) = 3r%/2k+1

Z)2F k> 2| wj, q(rg) = b5r?/2k+1

Z)2F  k>2|wl, q(rg) = 7r? /281

7.)2% x 7./2% | q(r,s) = 7“3/2’1‘C

728 < Z.2F | vy, q(r,s) = (r* 4+ rs+ s?)/2"

TABLE 7.3. Basic Examples of Torsion Quadratic Forms
q:G— Q/JZ over Z

S) is simply the composition of AdQ®1: L&®rS — Homg(L, F)®gS
with the natural map « : Homg(L, F) @z S — Homg(L ®g S, F Qg

s).

Therefore, if « is injective, then ) nondegenerate implies Qg is

nondegenerate. Moreover, if o is an isomorphism then ) unimodular

implies Qg is unimodular.

Fortunately, these are often the case. In

particular, if L is a finitely generated free R-module and F' = R, then
« is an isomorphism. Therefore:
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PRrROPOSITION 8.1. If (L,Q) is a quadratic R-module, then (L ®g
S, Qs) is a quadratic S-module. Moreover, if (L, Q) is unimodular, so

18 (L ®R S, Qs)

We will often abbreviate L ®pr S to Lg.

We should also analyze the behavior of the discriminant under
change of rings. Let f : R — S be the structure map. We'll as-
sume that both R and S are integral domains. The map f induces a
natural map from R* to S*, sending (R*)? into (S*)?, so we get a
natural function

Fo(BR—={0}/(B*)* — (S —{0})/(S*)*.

LEMMA 8.2. Let (L, Q) be a quadratic R-module. Then f(disc(L)) =
disc(Lg).

PROOF. Let E = {ey,...,en} be a basis for L over R and assume
that the matrix of () with respect to E is A = (a;;). Then E® 1 =
{e1®1,...,ex®1} is a basis for Lg over S, and the matrix of Qg with
respect to £ ® 1 is Ag = (f(a;;)). Then

disc(Lg) = det Ag mod (S*)?
= f(det A) mod (S™)?

= f(disc(L)).
Q.E.D.

We will again use special notation in the most important cases. If
R =7 and S = Z,, we will denote by L, the quadratic Z,-module
L ®z Z,.

It will also be useful, when dealing with the change of rings from Z
to Z,, or Z to Q, or Z to R, etc., to consider L as embedded in L,, Lg
or Ly, and the original quadratic form () as the restriction of @, Qg

or QR.

DEFINITION 8.3. Let (L,(Q) be an integral quadratic form. The
signature of (L, Q) is the signature of (Lg, Qr).

Finally, let us analyze the behavior of finite quadratic forms under
the change of rings from Z to Z,. Let (G, q) be a finite quadratic form
with values in Q/Z. Then G ®z Z, = G, is the Sylow p-subgroup of G
and Q/Z ®z Z, = QW) JZ(=~ Q,/Z,); the induced form (G,,q,) upon
change of rings from Z to Z, is simply the restriction of ¢ to G, with
values considered in Q® /Z.
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9. Isometries
Let (L, Q) be an F-valued quadratic form over R.

DEFINITION 9.1. The orthogonal group of L, denoted by O(L) (or
O(Q), or O(L,Q)) is the group of automorphisms of (L, Q), i.e., the

group of self-isometries under composition.

As usual, in case (L,Q) is a quadratic R-module, O(L) can be
described in terms of matrices.

LEMMA 9.2. Assume 2 is not a zero-divisor in R. Let (L,Q) be a
quadratic R-module with basis S and let A be the N x N matriz of Q)
with respect to S. Then O(L, Q) is isomorphic to the group of invertible
N x N matrices B over R satisfying BT AB = A.

PROOF. These matrices are the matrices of automorphisms of L
which preserve the associated bilinear form to (). Since 2 is not a
zero-divisor in R, any automorphism of ( , )¢ will automatically be an

automorphism of Q). Q.E.D.

COROLLARY 9.3. Let R be an integral domain and (L, Q) a quadra-
tic R-module. Assume o € O(L). Then the determinant of o is either
1 or —1.

PROOF. Let B be the matrix of ¢ with respect to a basis S of L so
that BT AB = A, where A is the matrix of @ with respect to S. Then
det(B)?det(A) = det(A), so det(B)? =1 or det(B) = +1 since R is a
domain. Q.E.D.

Let us collect in the following Lemma the orthogonal groups of the
standard quadratic R-modules from Section 7.

LEMMA 9.4.
(9.4.1) O(W;k) =47

(9.4.2) O(U,) = {( vl ) , ( o ) lu € U#}
(9.4.3) O(Vw:{(“ o )(“ “fac)la,cezg,amaw:uz}

c a+c c
ProOF. The first statement is obvious, and the second follows eas-
ily by noting that if one chooses a basis {z,y} such that the form is
Q(rz, sy) = 2Frs, then the only elements z of U, with Q(z) = 0 are
multiples of x and y. The final statement is a bit more involved. Choose
a basis {x,y} of V} such that the form is Q(rz + sy) = 28(r? +rs+ s?).
b

Assume 0 = ( CCZ d ) € O(Vy). From the equations Q(x) = Q(o(x)),
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Qy) = Q(o(y)), and Q(z +y) = Q(o(x + y)), we are led to the equa-
tions

a2 +ac+ P =1,
V> +bd +d* =1,
ad 4 be + 2ab + 2cd = 1.

Therefore at least one of a or ¢ must be odd. Let us assume first that
a is odd. The third equation may be written as

b(c+2a) +d(a+2c) =1;
since a is odd, a + 2c¢ is a unit, so that
d= (a+2c) (1 —bc — 2ab).

Substitute this in for d in the second equation, multiply through by
(a + 2¢)?, and collect terms; one obtains

a® + 4ac + 4¢* = 3a*b* + 3ab’c + 3b*c* — 3ab + 1,

so that
3ac + 3¢® = 3b — 3ab,

using the first equation. Dividing by 3and re-arranging gives (b+c)(b—
a—c)=0. Now one of b+ c and b — a — ¢ must be a unit: if both were
even, then their difference a+2c would be even, contrary to hypothesis.
Therefore either b+ ¢ = 0 or b = a + ¢; these two possibilities lead to
the matrix forms given above.

If a is even, then ¢ must be odd, and the analogous argument with
the roles of a and ¢, b and d reversed, gives the same result. Q.E.D.

Essentially identical arguments serve to compute the orthogonal
groups for the standard torsion quadratic forms introduced in Section
7. We just present the results, leaving the details to the reader.

LEMMA 9.5.
(9.5.1) O(ws,) is a trivial group.
(9.5.2) O(w;,,) = £ if p is odd or if k > 2.

(9.5.3) O(uy) = {( 0 uql ) , ( uql 0 ) lu € (Z/}f-‘Z)@?}
&5UO@Q={(G _C>,<aa+c>mmezkhmf+a+¢:%}

c a+c c —a
DEFINITION 9.6. Let (L, Q) be a quadratic R-module where R is an
+ if the determinant of o is 1
if the determinant of o is -1.
Hence, det(c) takes values in the 2-element group {+, —} with identity
+. (We use this notation simply for the convenience of using + and —

integral domain. Let 0 € O(L). Define det(o) =
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as super- and sub-scripts to denote various subgroups of O(L). This
will be explained further in Sections 10 and 11.) Note that det is a
group homomorphism from O(L) to {+, —}. The kernel of det will be
denoted by O)" (L, Q).

There is one type of isometry of fundamental importance, namely
the reflection. Let R be an integral domain where 2 # 0, (L,Q) a
quadratic R-module, and = an element of L such that Q(x) divides
(x,y) for all y in L.

DEFINITION 9.7. The reflection of x, denoted by 7., is the map

T, : L — L defined by 7,(y) =y — g(z;x

LEMMA 9.8.
(9.8.1) 1, is an isometry of L of order 2.
(9.8.2) det(7,) = —.
(9.8.3) If y € {x}*, then 7.(y) = y.
(9.8.4) T.(x) = —x.
(9.8.5) For any A € R*, Tay = T,.

PROOF. Statements (9.8.3) and (9.8.5) are immediate and state-
ment (9.8.4) follows from (z,z) = 2Q(x). Clearly 7, is R-linear and

(z,y) (z,y)
Te\Te\Y)) = Ta\Y — ~73T) = T2\Y) — Te\T) =Y,
(7)) = 7y = ) = o) = (7 ele)
so 7, is of order 2 and hence is a bijection. To see that 7, is an isometry,
compute

Only) = Q- T¥4

This proves (9.8.1).

To prove (9.8.2), we may tensor with the fraction field K of R; the
determinant of 7, is unchanged by this. We claim in this case that
L ®pr K splits as M @& M*, where M is the span of . To see that
L =M+ M, let ¢ € L. By assumption on z, (z,z) = 2Q(z) # 0, so it
divides (z, ¢) (in K); set a = é‘;ﬁg Then ({ —ax,x) = ({,x) —alx,x) =
0,50 { =azx+ ({ —ax)isin M + M*. Assume ¢ € M N M*; write
¢ = azx. Then a(z,z) = 0, which is a contradiction unless a = 0. Hence
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MN Mt ={0}and L ®zr K = M & M*. Since the determinant of 7,
is the product of the determinants of 7, restricted to M and to M,
and 7, is the identity on M=+, we have det(7,) = det(7,|y) = —1 since
T, 18 —1 on M. Q.E.D.

Note that in particular 7, exists if Q(z) is a units of R. More
particularly, if R is a field of characteristic # 2 and Q(z) # 0 then 7,
exists. In this case note also that the two properties (9.8.3) and (9.8.4)
determine 7., since when R is a field we have L & Rx @ xt.

The importance of reflections is attested to by the theorem of Car-
tan and Dieudonne, which roughly says that all isometries are products
of reflections.

We require a preliminary lemma.

LEMMA 9.9. Let (L,Q) be a quadratic vector space over a field R
of characteristic # 2. Let v,w € L with Q(v) = Q(w) # 0. Then
at least one of T,_ and T, T, 1S well-defined, and gives an element
o € O(V,B) such that o(v) = w.

PRrROOF. We have that 7, € (L, Q) since v is anisotropic; thus we
must show that either 7,_,, or 7,.,, is well-defined, i.e., that v — w or
v + w is anisotropic. But if Q(v —w) = Q(v + w) = 0, then

0 =Qv—w)+Q+w)=2Q(v) +2Q(w) = 4Q(v) # 0,
giving a contradiction; so at least one of 7,_,, and 7,7, is defined.

It remains to show that 7,_,(v) = w and 7,,,7,(v) = w (whenever
these are defined.)

Now
Qv+ w) =Qv) £ (v, w) + Qw)
=2Q(v) £ (v, w)
= (v,v £ w)
so that
Qv —w)=(v—w,v)
and

Qv +w) = (v+w,v).
Thus, if Q(v —w) # 0 then

Tow(V) =0 — ———=(v — w)
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while if Q(v + w) # 0 then

Tv-i—w'rv(v) = Tv-i-w(_v)
__, tw ey o
N Qv+ w) (vt w)

=—v+ (v+w) =w.
QE.D.

THEOREM 9.10 (Cartan-Dieudonné). Assume R is a field of char-
acteristic # 2, and (L, Q) is a quadratic vector space over R. Then
every element of O(L) is a product of reflections.

PrOOF. We use induction on the dimension of L. Let p € O(L),
choose some w € V with Q(w) # 0, and let v = p(w). Then Q(v) =
Q(p(w)) = Q(w) # 0 and we may apply the preceding lemma: there is
some o € O(L) which is a product of reflections such that op(w) = w.
But this means that op € O(w,Q |,.); by the inductive hypothesis,
we have that op is a product of reflections. Hence p = o7 !(op) is as

well. Q.E.D.

In fact, if dim L = N, at most NN reflections is required; see
[Cassels 78, Chapter 2, Example 8§].

As a final remark, we should mention the map on orthogonal groups
for a change of rings. Let us assume that f : R — S is a monomorphism
of integral domains, in which 2 # 0, and let (L, Q) be a quadratic R-
module. Then there is a 1-1 homomorphism of groups g : O(L) —
O(Lgs) sending ¢ to o ® 1. In this situation we often abuse notation
and consider O(L) C O(Lg) if R C S.

10. The Spinor Norm

Let K be a field of characteristic # 2 and let (L, Q) be a quadratic
vector space over K. If 0 € O(L), write 0 = 7, Ty, . . . Ty,., Where v; is a
vector in L with Q(v;) # 0; this is possible by Theorem (9.10).

DEFINITION 10.1. With the above notations, define a function
spin : O(L) — K*/(K*)?
by
spin(o) = HQ(W) mod (K*)%.
THEOREM 10.2. Let K be a field of characteristic # 2 and let (L,

Q) be a quadratic vector space over K. Thenspin : O(L) — K* /(K*)?
1s a well defined group homomorphism.
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PROOF. By Theorem 9.10, any o € O(L) can be written in the form
0 =Ty, ...Ty, for some anistropic vectors vy, ..., v, if 0 =7y, ... Ty, i
another such expression, then

Toy -+ To,Tws -+ Ty =00 +=11in O(L),
so that
Q(v1) .. Qv)Qws) ... Qwr) € (K*),
Qv1)...Q(v,) = Q(wy)...Q(ws) mod (K™)2.

This proves that spin is well-defined; the homomorphism property is
immediate. Q.E.D.

The homomorphism spin is called the spinor norm map. An alter-
native approach to the spinor norm can be found in Zassenhaus (1962).

If R is an integral domain in which 2 # 0 and (L, @) is a quadratic
R-module, then, as remarked in the previous section, O(L) may be
considered as a subgroup of O(L ®pr K) and hence spin : O(L) —
K*/(K*)? is defined by restriction. Note that to compute spin(o)
for 0 € O(L), one must factor o into a product of reflections inside
O(L ®gr K); such a factorization may not be possible in O(L).

We wish to introduce some special subgroups of O(V') in case V
is a quadratic vector space over R. In this case spin takes values
in R*/(R*)?, which is cyclic of order 2; we identify this group with
{+,—}. Hence we have a group homomorphism (det,spin) : O(V) —
{+,—} x {+,—}, and the kernel of (det,spin) will be denoted by
0..(V).

For o, 6 € {+,—} with (o, ) # (+,+) we then define a group
Oa3(V) containing O, (V) by specifying that O.s(V)/O++(V) be
generated by any element o € O(V') such that det(c) = o and spin(o) =
B. (If no such element exists, we set On3(V) = O4(V).) Note that
the index of O; (V) in Oug(V) is either 1 or 2. With this notation,
we have the following descriptions of the groups O,5(V):

O, (V)={o € O(V)] det(o) = spin(o) = +} = Ker(det, spin)
O, (V)={o€O(V)| det(c) = +} = Ker(det)

O_.(V)={oce€O(V)] spin(c) = +} = Ker(spin)
O__(V)={oc € O(V)] det(c) = spin(o)} = Ker(det - spin).

Let L be an integral quadratic form. In the same spirit as the above,

we define O,3(L) by
Oup(L) = O(L) N Oup(L @2 R)
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for (aaﬁ) S {+7 _} X {+’ _}
The elements of O,s3(L) (or of Oup(L ®z R)) will be referred to as
(e, B)-isometries.

11. Sign Structures and Orientations

Let V be a real vector space of dimension N. An ordered basis S
of V' is an N-tuple (vy,...,vyn) of vectors of V' whose elements form
a basis for V. Define an “orienting” equivalence relation on the set
of ordered bases for V' by declaring S = (vy,...,vy) equivalent to
T = (wy,...,wy) if the change of basis matrix from S to 7" has positive
determinant.

DEFINITION 11.1. An orientation on V is an equivalence class of
ordered bases of V.

Unless V' = (0), each finite-dimensional real vector space has ex-
actly two orientations. Any ordered basis of V' determines a unique
orientation on V. V is said to be oriented if an orientation for V' has
been chosen.

Now let (V, Q) be a quadratic vector space over R, with signature
(ry,r—). The set

GR™ = {r,-dimensional oriented subspace W C V | Q|w is positive definite}

has either one or two connected components, one if V' is negative defi-
nite, two otherwise. If V' is not negative definite, the two components
exchange if one switches orientation.

Similar statements hold for the set

GR™ = {r_-dimensional oriented subspace W C V| Q|w is negative definite}
Following Looijenga and Wahl [], we make the following:

DEFINITION 11.2. A positive (respectively negative) sign structure
on V is a choice of a connected component of GR* (respectively GR™).
A total sign structure on V is a positive and a negative sign structure
on V.

Note that a positive (respectively negative) sign structure on V is
determined by a choice of any element of GR™ (respectively GR™), i.e.,
an orientation on any r- (respectively r_-) dimensional subspace W
of V' on which Q|w is positive (respectively negative) definite.

A total sign structure on V' determines an orientation on V' by the
rule that if W, (respectively W_) belongs to the positive (respectively
negative) sign structure, then W, AW_ defines the orientation. In other
words, if (vq,...,v,,) is an ordered basis of W, and (wy,...,w,_) is
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an ordered basis of W_ inducing their orientations, then the ordered
basis (v, ..., U, ,w1,..., w,_) induces the orientation of V.

Note that if V' is positive definite, there is only one possible negative
sign structure and a total sign structure on V' is positive sign structure,
which is an orientation. Similar remarks hold if V' is negative definite.
If V' is indefinite, all of these notions are distinct. In particular, an
orientation does not induce a total sign structure in this case.

If (L, Q) is an integral quadratic form, a positive (respectively neg-
ative, respectively total) sign structure on L is by definition one on
L ®z R; an orientation on L is one on L ® R, also.

If 0 € O(V), o acts on the sets GRT, GR™ and the sets of ordered
bases of V', so it makes sense to say that o preserves positive, negative
or total sign structures on V', or that o preserves orientations on V.
We use the same language for elements of O(L) where L is an integral
quadratic form. With this language, we have the following descriptions
of the groups O,s(L).

PROPOSITION 11.3. Let L be an integral quadratic form or a real
quadratic vector space. Then

(11.3.1) O (L) = {o € O(L)| o preserves total sign structures}
(11.3.2) O, (L) ={o € O(L) |0 preserves orientations}

(11.3.3) O_ (L) ={0o € O(L) | o preserves negative sign structures}
(11.5.4) O__( ) ={0 € O(L) | o preserves positive sign structures}.

PROOF. From the definition of orientation, it is immediate that
o € O(L) preserves orientations if and only if det(c) = 4. This proves
(11.3.2) and we seek a similar statement characterizing the kernel of
spin.

Let @ be the form on L (and on V = L ® R) and assume L has
signature (ry,r_). Note that if z € V' is anisotropic, then spin(7,) =
+if Q(x) > 0 and spin(7,) = — if Q(z) < 0. Also, given any z € V
with Q(x) > 0 (respectively < 0), there is an r,-(respectively r_—)
dimensional subspace W C V' containing x, on which @) is positive
(respectively negative) definite. Therefore, if Q(z) > 0, i.e., spin(7,) =
+, then 7, switches positive sign structures and preserves negative sign
structures. On the other hand, if Q(x) < 0, i.e., spin(7,) = —, then 7,
preserves positive sign structures and switches negative sign structures.

By writing o € O(L) as a product of reflections in O(V), we see
immediately that o preserves negative sign structures if and only if
spin(o) = +, proving statement (11.3.3).

If 0 € O(L) preserves orientations and negative sign structures, it
must also preserve positive sign structures, hence total sign structures.
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Therefore, o preserves total sign structures if and only if det(o) =
spin(o) = +, which is statement (11.3.1).

Note that o € O(L) preserves positive sign structures if and only
if S either preserves both orientations and negative sign structures or
switches both. Therefore, o preserves positive sign structures if and
only if either det(o) = spin(o) = + or det(o) = spin(o) = —, i.e., if
and only if det(o) = spin(o), proving (11.3.4). Q.E.D.

Due to this proposition, we refer to a total sign structure, orienta-
tion, negative sign structure, and positive sign structure as a (+, +)-
structure, (+, —)-structure, (—, +)-structure, and (—, —)-structure, re-
spectively. With this language, the elements of O,3(L) are exactly
those isometries which preserve («, 3)-structures, for any (a, 8) € {+, =} x

{+7 _}'






CHAPTER 1II

Quadratic Forms over Integral Domains

1. Torsion Modules over a Principal Ideal Domain

In this section, and indeed throughout this entire chapter, R will
denote a principal ideal domain with quotient field K, of characteristic
unequal to 2. We will also assume that all R-modules discussed are
finitely generated, except of course for the module K/R. Let G be
a torsion R-module. A finite subset £ = {g1,...,g,} of G — {0} is
independent if whenever » 7,9, = 0 in G, with r; € R, then r;g; = 0
for every i. A basis for G is an independent set of nonzero elements
of G which generates G. A basis £ = {g1,...,9n} is an ordered basis
if Anng(g;) 2 Anng(gi+1) for every i; if we set (d;) = Anng(g;), this
condition is equivalent to d;|d;,; for every i.

For example, {2,3} is a basis for Z/6Z over Z, but it is not an
ordered basis; {1} is an ordered basis.

From the classification theorem for finitely generated modules over
a principal ideal domain, any two ordered bases of a torsion R-module
G have the same cardinality. This cardinality is the minimum among
all subsets of G which generate G; it called the length of G, and is
denoted by ¢(G).

Any two ordered bases for GG also have the same sequence of annihi-
lator ideals Anng(g;). Generators d; € R for these ideals are unique up
to a unit factor in R*, and are called the wnvariant factors, or simply
the invariants, of G. Any collection {dy, ...,d,} of elements of R such
that dy is not a unit and d;|d;,; for every i can occur as the invariants
of a torsion R-module GG, and they determine GG as an R-module up to
isomorphism:

G=R/(d) @ ®R/(dn).
The product A = []d; of the invariants of G is the order of G; it is
well defined up to a unit factor. If R = Z we will always take A > 0,
so that A = |G]|.

Let p € R be a prime element, and let R, be the localization of R
at the prime ideal (p). If G is a torsion R-module, then G @ R, is
a torsion R,-module, whose invariants are all powers of p. Conversely,
if G is a torsion R-module whose invariants are all powers of p, then

35
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G is naturally an R,-module also, and G = G ®r R, as R,-modules.
Such a module will be called a p-primary R-module. If R = 7Z, then a
p-primary Z-module will be simply called a finite abelian p-group.

Let G, = {z € G |p*z = 0 for some k > 0}. G, is an R-submodule
of G, is p-primary, and is in fact isomorphic to G ®g R,. G, will be
called the p-part of G. Note that G = @p G, is an internal direct sum
decomposition of G.

PROPOSITION 1.1. Let (—, —) be a torsion bilinear form on G, i.e.,
a symmetric bilinear form on G with values in K/R. Then the decom-
position G = @p G)p is an orthogonal direct sum decomposition, i.e., a
splitting of G.

PROOF. Let p; and py be two non-associate primes of R, and let
z; € Gp. Assume pfx; = 0 and pg xo = 0; since p; and ps are relatively
prime, so are p§ and p”g , and there exist elements a and b in R such
that ap{ + bpg = 1. Therefore,

(w1, 22) = (apf + bpy) (21, z2)
= apS{ay, xs) + bph (21, 22)
= a(pzy, T2) + b{z1, Phas)
= 0 mod R.

Q.E.D.

This splitting of G is called the Sylow-splitting of G.

Let G be a nontrivial p-primary torsion R-module, with invariants
dy = p,..., d, = p». We define the exponent of G to be d, = p°,
and the scale of G to be d; = p°*. Note that the exponent of G is p°©
if p°G = 0 but p~1G # 0; the scale of G is the minimum order among
elements of G which are not divisible by p. Alternatively, the exponent
is the largest order which appears in any decomposition of G into cyclic
R-modules, and the scale is the smallest order so appearing. If G is
trivial, we define its exponent and scale to be 1.

A p-primary torsion R-module H is homogeneous if its exponent is
equal to its scale. This is equivalent to H = (R/(p°))® for some e and
s € N. The integer e is the exponent (and scale) of H, and the integer
s is the rank of H.

Note that any p-primary torsion R-module G is isomorphic to @, (R/(p))*,
where (s¢)e>1 is a collection of nonnegative integers, all but ﬁnitély
many equal to zero. The s.’s are determined by G. If G is nontrivial,
then the exponent of G is p™®{el5#0} and the scale of G is pinfelse#0},
G is homogeneous if s, # 0 for at most one e, and that s, is its rank.
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If G is any torsion R-module, the decomposition G = @, (D, (1/(p°))*»)
will be called the prime power decomposition of G. 1t is often more use-
ful than the invariant factor decomposition G = @, R/(d;).

Note that any basis of a p-primary torsion R-module can be ordered
to become an ordered basis; hence, we will always assume (in the p-
primary case) that any basis is so ordered.

Finally note that (G,)* = (G*),, where G* = Homg(G, K/R) for a
torsion R-module G.

2. The Functors py
Fix a prime p of R, and let G be a torsion R-module.
DEFINITION 2.1. G\, = {z € G|p"z = 0}.
The following is immediate.

LEMMA 2.2.
(2.2.1) Gpo = (0)
(222} Gp,k:—l g GpJC fOT‘ all k Z 1
(2.2.3) pGpri1 € Gy for allk >0
(2.2.4) For k sufficiently large, Gy = Gpr1 and Gy = Uy Gpi-

If G is a p-primary, we will often denote G, by simply Gj. With
this notation, Gy = (Gp)x.

DEFINITION 2.3. ppx(G) = Gpr/(Gpr—1+ pGpri1)

If G is p-primary, p,; will be denoted by pi. We note that p, x(G) =
Pr(Gp).

We have the following elementary properties of this construction.

LEMMA 2.4.

(2.4.1) ppr is a covariant functor from the category of torsion R-
modules to p-primary torsion R-modules.
(2.4.2) ppi is additive, i.e.

Pp,k(G O H)= pp,k(G) D pp,k(H)-

(2.4.3) ppi(G) is either trivial or is homogeneous with exponent p.
(2.4.4) If G is homogeneous with exponent p¢ and rank s, then

~ | {0} if k#e
w@={ (B ile
(2.4.5) If G is p-primary and G = @, (R/(p°))*, then pr(G) =

(R/(p))*.
(2.4.6) ppi(G*) = ppr(G)™.
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PROOF. Since G, is p-primary, so is p, x(G). Hence (2.4.1) follows
from remarking that if ¢ : G — H is an R-map, then ¢(G, 1) C Hpx, so
¢ induces an R,-map 0, ;(¢) from p, (G) to p,r(H). Statement (2.4.2)
is obvious, and (2.4.3) follows from (2.2.3). To prove (2.4.4), it suffices
to assume G has rank 1, so that G = R/(p®). Then G, is generated by
pF for k < e and G, = G for k > e; hence, pGj1 = Gy, for k > e,
so that pi(G) = 0 if k # e. Finally, p.(G) is generated by 1 mod p®
which is of order p in p.(G). Statement (2.4.5) follows from (2.4.4)
and the additivity of py. Finally, (2.4.6) is a direct consequence of the

* —

isomorphism (G)* = (G*),; we leave the details to the reader. Q.E.D.

The functor p; exactly “picks out” the exponent p* piece of a p-
primary torsion module GG and can reduce many questions about tor-
sion R-modules to homogeneous p-primary torsion R-modules. For in-
stance, if G =2 @_(R/(p°))%, then s, = rankg/,(p.(G)), showing that
the ranks s, are uniquely determined by G. This is the crucial observa-
tion to make, to prove the uniqueness of the prime power decomposition
and the invariant factor decomposition of a torsion R-module G.

Our interest in p; goes a bit deeper, though: if G has a bilinear
form on it, then pi(G) inherits the form.

LEMMA 2.5. Let G be a p-primary torsion R-module, and let (—, —)
be a torsion bilinear form on G, i.e., a symmetric bilinear form with
values in K/R. For x € Gy, denote by T its class in pi(G). Define
(—, =) on pp(G) by (Z,9)r = p* Ya,y). Then (—, =) is a well-
defined torsion bilinear form on py(G), which is nondegenerate if (—, —)
is nondegenerate on G.

Proor. To check that (—, —); is well defined, we need only check
that Gj_1+pGi1 is contained in the kernel of (—, —)|¢,. Let z € Gj_1,
y € Gg, and w € Gjy1; then

P tpwy) = Pz ) +p"(w,y)
= "2y + (wpty)
= {0,9) + (w,0)
= 0.
This proves that (—, —); is well defined since it is clearly symmetric

and bilinear.

If (—, —) is nondegenerate, then the adjoint map Ad : G — G* is
an isomorphism; by the functoriality of pg, pr(Ad) : pr(G) — pr(G*) is
also an isomorphism. Since px(G*) = pr(G)* and pi(Ad) corresponds
to the adjoint map of (—, =), this induced form (—, —); is also non-
degenerate. Q.E.D.
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If H is a homogeneous R-module, we can be more explicit.

LEMMA 2.6. Let H be a homogeneous p-primary torsion R-module
with exponent p* and rank s. Let {ey,...,e,} be a basis for H. Let
(—,—) be a torsion bilinear form on H.

(2.6.1) For everyi and j, (e;,e;) = p~*a;; mod R with a;; € R.

(2.6.2) (—,—) is nondegenerate on H < det(a;;) is prime to p.

If so, the class of det(ay;) in (R/p")* /((R/p*)*)? is uniquely

determined by (—, —).

(2.6.3) (—,—) is nondegenerate on H < (—, —) is nondegenerate on
pi(H).

(2.6.4) Any splitting of H induces a splitting of pp(H ).

(2.6.5) If (—,—) is nondegenerate on H, then any splitting of py(H)
can be lifted to a splitting of H.

PROOF. Since p* annihilates H,p"(e;, e;) must be 0 mod R, prov-
ing (2.6.1). Let {ej,..., et} be the dual basis for H*, ie., ef(e;) =
6;;p~*. Then the matrix for the adjoint map Ad to (—, —) with respect
to these bases is (a;;); hence Ad is an isomorphism if and only if det(a;;)
is a unit in R/p", i.e., p fdet(a;;). If so, a change of basis (via a matrix
M in GL(s, R/p*)) changes det(a;;) by (det M)?, proving (2.6.2). If
é; is the class of e; in px(H), then {€;} is a basis for p,(H) over R/p,
and since (€;,€;)r = p 'a;; mod R, the matrix for the adjoint map
to (—, —) is also (a;;). This proves (2.6.3), using (2.6.2). Statement
(2.6.4) is now clear; a splitting for H corresponds to a certain block
form for the matrix (a;;), and this block form is still present, of course,
when considering the (a;;) matrix as the matrix for the induced form
<_7 _>k'

To prove (2.6.5), let {é1, ..., €, } generate an orthogonal direct sum-
mand A of py(H). Lift each ¢; to ¢; in H and let A be the submodule
of H generated by e1,...,en, so that py(A) = A. Since (—, —) is non-
degenerate, so is (—, —);, and since A is an orthogonal direct summand
of pr(H), s0 is (=, —)g[a. But (=, —)la = ((=, —)[a)r, so by (2.6.3)
applied to A, (—, —)|4 is nondegenerate. By (1.4.4), (—, —)|4 is uni-
modular, so A splits off H by (I1.5.6). This splitting induces the given
splitting of py(H). Q.E.D.

Let us present py for the relevant examples in (I, section 7); we
leave the computations to the reader.
LEMMA 2.7.

(2.7.1) pr(w5,) = w3, for every e.
(2.7.2) If p is odd, pp(w;,) = w;,, for each ¢ = +1.
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(2.7.3) pr(ug) = uy and py(vx) = v1; note that uy; = v;.
As an application of this construction, we have the following.

PROPOSITION 2.8. Let (—,—) be a torsion bilinear form on a p-
primary torsion R-module G.

(2.8.1) If (—,—) is nondegenerate, then G splits into homogeneous
orthogonal direct summands.

(2.8.2) (—,—) is nondegenerate on G < (—, —)i is nondegenerate on
pe(G) for all k.

PROOF. Assume (—, —) is nondegenerate, and let the exponent of
G be p*. Write G = H @ K, where H is homogeneous of exponent
p* and the exponent of K is strictly less than p¥; the sum need not
be orthogonal. Since py(H) = pr(G) and (—, —), is nondegenerate on
pr(G) by (2.5), then (—, —)|g is nondegenerate on H by (2.6.3). Hence
H splits off G by (1.5.6). Statement (2.8.1) then follows by induction
on the exponent.

One direction of (2.8.2) follows from (2.5). To finish, assume that
each pi(G) is nondegenerate. Again write G = H & K as above; then
(—, =)k on pp(H) = pr(G) is nondegenerate, so (—, —)|g is nondegen-
erate on H. Hence H splits off G and by induction G is the orthogonal
direct sum of nondegenerate homogeneous modules. Hence (—, —) on
G is nondegenerate by (1.5.2). Q.E.D.

COROLLARY 2.9. Let G be a torsion R-module and (—,—) a nonde-
generate symmetric torsion bilinear form on G. Then (G, (—, —)) splits
into nondegenerate homogeneous p-primary torsion bilinear forms. If q
is a nondegenerate torsion quadratic form on G, then (G,q) splits into
nondegenerate homogeneous p-primary torsion quadratic forms.

The above follows directly from the previous proposition and the
Sylow splitting of G.

3. The Discriminant of a Torsion Bilinear Form

Let G be a torsion R-module, with ordered basis {gi, ..., g, } and in-
variants {dy, ..., d,}. If (—, —) is a torsion bilinear form on G (with val-
ues in K/R), then one can choose representatives B;; € K for (g;, g;);
these representatives must satisfy

(31) dsz] € R and ijij €ER for all ’L,j

Conversely, if (B;;) is an n X n matrix over K satisfying (3.1), then
the torsion bilinear form (—, —) on G defined by (g;, g;) = B;; mod R
is well defined.
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Note that the choice of the B;;’s in K is exactly a lifting of the
torsion bilinear form on G to a K-valued bilinear form on the free
R-module on the set {g1,..., 9}

LEMMA 3.2. Let (G,{(—,—)) be a torsion bilinear form over R,
and let

{91, -.,9n} be an ordered basis of G. Assume that the invariants of G
are
{di,...,d,}, and let A =[] d; be the order of G.

(3.2.1) If (Byj) € K is any lifting of ((g:,9;)), then A -det(B;;) € R.
(3.2.2) If (By;) and (Bj;) are two such liftings, then
A - [det(B;;) — det(Bj;)] € diR.
(3.2.3) If (—,—) is nondegenerate, then A - det(B;;) € R is relatively
prime to dy.
PRrROOF. Note that det(B;;) is a sum of terms of the form
tBis1)B2s(2) - - - Buo(n);
where o € S, is a permutation. By (3.1), d;Bjs;) € R for every i;
hence,
A - Bla(l) .. Bng(n) = dlBla(l)nggg(g) .. .dana(n) € R.
Therefore,
A - det(Bij) € R,
proving (3.2.1).

To prove the second statement, we may assume that Bj; = B

except for one pair of subscripts g, jo, and that B; , = B, + r,

where 7 € R. Let 0 € S, be a permutation. If o(iy) # jo, then
IL; Bioty = I1; By(; if o(io) = jo, then

A- H B;a(z) = A (H Bw(z)) (Biojo + 7’)

iF#i0

= A HBw(z) + A - (H Bw(ﬂ) T

1710
= A- H Bw(i) + <H(dsz(Z))> dio’f’.
i iio
Therefore, by (3.1)

A - € dioR C dyR.

H Big(i) — H Bl
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Hence, in all cases every term of A - [det(B;;) — det(B;;)] is in dy R,
proving (3.2.2).
Finally, assume (—, —) is nondegenerate and let p be a prime of R
dividing d;. Assume p also divides A - det(B;;). Since A - det(B;;) =
det(d;B;;), the matrix (d;B;; mod p) is singular over R/p. Let (r
mod p,...,r, mod p) be a nonzero null vector for (d;B;; mod p), so
1

that (d;B;;) : =0 modp. Let z =), %rig,; € (. Since there
T'n

exists at least one ¢ such that r; 2 0 mod p, x # 0 in G. However,

d; 1
(2, 9;) = <Z Erigugﬁ = 52%’7‘131']' mod R;
since p divides Y d;r;B;;, (x,g;) = 0 mod R for every j, so that
Ad(x) = 0. Hence, (—, —) is degenerate. Q.E.D.

From (3.2.2), given the ordered basis {g;} of G, the class of A -
det(B;;) € R/diR is well defined. We would like to have an invariant
which is also independent of the choice of ordered basis. For this we
need the following.

LEMMA 3.3. Let G be a torsion R-module with ordered basis {g1, ..., gn}
and first invariant dy, and let o be an R-automorphism of G. Let L
be the free R-module on the set {g;}, and let ¢ : L — L be an R-
endomorphism of L which induces 0. Then det(c) € R is relatively
prime to d;.

PROOF. Let p be a prime of R dividing d; and assume p also divides
det(c). We get an induced R/p-automorphism o, : G/pG — G/pG
and an induced (R/p)-endomorphism o, : L/pG — L/pG such that
det(o,) = 0 and &, induces o,. However, since p|d;, the natural pro-
jection from L/pL to G/pG is an R/p-isomorphism; therefore, o, = 7,
and since det(d,) = 0,0, cannot be an automorphism. Q.E.D.

COROLLARY 3.4. Let (G,(—,—)) be a torsion bilinear form over
R with invariants {dy,...,d,} and order A. If {g;} and {g}} are two
ordered bases for G and (By;) and (Bj;) are liftings to K of ((gi, g;))
and ({g;, g;)), respectively, then
A - det(Bj;) = u*A - det(By;) in R/d\R
for some unit u € (R/d1R)*.

PROOF. Let 0 : G — G be the change of basis automorphism of
G from {g;} to {g/}. Let L be the free R-module on {g;} and let &
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D d; A | representatives in X7 for <(Z/d,)* /((Z/d,)*)?
odd | p* P* | {p~%, p~*u} where u is a non-square mod p

2 |29 >8 |2k | {27k 3. 27k 5. 27k 7. 27k}

2 |4 ok | {27k 3.9k}

2 |2 ok | {27k}

TABLE 3.1. representatives for <(Z/dy)*/((Z/d1)*)?

be a lifting of o to an R-endomorphism of L. Let M be the matrix of
7; then we may assume (Bj;) = M” B;; M, since they are both liftings
of (g;,g;) and the class A - det(B};) is independent of this lifting. By
taking determinants, we see that A - det(Bj;) = (det M)*A - det(B;;)
mod dy R and moreover, u = det M is a unit in R/d; R by the previous
lemma. Q.E.D.

Hence, A - det(B;;) is well defined in ((R/d;)*)*\R/d;R and is an

invariant of the bilinear form alone. Equivalently, we know
1 dy
det(B; d) )\ R/~
is well defined.

DEFINITION 3.5. Let (G, (—, —)) be a torsion bilinear form over R.
The discriminant of (G, (—, —)), denoted by disc(G, (—, —)) (or simply
disc(G) or disc(—, —)), is the class of det(B;;) in ((R/d1)*)*\+R/%LR.

We will often only need to consider the discriminants of nondegen-
erate forms, in which case the discriminant takes values in a subset of
the above, namely

1 d
((R/dl)X)Q\Z(elemen‘cs of R prime to dl)/zl(elements of R prime to d;)

which we will by abuse of notation denote by

1 X X\2 __ 1
S (Rfd)*((R)d)*)? = < D(R/d).

If R = Z and G is p-primary for some prime number p, then d; = p*
and A = p* for two integers 1 < e; < k. In this case the above set of
values for disc(G) is readily calculated; we leave the computations to
the reader and present the results in Table 3.1.

The values for the discriminant of the standard examples from (I,
section 7) are given in Table 3.2.

The discriminant, although well defined for any torsion bilinear
form over R, behaves more nicely in the case of p-primary forms. For



44 II. QUADRATIC FORMS OVER INTEGRAL DOMAINS
(G7<_7_>) diSC(<—,—>)
Wy, podd | p~*
121;,1, p odd | p~*u, where u is a non-square mod p
w5, k>3 | 27%u, where x(u) = ¢ mod 8
w5, 27%u, where x(u) =& mod 4
Wy | 272
Upe _2—2k
U, 3.272k

TABLE 3.2. discriminants of finite bilinear forms

example, we have an “additivity” property. This is a little awkward
to define, since the values of the discriminant lie in different sets, de-
pending on the torsion module. However, if d; and d| are the first
invariants, and A and A’ are the orders of two torsion modules, there

is a natural “product”

(RIS R ER x| (R85 R = ()2

1
AA!

where d = ged(dy,d}), induced by the ordinary multiplication map

—1_R. With this

1 1
AR X R — x5

LEMMA 3.6. Fiz a prime p of R and let (G, (—,

be two p-primary torsion bilinear forms over R; let G® G’ denote their
orthogonal direct sum. Then disc(G @ G') = disc(G) disc(G’), where

the product of the discriminants is defined as above.

in mind, we have the following.

—)) and (G, (=, =)

PROOF. Firstly, note that because G and G’ are p-primary, the first
invariant d of G @ G’ is simply the “smaller” of the two first invariants

dy and d} for G and G, i.e.,

d = ged(dy, dy) = {

dy if dy|d
& if d'|d;.

Since the order of G & G’ = A - A’ (where A and A’ are the orders for
G and G'), both sides of the equality live in the same set.

The equality is now clear; after re-ordering, the representing matrix
for G & G’ can be chosen as the block form matrix consisting of two

blocks, namely the representing matrices for G and G'.

Q.E.D.

For p-primary forms, there is also a converse to (3.2.3).

LEMMA 3.7. Let (G,(—,—)) be a p-primary torsion bilinear form
with order A and let B;; € K be such that B;; mod R = (g;,g;) for

R/

d
AA’

R
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some ordered basis {g;} for G. Then (G,{(—,—)) is nondegenerate if
and only if p fA - det(B;;).

PROOF. By the additivity (3.6) and (2.8.1), we may assume G is
homogeneous, say of exponent p* and of rank s. Then by (2.6.1),
Bij = p~*a;; for some a;; € R and A = p**; hence, A - det(B;;) =
p** det(p~*a;;) = det(a;;). The result now follows from (2.6.2). Q.E.D.

In the above case, we will abuse language and say that if p JA -
det B;j;, the discriminant is a unit.

Finally, there is a localization statement. Again this is slightly
awkward to formulate. Note however that for a p-primary form, the
values for the discriminant can equally well be taken in

1 dq
(Ro/ 01\ Rl Ly
instead of
(Rfd) P\ SR/ R
1 A A )
which are naturally isomorphic if d; and A are powers of p. In any
case, there is for any d; and A a natural localization map

1 dl 1 dl
(BRI VAR ER — (Byfdi)V\ B/ LR,
and if disc(G) is in the left-hand set, its image in the right-hand set

will be denoted by (disc(G)),, the “p-part of the discriminant”. The
following lemma can now be stated.

LEMMA 3.8. Let (G, (—,—)) be a torsion bilinear form over R and

fix a prime p. Assume that G and G, have the same length, i.e., p
divides the first invariant of G. Then disc(G)) = (disc G),.

PrOOF. The point is that if /(G) = ¢(G)), the same representing
matrix (B;;) for (—, —) on G over R also represents (—, —) on G, over
R,. Indeed, if {g;} is an ordered basis for G, then g; ®r R, € G, is an
ordered basis for G, and the result follows immediately. Q.E.D.

4. The Discriminant of a Torsion Quadratic Form

Let G be a torsion R-module. If ¢ : G — K/R is a quadratic form
on G, the associated bilinear form (—, —) to ¢ is always symmetric. We
can use this and the extra information obtained in passing from the
bilinear form (—,—) to the quadratic form ¢ to define a more refined
discriminant for ¢ than for (—, —).

Assume that (G, q) is a torsion quadratic form over R with ordered
basis {g;}, invariants {d;}, and associated bilinear form (—,—). One
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can choose “symmetric” representatives for the values of g as follows. If
i < jlet B;; € K be alift of (g;, g;) € K/R. For the diagonal elements,
let B;; be two times a lift of ¢(g;) € K/R. If i > j, set B;; = Bj;. In
this way we produce a matrix (B;;) over K satisfying

B;; = Bj; for every ¢ and j, and
d;B;; € Rifi # j.
Note that B;; € K is actually well defined mod 2R, since B;; =
2q(9:), and ¢(g;) is well defined mod R. The matrix (B;;) over K will
be called a representing matriz for g. We have the following analogue

of (3.2).

(4.1)

LEMMA 4.2. Let (G, q) be a torsion quadratic form over R and let
{g1,...,gn} be an ordered basis of G. Assume that the invariants of G
are {dy,...,d,} and let A =[] d; be the order of G.

(4.2.1) If (B;;) is any representing matriz for q, then A-det(B;;) € R.
(4.2.2) If (Bij) and (Bj;) are two representing matrices for q, then

A - [det Bij — det B;j] S Oéle,

where o = ged (2, dy).
(4.2.3) If q is nondegenerate, then A -det(B;;) € R is relatively prime
to Oédl.

PROOF. The first statement follows immediately from (3.2.1), since
(Byj) is a lift of ((g;, g;)), where (—, —) is the associated bilinear form
to q. To prove the second statement, let us introduce some notation.
Let E;; be the n x n matrix over K with all 0’s as entries, except in
the i — j* position, where the entry is 1. Denote by M][i, j] the matrix
obtained from a matrix M by deleting the i*" row and j*" column. Note
that if M is a square matrix,

(4.3) det(M + rE;;) = det M + (—1)""7 det M[i, ],

as is easily seen by expansion along the i*" row.

We may assume that the two representing matrices B’ and B for ¢
differ in only one entry on or above the main diagonal (recall that both
are symmetric). There are two cases to consider.

Case 1: B' = B + 2rE;_; for some ig.

0%0
This case occurs if B’ and B differ in one entry on the main diagonal,
since the entries on the main diagonal of a representing matrix for ¢ is
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well defined mod 2R. Then

A-[det B'—det B] = A-[det(B + 2rE;,,) — det B]

A - (2r det Blig, io]) by (4.3)

= Zdior <H d,L) det B[io, 20]
iio

which is in 2d, R, since (Hi i di> det Bli, ig] € R by (4.2.1) ap-
plied to the subgroup of G' generated by {g;}i;,. Since 2d, R C ad R,
this case is clear.

Case 2: B' = B+ rE,;, + rEj,, for some ig < jo.
In this case
A-[det B'—det B] = A-[det(B+rE;;, +1rEjy,) — det B]
= A (det(B+1E;),)
+(=1)t°r det((B + rE;yj, ) o, o))
—det B)
= A-(det B + (—1)*r det Blig, jo]
+(—1)Hor det Bljo, 30] + r* det(Bljo, i0] [i0, jo])
—det B)
= A (2r(=1)"0 det Blig, jo| + 2 det(Bl[jo, io][io; jo]))

= 2d;,r(—1)°to (H di) det Blio, jo]

iio
+diodjor2 ( H dz) det<B[j0720] [ZO7JO])
i;éiO)jO
Now (H#io di> det Blig, jo] € R by (4.1) and the same analysis as

in the proof of (3.2.1); (Hi;éio,jo di> det(Bljo, 0][0, jo]) € R by applying
(4.2.1) to the subgroup of G generated by {g;}izi, ;- Therefore,

A - [det B' — det B] € 2d;, R + d;,d;,R C 2di R+ d3R C ad, R,

proving (4.2.2).

Finally, (4.2.3) follows from (3.2.3), after noting that any r € R
which is relatively prime to d; is relatively prime to ad; (and con-
versely). Q.E.D.
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p | d A | a | representatives in <7 for <(Z/ad\)*/((Z/ody)*)?
odd | p& p" |1 [ {p7% p~*u} where u is a non-square mod p

2 |2 >4 |2k |2 {27k 3. 27k 5. 27k 7. 27k}

2 |2 ok | 2 | {2k 3. 275

TABLE 4.1. representatives for <(Z/ady)*/((Z]oudy)*)?

(G.q) disc(q)

wy ., podd | p~*

w;,lc, p odd | p~*u, where u is a non-square mod p
ws p,, k> 2| 27%u, where x(u) = ¢ mod 8

w; 271w, where x(u) =& mod 4

Uk —2~2%

Vg 3.27%

TABLE 4.2. discriminants of finite quadratic forms

Corollary (3.4) applies in our situation as well, and, recalling that

X X
(d—ﬁi> = (a—};> , we obtain a well-defined element

Oédl

Qet(By) € ((Rfadi) )\ R/ R

DEFINITION 4.4. Let (G, q) be a torsion quadratic form over R. The
discriminant of (G, q), denoted by disc(G, ¢) (or disc(G), or disc(q)) is
the class of det B in ((R/ad;)*)*\+ R/%L R, where B is any represent-
ing matrix for q.

Again, by (4.2.3), if ¢ is nondegenerate, disc(q) takes values in

s (()) -30 ()

If R = Z and G is p-primary, then d;, = p** and A = p* for two
integers 1 < e; < k. In this case we have the values shown in Table
4.1 for disc(q) in the nondegenerate case:

The values for the discriminants of the standard examples from (I,
section 7) are given in Table 4.2.

We will again find it useful to employ the x notation to factor out
the powers of p in the p-primary situations.

If pis odd, and d € #(Z/pel)x/((Z/pel)XP is a discriminant value,
we set x(d) = 1if d = p~*, and x(d) = —1 if d = p~*u for a non-square
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u mod p. Note that abusing the notation somewhat this formula reads
that x(d) = x(p"d).

With this same abuse of notation, if p = 2, and A = 2, then we
set x(d) = x(2*d) which is a unit mod 8 if k > 2, and is a unit mod 4
if k=1.

The discriminant for a torsion quadratic form satisfies similar prop-
erties as does the discriminant for a torsion bilinear form. We present
these below, leaving the proofs (which are entirely analogous to the
bilinear case) to the reader. We also employ the same notational con-
ventions used in the previous section.

PROPOSITION 4.5.

(4.5.1) Fiz a prime p of R and let (G,q) and (G',q") be two p-primary
torsion quadratic forms over R; let (G®G', q+q') denote their
orthogonal direct sum. Then disc(q + ¢') = disc(q) disc(q).

(4.5.2) Let (G,q) be a p-primary quadratic form with order A and let
B be a representing matriz for q. Then (G, q) is nondegenerate
if and only if p fA - det(B), i.e., if disc(q) is a unit.

(4.5.3) Let (G, q) be a torsion quadratic form over R and fix a prime
p. Assume that G and G, have the same length, i.e., p divides
the first invariant of G. Then disc(G,,q,) = (disc(G,q)),,
where g, = q|a, is the induced quadratic form on Gy.

Finally, the discriminant of a torsion quadratic form is compatible
with the discriminant of the associated bilinear form in the following
sense. There is a natural map

1 ad 1 dy
d X\2\ — hatet 3 d X\2\ — hat

[13

namely, the “ mod d;” map. It sends values for disc(q) to values for

disc((—, —)).
LEMMA 4.6. Let (G, q) be a torsion quadratic form with associated
bilinear form (—,—). Then disc(q) = disc(—, —) mod d;.

The proof is immediate.

5. The Functor 7

In this section we will define another useful functor, the 7 functor,
which will be used in the sequel to refine the discriminant of a quadratic
form in certain cases. We begin with a description of these “special”
forms.

DEFINITION 5.1. Let GG be a torsion R-module.
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(5.1.1) A torsion bilinear form (—, —) on G is special if whenever x €
G and 2z = 0 then (x,z) = 0.

(5.1.2) A torsion quadratic form ¢ on G is special if its associated
bilinear form is, i.e., whenever x € G and 2z = 0 then 2¢(x) =
0.

(5.1.3) A torsion bilinear form (—, —) on G is extraspecial if it is spe-
cial, and whenever x € G and 4z = 0 then 2(x,z) = 0.

Recall that for a torsion R-module G, the subgroup Ga; = {x €
G |2z = 0} is defined (2.1). Hence, a torsion form (—,—) on G is
special if x € G, implies (x,z) = 0. Note that if z,y € G5, then
(x+y,z+y) = (x,z) + (y,y), so to check whether (—, —) is special it
suffices to check that (f;, f;) = 0 for a generating set {f;} for Ga;.

We will adopt the notation that, for a torsion R-module G, G" will
denote the quotient module G’ = % Given x € G, 2’ will denote its
image in G’; given 2’ € G, x will denote a lift of 2’ to G.

DEFINITION 5.2. Let (G, (—,—)) be a special torsion symmetric
bilinear form over R. Define 7(G, (—, —)) = (G’,¢) to be the torsion
quadratic form defined on G’ by

q(x) = (z,z).

To see that ¢’ is well defined, suppose that z € G 1; then (x,2z) =0
and (z, z) = 0 since (—, —) is special. Therefore, (x+ 2,2+ 2) = (x, ).
To see that ¢’ is quadratic, note that ¢/'(rz’) = (rz,rz) = r*(z,x) =
r?¢(2); in addition, the associated bilinear form to q’is (—, —) where

(@'y) = d@+9)-d@) -dW)
(z+y,z+y) —(v,7) = (y,y)

= 2(x,y)
which is bilinear.
LEMMA 5.3.
(5.3.1) If (G, (—,—)) is nondegenerate, then 7(G,(—,—)) is nonde-
generate.

(5.3.2) (G,(—,—)) is extra special < 7(G,(—,—)) is special.
(5.8.8) T is additive.

ProOF. Suppose 2’ € Ker Ad(_ _y; then for all y € G,
(2z,y) = 2(z,y) = () = 0.

Since (—, —) is nondegenerate, 2z = 0 in G, so z € G5, and 2’ = 0.
This proves (5.3.1); the last statements are obvious. Q.E.D.
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Our first task is to show that any torsion quadratic form can be
obtained as 7 of a special torsion bilinear form.

LEMMA 5.4. Let (G',q') be a torsion quadratic form over R and let
{el} be an ordered basis of G' with invariants {d;}. For each i, define

L[ i) =1
P 2d if (d,2) 1

and let G be the torsion R-module with ordered basis {e;} and invariants
{d;}. (Note that % = G, the isomorphism induced by sending e; to €;
hence, there should be no confusion with the notation.) Then there is a
special symmetric bilinear form (—,—) on G such that (G, (—, —)) =

(G, q).

PROOF. Choose elements b;j € K such that
(1) 0 = bi;

(2) b; = (e}, €})’ mod R, where (—,—)" is the associated bilinear
form to ¢’

(3) L0, = ¢(€)) mod R

(4) If (d; ,2) = 1 and i < j then 3d}b}; € R.

Only property (4) needs justification. If (d; ,2) = 1 and i < j,

then djb}; = (djej, ej) = 0 mod R, so that bj; = C;Lﬂ for some a}; in R.

Since (d; ,2) = 1, there exist oy, 5; in R with 2oz; +d:3; = 1. Then
1 K
% —Biay; = %; thus, choosing appropriate representatives of (e;, €’)

in K, we may ensure that the numerators 2a;a;; are even (divisible by
2).

We now define (—, —) on G by setting (e;, ;) = £b); mod R and
extending by linearity.

To see that (—, —) is well defined, we must check that (d;e;,e;) =0
mod R for every ¢ and j.

If (d;,2) # 1, then d; = 2d} ,
bi; = (diej, ;) =0 mod R.

If <d2,2> =1 and ¢ < j, then dz = d;, so that <d,’€i,6j> = %d;b;] =
3d;bi; = 0 mod R by property (4).

If (d;,2) = 1 and i > j, then d;|d;, d; = d} and d; = d} , so that
(die, e5) = 3dibl; = % - 1dib}; = 0 mod R, again by (4).

d;j 29575t

so that (de;, e;) = %dib;j =

(2
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Therefore, (—, —) is well defined. To see that (—, —) is special, note
that Gy has {de;} as a generating set. Therefore, since

(die;, die;) = (d)*(es,e;)

(—,—) is indeed special.
Finally, note that 7(G, (—, —)) = (G’, ¢’), since

q (an’e;) = Z"?Q'(@)*‘Z”i”j(ebe}y

= O miei, Y mies).
Q.E.D.

The structure of Gy, and G’ are obviously of some importance for
the functor 7. We need the following language.

DEFINITION 5.5. A torsion R-module G is good if Ga; is homo-
geneous with annihilator 2R and is better if whenever x € Gy, then
x = 2y for some y € G.

LEMMA 5.6.

(5.6.1) Assume G has invariants {d;}. Then
G is good < whenever (d;,2) # 1, then 2|d;
and
G is better < whenever (d;,4) # 1, then 4|d;.
Hence G better = G good.
(5.6.2) If G is better then G' = % is good. Conversely, for any good

module G’ there is a better module G such that % ~ G

(5.6.3) If (—, =) is a symmetric bilinear form on a better module G,
then (—,—) is special.



5. THE FUNCTOR 7 53

(5.6.4) If 2 is either a prime or a unit in R, then every torsion R-
module is good.

ProOOF. The first statement (5.6.1) is clear. The first part of (5.6.2)
is also clear, and the second part is the construction introduced in
Lemma (5.4). To see (5.6.3), assume 2x = 0; then x = 2y for some
y, so that (z,z) = (2y,2y) = 4(y,y) = (4y,y) = 0. Finally, the last
statement is immediate from (5.6.1). Q.E.D.

LEMMA 5.7. Suppose (G, {(—,—)) is a torsion bilinear form and G
is better. If (G, (—,—)) is nondegenerate, then (G,(—,—)) is nonde-
generate.

PrOOF. Let v € KerAd._ _y. Then (2/,2") = 2(x,2) = 0 for all
7 € G', so that 2’ € Ker Ad._ _y, forcing 2’ = 0 so that v € G ;.
Since G is better, x = 2y for some y € G. Assume = # 0; then 3/ € G
is not zero, so there exists 2z’ € G with (y/,2) # 0. For some z € G
mapping to 2/, (x, z) = (2y,z) = 2(y, z) = (¢, 2’ # 0, a contradiction.
Hence, z = 0 and (—, —) is nondegenerate. Q.E.D.

There is also a uniqueness statement related to (5.6.2).

LEMMA 5.8. Suppose G is a torsion R-module, and (—,—)1 and
(—,—)2 are two special torsion symmetric bilinear forms on G such
that

T(G7 <_7 _>> = T<G7 <_7 _>2)7 and
(G',q") = 7(G, (—, —):)is nondegenerate.
Then there is an isometry 1 : (G, {(—, —)1) — (G, {—, —)2).

PROOF. By (5.7), each (—, —); is nondegenerate. Consider the sym-
metric bilinear form §(z,y) = (x,y)1 — (x,y)2. Note that

25(:1:,y) = 2<.Z', y>1 - 2<$7 y>2 = <33'/, y/>/ - <$/,y/>/ =0
for every x,y € GG, and
Bz, x) = (v, 2)1 = (z,2)2 = ¢(2') = ¢'(a") = 0
for every = € G.
These two properties guarantee the existence of a (non-symmetric)

bilinear form v on G such that 8(x,y) = v(z,y)+7(y, z) and 2vy(x,y) =
0. For example, if {e;} is an ordered basis of G, we may set

. ﬁ(ei,ej) lf Z<]
V(e €5) = { 0 if >,
~v measures the difference between the two forms and by induction on

the length of G we may assume there exist I, .J such that y(e;, e;) =0
when ¢ = [ and j = J.
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Let ¢ = (Ad(_y,) "t Ad,, so that v(z,z) = (¢(x), z) for all  and
z, and define ¥ (z) = x + p(x).

Note that (2y(z),z)e = 27y(x,z) = 0 for all z, so that 2p(z) = 0.
If ¢ # I, then p(e;) = 0; hence, (p(e;),p(ej))2 = 0 unless ¢ = j = L.
But since (—, —)2 is special and 2¢(ey) = 0, (¢(er), p(er))2 = 0, also.
Hence, (p(x),¢(y))2 = 0 for every = and y; therefore,

(W(@),vW))2 = (2,9)2 + (p(x), y)2 + (P(y), 2)2 + (#(2), 9(y))2
= (z.9)2 +7(2,9) +7(y,7)
= (z,y)s + O(z,y)
= (1)

so that ¢ : G — G maps (—, —)1 to (—, —)2. Moreover, if x € Kery

then (z,y)1 = (V(x), D)2 — (0,(y))s = 0 for every y, forcing = =
0. Therefore, ¢ is an isomorphism of R-modules, hence an isometry.
Q.E.D.

1

By applying (5.6.3), we have

COROLLARY 5.9.

(5.9.1) Suppose G is a better torsion R-module, and (—, —)1 and (—, =)o
are two torsion symmetric bilinear forms on G such that

T<G7 <_7 _>1) = T(Gv <_7 _>2)7 and
(G',q") = 7(G, (—, —);)is nondegenerate.
Then there is an isometry ¢ : (G, (—, —)1) — T7(G, (—, —)2).
(5.9.2) T establishes a 1-1 correspondence between

{isometfr’y classes of nonde—} {isometry classes of nonde—}
and

generate symmetric bilinear generate quadratic forms on
forms on better R-modules good R-modules

Under this correspondence, extraspecial bilinear forms on bet-
ter modules correspond to special quadratic forms.

Let us display in Table 5.1 the “standard” torsion R-modules and
the behavior of the functor 7 on them.

6. The Discriminant of a Good Special Torsion Quadratic
Form

There is a refinement of the discriminant for a torsion quadratic
form (defined in section 4) in case the form is good and special. We
first treat the case of a torsion bilinear form which is better and extra
special. In this section we work only over R = Zj.
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R (G, (—,—)) | good/better? | special? 7(G, (—,—))
Ly, p odd | wy ;. better extra special | wy

Zs (O good 1no (0)

2Ly w5 o better special ws

Ly wh ., k> 3 | better extra special | w3,

Zs Uy good extra special | (0)

Zs U1 good extra special | (0)

Lo U, k> 2 better extra special | ug_q

Lo Uy k> 2 better extra special | v5_q

TABLE 5.1. the functor 7

Let (G, (—,—)) be a better and extra special nondegenerate torsion
bilinear form over Zs. As in section 4, let {g;} be an ordered basis for
G, with invariants {d;} and choose “symmetric” representatives {B;;}
in K = Q, for the values of (—, —) so that (g;, g;) = B;; mod R, with
B;; = Bj;. Since G is better, d; > 4. The extra special assumption
means that if d; = 4, then 2B;; € R.

We have the following analogue of (4.2).

LEMMA 6.1. Let A =[], d; and assume {B;;} is as above.

(6.1.2) If (By;) and (Bj;) are two such symmetric matrices, then

PROOF. The first statement is simply (3.2.1) again. The proof of
(6.1.2) is along the lines of that of (4.2.2). Firstly, if d; > 8, we are done
by (3.2.2). Therefore, we may assume d; = 4, which implies 2B, € R.
We may further assume that (B;;) and (Bj;) differ only in one entry
on or above the diagonal.

If B = B+ rkE,,, for some iy and r € R, then

A - [det B' — det B] = dj,r (H di> det Blig, i),
iio
which is in 8R if d;, > 8. Assume then that d;, = 4, or equivalently that
ip = 1. If (H#io di) (det Blig,ig]) is a unit in Zs, then the subgroup

H of G generated by {g¢s,...,g,} is nondegenerate, thus splitting off
of G therefore, G has an orthogonal direct summand which is cyclic
of order 4, namely the complement of H. This order 4 subgroup must
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(G, {(—,—)) or (G,q) | discs G
ws ., k>3 €
Up, k> 2 7
U, k> 2 3
W5y k> 2 €
U 7
Vk 3

TABLE 6.1. the mod 8 discriminant

be nondegenerate, since G is; however, this contradicts the extra spe-

cialness of G. Therefore, (HZ g dl-) (det Blig, io]) is divisible by 2, so
that A - [det B’ — det B] € 8R as required.
If B = B+rkE;,,+rEj;, for someig S joand r € R, the calculation

in the proof of (4.2.2) shows that A - [det B;; —det Bj;] € 8R. Q.E.D.

Since ((Z/8)*)* = {1}, the above lemma gives us a well-defined
element A - det(B;;) in (Z/8)*.

DEFINITION 6.2. Let (G, (—, —)) be a better and extra special non-
degenerate torsion biliniear form over Z,. The mod 8 discriminant of
(G, (—,—)), denoted by discs(G, (—, —)) (or discs(G), or discg(—, —))
is the element A - det(B;;) in (Z/8)*.

Using the functor 7, we can extend this mod 8 discriminant to
good and special nondegenerate quadratic forms. Let (G’,¢’) be such
a form over Zy. Let (G, (—, —)) be the unique better and extra special
nondegenerate torsion bilinear form over Z, (unique up to isometry, by
(59)) with T<G7 <_7 _>) = (G,> q,)‘

DEFINITION 6.3. The mod 8 discriminant of (G',q’), denoted by
discs(G', ¢') (or discg G, or discg ¢') is the mod 8 discriminant of (G, (—, —)).

Table 6.1 shows the mod 8 discriminants for the standard examples.

Comparing these values to those of Table (4.2), at first glance it
may seem that we haven’t gained much; these values are simply |G|
times the values for the ordinary discriminant. However, for u;, and v,
the above values are defined mod 8, while the ordinary discriminant
is only defined mod 4.

7. The Discriminant-Form Construction

In this section R will be an integral domain and K its quotient field.
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DEFINITION 7.1. Let M be a finite-dimensional vector space over
the quotient field K. An R-lattice in M is a free finitely generated
R-submodule L of M such that the natural map from L ®r K to M
is an isomorphism. An R-lattice is an R-lattice in M for some finite-
dimensional vector space M over K.

The rank of the R-lattice over R is the same as the dimension of M
over K; every R-lattice in M can be given as the R-span of a K-basis
of M. If L is a finitely generated free R-module, then one can consider
L as being naturally an R-lattice in Ly = LK.

Let L be a finitely generated free R-module and let (—, —) be a
K-valued symmetric bilinear form on L, which is nondegenerate. The
extension Ly = L ®g K inherits the bilinear form; simply set ([} ®
ki,lo ® ko) = kiko(l1,12). In this way (Lg,(—,—)k) is a K-valued
symmetric bilinear form over K, and is also nondegenerate.

Conversely, suppose a K-valued symmetric bilinear form is given on
a finite-dimensional vector space M over K. If L is any R-lattice in M,
then the restriction of the form to L is a K-valued symmetric bilinear
form on L, nondegenerate if the original form is. This operation is
inverse to the previous extension operation.

In this situation there is a natural notion of duality.

DEFINITION 7.2. Let (M, (—,—)) be a nondegenerate symmetric
K-valued bilinear form on a finite-dimensional vector space M over K.
For any R-lattice L in M, define its dual lattice L* in M by

L* = {m € M| (m,l) € R for every | € L}.

If (L, (—,—)) is a nondegenerate symmetric K-valued bilinear form on
a free f.g. R-module L, its dual lattice L¥ will denote its dual lattice
in LK

The first thing to check is that in fact L¥ is a lattice in M. It is
enough to consider the case when M = L.

The R-dual L* = Hompg(L, R) of L is, of course, also a finitely
generated free R-module with the same rank.

LEMMA 7.3. Assume (L, {(—,—)) is a nondegenerate K -valued sym-
metric bilinear form over R as above. Then the map o : L# — L*
defined by sending x to Adp, (z)|p = (x,—) is an isomorphism of R-
modules.

PrOOF. It is clear that the above map « is well-defined, and maps
L# to L*. Let us first show that « is onto. Choose any f in L*
and consider the extension f of f in L} = Homg (L, K). Let x =
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Ad;)(f), ie., © € Lk and f(y) = (z,y) for every y € Li. Since f
extends f, and f is in L*, 2 must be in L#. Since a(z) = f, we have
proved « is onto.

Since L is nondegenerate, Ady, is an isomorphism, so the restric-
tion o = Ady, | = Adp# is injective. Q.E.D.

The above lemma suffices to show that L# is an R-lattice in L.
It of course inherits a K-valued bilinear form (denoted (—, —);%) from
the induced form on Lg. It is nondegenerate, since the form on L is.

If {e;} is a basis for L over R, define a “dual basis” {e/} for L#

by transporting the dual basis {e} of L* via a : e = a~!(e?). The

1

vectors efﬁ can also be defined by the property that <ef£, ei) L = 0ij,
the Kronecker delta.
A special case of the above situation is afforded when (L, (—, —))

is an R-valued form over R. In this case, as lattices in Ly, L C L¥.
In particular, if (L,Q) is a quadratic R-module, then L C L#. The
adjoint map Ady, from L to L* can be viewed as the composition of the
inclusion of L into L#, followed by the isomorphism « of the previous
lemma.

DEFINITION 7.4. Let (L, @) be a quadratic R-module. The discriminant-
form module of (L, Q) is the torsion R-module G = L¥ /L.

By Lemma (I.3.2), a matrix for Ady, is given by a matrix for @, so
that if R = Z, G, is a finite abelian group of order equal to | disc(L)|. If
R =7, and disc(L) = p“u mod U2, where u € U, then G is a finite
abelian p-group of order p°, using 81m11ar considerations. In general, if

Ris a PID. and {dy, .. d .} are the invariants of G, with A =[] d;,
then A = disc(L) mod (RX)Q in the value group (R {)}).

The quadratic form @ on L induces one, Qk, on Lk (I, (8.1)). The
restriction of Qx to L# induces a K-valued quadratic form Q4 on L#,
which is also nondegenerate.

The plot now thickens: the discriminant-form module also inherits

the quadratic form by defining

qr(x+ L) =Qu(x) mod R € K/R.

PROPOSITION 7.5. Let (L, Q) be a quadratic R-module. Then (Gp,qr)
1s a well-defined nondegenerate torsion quadratic form over R.
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PROOF. Assume z,y € L” with x — y € L; write x = y + 1. Then

qr(z+ L) = Q#(x) mod R
y+1) mod R

Qu(
(y) + Qu(l) + (y, 1)y mod R

= Qx(y)+Q() mod R since <y, )y €R
#(y) mod R since Q(I) €

= quly+1L);

hence, ¢, is well defined. It is trivial to check that it is a quadratic
form. Finally, to see that it is nondegenerate, assume z + L is in the
kernel of Adg,. Let [--] denote the associated bilinear form to ¢z on
Gr. Then [z+L,y+L] = 0 for all y in L#; however, from the definition
of qr, [x+ L,y+L] = (z,y) mod R, so that (x,y)4 € R for all y in L*.
Since (L#)# = L, this implies # € L, so that z+L = 0in G;. Q.E.D.

We will usually denote the associated bilinear form to g on G, by
<_7 _>GL'

Note that G, = (0) if and only if L is unimodular. Also, any
splitting of L induces one of G : Gren = G @ Gy as torsion forms
over R.

As an example, assume char(R) # 2 and let L = (a)g. (That is, L
is a rank-one R-module generated by e € L, and Q(e) = a.) The dual
L# C Ly is generated by e# = (1/2a)-e, and Q#(e#) (1/4a?)-Q(e) =
1/4a € K. The adjoint map sends e to 2ae”, so that G = R/(2a) is
generated by the class of e# mod L. Since q(e#) = 1/2-2a mod R,
we see that (G, qr) = z3,.

A related example is this. Consider the form (L,Q) = (a)z =
((1/2)p*u)z, (whose isomorphism class is W¢,, where & = x(u)). If
e generates the rank-one Z-module L, with Q(e) = (1/2)p*u, then
p~*e generates L# C Lg. We have G = 7Z,/(17), and Q#(p_ke) =
p~ 2 Q(e) = u/2p*, so that (Gp,qr) = 2. Since x(u) = €, this is the
form whose isomorphism class was denoted by wp ;.

Similar calculations for U, and Vj, will enable the reader to com-
plete the verification of Table 7.1, which shows the discriminant-form
modules for the standard examples of Chapter I.

As one application of discriminant-forms, we give a characterization
of indecomposable torsion quadratic forms over Zy of rank two.

LEMMA 7.6. Let (G,q) be a nondegenerate indecomposable torsion
quadratic form over Zy of rank two. (Note that (G,q) is necessarily
good and special.) Let 6 = discs(G,q). Then (G, q) = uy, if and only if
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R (L,Q) | (GL,qL)
Z @
Zy,podd | Wi, |w,,

Z,, p odd Wpf,i ijli

Ze Wi, | ws,

Z}ﬁ Uk Up

Z}ﬁ Vk Vk

TABLE 7.1. discriminant-form modules

(G, q) has scale 2% and (%) =1, while (G, q) = v if and only if (G, q)

has scale 2% and (%) = —1.

PrROOF. There clearly exists a nondegenerate quadratic Zg-module
of rank two (L, Q) whose discriminant-form is (G,q). If (L, Q) were
decomposable, the orthogonal direct sum decomposition into two cyclic
pieces would induce an orthogonal direct sum decomposition of (G, ¢q),
contrary to hypothesis. Thus, (L, Q) is indecomposable, so by lemma
(7.7) of chapter I, (L, Q) must be isomorphic to Uy or Vj, for some k.
But Then by table (7.1), (G,q) is isomorphic to wuy or vy for some k.
Since uy, and v, each have scale 2F and satisfy the given conditions
on the mod-8 discriminants, these two properties characterize their
isomorphism classes: the scale of (G,q) identifies k, and the mod-8
discriminant distinguishes between u; and vy. Q.E.D.

COROLLARY 7.7. If we multiply all the values of the quadratic form
ug or vy by a fived unit in Zyg, the isomorphism class does not change.

PROOF. The scale is not affected (being a property of the group),
and the mod-8 discriminant is simply multiplied by the square of the
fixed unit, and so remains unchanged. Q.E.D.

Returning to the free R-modules L and L#, assume that the matrix
of @, with respect to a basis {e;} for L is A.

LEMMA 7.8. The matrixz for Q+ with respect to the dual basis {e?ﬁ}
for L# 45 A7

PROOF. Write e = 3 ¢ye;, with ¢;; € K and let C' = (c;;) be
the associated matrix. Note that >, cx(ej, ei)r = (32, crjej, ei)r =
(ek#, i), = 0. Hence, C'A is the identity matrix. Since A is symmet-

ric, so is C; moreover, if B is the matrix for Q,#, then B = CTAC =
OF & O = AT QED.



7. THE DISCRIMINANT-FORM CONSTRUCTION 61

COROLLARY 7.9. Let L be a quadratic R-module. Then
disc(L) disc(L¥) = 1.

Note that disc(L) € I(%RX{OQ} while disc(L#) € ’;;{)2}; hence, the

K—{0}
RX 2 -

Let us close this secti(on )With the calculation of the discriminant-
form groups for the examples of (I, section 7.4), namely, the Ay, Dy, Ex
and T, forms. We take up the case of the Ay forms first. Label the
vertices of the path graph vy, ..., vy in order so that they form a basis
for the Z-module L. Denote the dual basis of L# by vf,... v¥. For
0 <m < N —1, define vy, = Zfimﬂ(i — m)v;; oy, € L for every m.
Note that if m > 1, we have

—~

product makes sense, in

if j<m
ifj=m
ifm<j<N
if j =N,

<amvvj> =

OO = O

so that v# = a,, + (N 4+ 1 —m)vl if 1 < m < N — 1. Therefore, v
generates G = L# /L. Furthermore, we have

(g, ;) = 0 ifj <N
0 —N—1 if j=N,

so that vl = N_—jlao. Since
-1
Q#(Uﬁéf) = Qx (N—|— 1%)
1
- m (0.0
N N-1
= 2N+1 Z )+2> i+ 1)
1= i=1
1
1 2
= e VM
B —N
- 2(N+1)
we have N
QL(U# +L)= — " tmod Z.

2(N + 1)
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Therefore, the discriminant-form group for Ay is isomorphic to z;/il.
The same techniques can be used to discover the discriminant-form
groups for the 7,, forms. Label the vertices of the T, graph by

Aty ...y Qp1,b1,...,b4-1,¢1,...,¢_1,and e asin (I, section 7.4). Define
p—1
T Z (it —m)a; for 0 <m < p—2
i=m+1
q—1
B = Z (1t —m)b; for 0 <m < q—2, and
i=m+1

r—1
Ve = Z (1t —m)e; for 0 <m <r—2.

i=m+1

As above,
aﬁ:am—l—(p—m)af,l for 1 <m <p-—2,

b#

m

5m+(q—m)bjﬁ_1 for 1 <m <g¢g—2, and

& =gm+(r—m)cf  for1<m<r-2

so that {a‘ffl, bfﬁl, ¢ |, e#} generates G, = L# /L.

Next, note that (o, ap—1) = —p, (@, €) =p —1 and

(ay, any other basis vector of L) = 0,

so that

ag = (p—1)e* - paff_l; similarly,
(7.10) Bo = (q—1)e* —gbl_,, and

Y = (r—1e# —rc .

Also, (e,e) = =2, (e,a,—1) = (e,b,—1) = (€,¢,—1) = 1 and
(e, other basis vector of L) =0

so that

(7.11) e=—2e* +al | + b1 | +cf ).

Therefore, in L# /L, we have the four relations
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(p— Ve —pal , = 0
(7.12) (q—1)e* — qbff_l =0
(r—1)e# — ch_l =0
—2e# + af_l + bf_l +ct = 0.
Since the determinant
(p=1) —p 0 0
Eij 3 8 o _OT = par — pq — pr — qr,

-2 1 1 1

which is the order of L¥/L for T,,., there are no other independent
relations among the generators e*, affl, bfjil and cfil of Gr,,,; hence
we have given generators and relations for Gr,,,.

The most straightforward way to compute the form on Gr, . is to
first write the given generators in terms of e, ag, By and 7y by using
(7.11) and (7.12), i.e., by inverting the above 4 x 4 matrix. We get

ot = % [pgre + qrag + prio + pao)
(T = o —ar)e+ (a+ oo+ (r — )6 + (g — 4)0]
by = 5 ar = pre + (ar— oo+ (0+ 1) + (00— D)l
., = % [(par = pa)e + (ar — @)oo + (pr = p)Bo + (P + )]

where D = |G, | = pqr —pgq — pr - qr.
The values of the bilinear form for e, ag, Gy and vy are given below.

(7.14)
<—, - € Qo Bo Y0
e —2 p—1 qg—1 r—1
ag |p—1[-plp—1) 0 0
Go |q-1 0 —q(g—1) 0
Yo r—1 0 0 —r(r—1)

In principle, (7.13) and (7.14) suffice to calculate the quadratic form
q on Gr,,,. We will be satisfied at this time with calculating ¢ for the
Dy and Ey forms.
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For Dy,p=q=2,r=N —2,and D = 4. Assume first that N is
even, say N = 2M. From (7.13) we have

e =0
M M-1 1
# _ _ =
a1—2040 5 Bo 2%
b#_—M—l M 1

1= 5 040+—2ﬁ0—§70
1 1
# oo
Cr_q 2040 250

in Gp,. Hence Gp, = 7/2 x Z/2, with nonzero elements a?, b} and
¢ . Using (7.14), one finds that

M
q(a}) = q(b]) = I mod Z

and .
q(c” ) = —3 mod Z.

If N =2 mod 8, then (af,b¥)¢ = 0 and Gp,, splits as wy1 Dwy;.
If N =4 mod 8, then Gp, is indecomposable; Gp, = v;. f N =6
mod 8, then (a},b] )¢ = 0 and Gp, splits as w}, ® wi;. f N =0
mod 8, G is again indecomposable; Gp, = u;.

Now assume that N is odd, say N = 2M + 1. Then, using (7.13),
we have

1
at = ) [2re 4+ (r 4+ 2)ag + 0o + 270)

[202M — 1)e + (2M + Dag + (2M — 1)y + 2]

T o=

== Z_l [—26 + (2M -+ 1)0{0 + (2M - 1)ﬁ0 + 2’)/0] in GDN7
and hence af has order 4 in Gp,, so Gp, is cyclic, generated by af
Again using (7.14), we find that ¢(a?) = =% Hence

Gpy

2

€
Wy 9,

where ¢ = —N mod 8.

For En,p = 2,9 =3 and r = N—3. We really only need to compute
Gg, for N = 6 and 7, since Ejg is unimodular, Ey is degenerate, and
En =2 Es®d U@ Ay_19 for N > 10. For N =6,D = 3, so Gg, = 7Z/3.
From (7.13), b, = 1[12¢ + 60y + 560 + 47] = L [260 + 0] in G,
S0 bf_l # 0 and generates Gg,. From (7.1577), we have q(bf_l) =1
mod Z, so that Gg, = w;}
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quadratic Z-module L | G qr |G L]

Ay, N > 1 Z/N +1] 2z, N+1

Dy, N=0 mod 8 (Z)2)? | 4

Dy, N =1 mod 8 Z/4 w} 4

Dy, N =2 mod 8 (Z/2)* | wy; ®wyy |4

Dy, N =3 mod 8 Z]4 w3, 4

Dy, N =4 mod 8 (Z)2)? | un 4

Dy, N =5 mod 8 Z/4 w3, 4

Dy,N =6 mod 8 (Z/2)?  |wy, Dwy, |4

Dy,N =7 mod 8 Z/4 wy 4

Fs 7./3 wi1 3

E7 Z/Q wil 2

Eg,Elo {1} - 1

En,N > 11 ZJN — 9| 20N N—-9

Tpqr — — pqr —pq —pr —qr
TABLE 7.2. discriminant-forms of Ay, Dy, En, and T}, ,,

For N =6,D = 2,s0 Gg, = Z/2. From (7.13), aff_l = 1[12e + Tag + 45 + 370
= 1 [ap+ ] in Gg,, so affl generates Gg,. From (7.14), we have
q(af_l) = 21; mod Z, so that Gg, = wil.

For completeness, we have for N > 11, G, = Ga,_,, = 25 4.

We collect what we have computed in Table 7.2.

8. The Functoriality of G

Again let R be an integral domain with characteristic # 2. Let L
and M be two quadratic R-modules and ® : L. — M a homomorphism
of quadratic R-modules. By (7, (6.4)),® is an embedding; hence ®
induces an injection of vector spaces @y : L — Mk.

How does @ behave with respect to the dual lattices L* and M7#?
In particular, does ®x(L#) C M#? The answer is unfortunately no in
general. For example, assume R = Z and M = Z?, with the quadratic
structure of the hyperbolic plane. With the standard basis {eq, es} for
M, we have (ej,e1) = (e2,e2) = 0 and (ej,es) = 1. Let L = 7Z be the
submodule generated by f = e; + es. Note that (f, f) = 2, so L is
nondegenerate; in fact, Qr(l) = 0 < [ = 0 in L. The dual lattice L# to
L is generated by f# = f/2; however since M is unimodular, M# = M
and so L¥ does not map to M#, since f/2 is not in M.

However, if the image ®(L) of L in M splits off M, then it is clear
that ®x(L#) C M#. Indeed, if we write M = ®(L) @ ®(L)*, then
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M# is ®(L)# @ (®(L)*1)#. In this case we then obtain a module map
¢ : G — Gy induced by ®|;«. It is not hard to see that in fact the
splitting condition is necessary for @ (L#) to lie inside M#.

The reader can easily check that in this case ¢ is a homomorphism
of the quadratic structures on GG, and on GG, and is in fact an injection
of a direct summand (as is @, after all).

Therefore, if ® is in fact a stable homomorphism, i.e., (L) splits
off M and ®(L)* is unimodular, then ¢ will be an isometry from Gy,
to G . The following is now immediate.

PROPOSITION 8.1. The discriminant-form construction
L~ Gy

is a covariant functor from the category of quadratic R-modules (with
stable homomorphisms) to the category of torsion quadratic forms over
R (with isometries).

As the first application, we therefore have a map on orthogonal
groups:

COROLLARY 8.2. Let L be a quadratic R-module. Then there is a
natural group homomorphism from O(L) to O(Gp).

If o € O(L) is an isometry of L, the induced isometry of G will
be denoted by @. Since the map on G is the reduction mod L of the
induced map from L# to L7, we have

(8.3) (r mod L) =co(z) mod L for z in L¥.
NOTATION 8.4. If L is a quadratic R-module, the kernel of O(L) —
O(Gr) will be denoted by OF(L).

In terms of matrices, if the matrix of )y, is A and the matrix of
o € O(L) is S with respect to some basis of L, then the matrix of o
on L# with respect to the dual basis is ASA~!. Hence

o0 € O%(L) < @(r mod L) =z mod L for all x in L¥*
& Voeel? olx) -zl
& Image of (ASA™" — 1) C image of A on RY,
where N = rank L
& 3C € Myyn(R) such that ASA™ =T+ AC
& 3C € Mpy«n(R) such that S =1+ CA

Therefore, O%(L) = {S € O(L)|S = I + CA for some C'}, which
corresponds to the set {C'|I + CA € O(L)}.
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Now I +CA€ O(L) & (I+CA)TAI+CA) =A< C+C" +
CTAC = 0; therefore, we have an onto function from {C'|C + CT +
CTAC = 0} to O#(L), sending C to I + AC.

The reader can easily check the following.

PROPOSITION 8.5. Let (L,Q) be a quadratic R-module of rank N
with matriz A. Let Hy = {C € Myyn(R)|C + CT + CTAC = 0}.
Define an operation * on H, by setting Cy x Co = Cy + Cy + C1AC,.
Then:

(8.5.1) (Ha,*) is a group.
(8.5.2) The inverse of C € Hy is C'.
(8.5.8) The map Ha — O%(L) defined by sending C' to I + CA is an

isomorphism of groups.

For example, suppose L has rank 1 so that A = (2a) for some a € R.
Then

Ha {(©]()+ ()" + ()T (2a)(c) = 0}
= {(c¢)|2¢c+ 2ac* = 0}
= {(c)|c+ac® =0}
= {(c)]c(1 + ac) = 0}.

Therefore, Hy = {(0)} if a € R*, and Ha = {(0), (—a™1)} if a € R*.

Hence,
2 A if a¢ R*
O7(L) = { (£} if acR*.

It is useful to remark at this point that Lemmas (1.9.4) and (1.9.5)
show that the map O(L) — O(Gp) is surjective for all the standard
forms W7, U, and V.

We will close this section with a discussion of the discriminant and
its behavior vis-a-vis the discriminant-form construction. The result is

as follows.

PROPOSITION 8.6. Assume R is a P.I.D. Let (L, Q) be a quadratic
R-module and let (Gr,qr) be the discriminant-form for L. Assume that
the rank of L equals the length of Gr. Let dy be the first invariant of
G and let a = ged(2,dy). Then

S rvas , R
disc(L) - disc(GL) =1 in D (a_dl)

PRrROOF. Before proceeding, let us remark on the meaning of this
identity. The discriminant disc(L) lies in (R*)*\(R — {0}), and if
{di,...,dy} are the invariants of G and A = []d;, then in fact
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disc(L) € (R*)?/A- R*. By disc(L) we denote its residue in (R*)*\A-
X
( R ) = AD (a—};>. Recall that disc(Gp) € +D (ai;l) since ¢, is

adq

nondegenerate. In the product disc(L) - disc(Gr) the A’s cancel and
we get a class in D <a%1>; we are claiming this class is 1.

Let {g1,...,9n} be an ordered basis for G; lift these generators
to a basis {f;} for L#. Let {e;} be the dual basis for L and let A be
the matrix of Q with respect to the basis {e;}. Then B = A~ is the
matrix of Qr# with respect to {f;}, by (7.9). B is a matrix over K and
from the definition of ¢, B is a representing matrix for ¢. Since disc(L)
is the class of det(A) and disc(Gp) is the class of det(B), the result
follows. Q.E.D.

In the case of a quadratic Z,-module, we can factor out the powers
of p occurring in both discriminants to obtain the following.

COROLLARY 8.7. Fiz a prime p, and let L be a quadratic Z,-module,
and let (Gr,qr) be its discriminant-form. Assume that the rank of L
equals the length of Gr,. Then x(disc(L)) = x(disc(qr)). (If p =2 then
this holds mod 8 if the first invariant of G is at least 4, and it holds
mod 4 if the first invariant of G is 2.) Moreover if p = 2 and G is
good and special, then x(disc(L)) = x(discs(qr)).

Proor. This follows immediately from the above, noting that y
has values in a group all of whose elements have order two. The better
and extra special case also follows by the same proof, simply noting
that the relevant quantities are defined mod 8. Q.E.D.

9. The Discriminant-Form and Stable Isomorphism

In this section let R be a P.I.D. of characteristic # 2.

Recall that if M is a unimodular quadratic R-module, then its
discriminant-form module G, is trivial. Therefore, if L is any other
quadratic R-module, then Gpoy = Gp @ Gy = G, so that L and
L & M have isomorphic discriminant-forms. This immediately implies
the following.

LEMMA 9.1. If Ly and Lo are quadratic R-modules, which are stably
isomorphic, then G, = Gp,.

Recall that we denote stable isomorphism by L; ~g Ls. It is our
intention in this section to demonstrate that in fact the converse of
(9.1) is true. We require one technical lemma.
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LEMMA 9.2. Let L and M be two K -valued quadratic forms over
R and let f : L — M be an R-module homomorphism such that
Q+#(f(x)) = Qz(x) mod R for every x in L. Then there exists a
unimodular quadratic R-module N and an R-map g L — N such that
f@dg: L—>M&Nisa homomorphism of quadratic forms.

PROOF. Asisstandard, let U denote the rank-2 quadratic R-module

with matrix < (1)(1) ), i.e., the hyperbolic plane over R. Let {€1,...,en}

be a basis for L and let
rij = (€, €5)F — <f(€i),f(5j)>1\7.

By hypothesis, r;; € R. The proof proceeds by induction on the number
of nonzero r;;’s. If this number is zero, then f is a homomorphism of
the bilinear form structure and since R has characteristic 2, f is also a
homomorphism of the quadratic structure.

It then suffices to show that, if the number of nonzero r;;’s is at
least one, then there exists a map g : L — U such that the R-map

f@dg: L — MU “corrects” exactly one r;;. There are two cases to
consider.

Case 1: Correct 7.
Since the bilinear forms come from quadratic forms, the diagonal
elements are divisible by 2, so rg, = 2a,. Define

LT ~ N (ak,l) ifn==%k
g:L—Uby g(en) —{ (0,0) ifn k.
Then ~ .
(€, e5)L — (f(e&), f(€;))M —(g(e:), g(¢;))v
oy ifi#Akorj#k
o Tkk—ZCLk:O if (Z,j) = (k,]{?)
Hence this corrects ryy.
Case 2: Correct ry, k # 1.
In this case define g : L — U by
(’I“kl,()) ifn==%
glen) =<2 (0,1) ifn=1
(0,0) ifn#k,l
Then _ .
_{ Tij if (i>j)
)

B rkl—rkl-lz() lf(Z,j
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Therefore, this corrects ry;. Q.E.D.
Our result is this:

PrRoOPOSITION 9.3. Let L and M be quadratic R-modules. Then
L~ M < G, =2 Gy as torsion quadratic forms.

PrROOF. Lemma (9.1) is the direction =, so we will prove <. Let
f : G, — G be an isomorphism of the torsion quadratic structures
on G, on Gy;. Since L is a free R-module, so is L#, so f can be lifted
to an R-map f : L#* — M?%. This gives us the following commutative
diagram:

0—>Lﬂ>L#—>GL—>O

[ s «|7

O—>MALM>M#—>GM—>O

Since f is an isomorphism, we have Q4 (f(2)) = Qr#(x) mod R
for every x in L*#. By the previous lemma, there exists a unimodular
quadratic R-module N and an R-map ¢ : L#* — N such that h =
f@®g:L* — M#* @ N is a quadratic form homomorphism, hence an
embedding. Restricting h to L gives the isomorphism A : L — M®N.

We claim that h(L) ®h(L)* = M@ N, i.e. that h(L) splits off M
N. Certainly h(L) ® h(L)* € M@ N. To prove the reverse inclusion,
let y € M@ N. Consider the linear map (y, —)y#en on M# @& N,
restricted to h(L#). Since h is 1-1, this linear map is induced, via the
adjoint map, from a unique element of h(L#)# = h(L), say h(l). Let
z =y —h(l), so that y = h(l) + z. We need only show that z € h(L)*,
i.e., for every I"in L, (z, h(l')) mon = 0. But

(2, h())man = (y — k(D) h()) man
= (v, M) man — (A1), h(I")) man
(v, h(I")) meon — (1)1
= 0 by the choice of 1.
This proves that h(L) @ h(L)* = M@ N. Hence

X
(Rx)?
since N is unimodular. However, disc(h(L)) = disc(L) = disc(M)
mod %, since G = Gyy. Therefore, disc(h(L)* is in %, so that
h(L)* is unimodular. This proves that L ~g M. Q.E.D.

disc(h(1)) disc(h(L)* = disc(M) disc(N) = disc(M) mod

Note that we have actually proved a slightly stronger result:



11. QUADRATIC FORMS OVER A DISCRETE VALUATION RING 71

PROPOSITION 9.4. Let L and M be quadratic R-modules. Then
any isomorphism [ : G — Gy can be lifted to a stable homomorphism
from L to M & N, for some unimodular quadratic R-module N.

10. Discriminant-forms and overlattices

One of the primary uses for discriminant forms is the following
construction. Let L be a quadratic R-module, and suppose that M is
a submodule of L# C Ly which contains L such that Q4 is R-valued
on M. We then get a chain of inclusions

LcMcM*cL”
which induce inclusions
M/L c M#*/L C L¥/L =Gy,

Let I = M/L. Now since Q4 is R-valued on M, ¢, vanishes identically
on I. Moreover, the definition of M# implies that M#/L = I+ in
Gr. Thus, to each overlattice M of L corresponds a totally isotropic
subspace I of Gz, and Gy; = I'+/I. The converse statement (that each
totally isotropic I corresponds to an overlattice) is also easy to see.
As an example of this construction, consider the finite quadratic

form (G, q) = wj eé wj .1, and let © and y be generators of the
first and second factors, respectively. Now q(2Fz + 2Fy) = 28 mod Z,
so that 2Fz + 2%y generates an isotropic subgroup H of order 2. To find
H*, we compute (azx + by, 2%z + 2Fy) = (a+3b)/2; thus, ax +by € H*
if and only if a + 3b is an even integer. Thus, H* is generated by 2x
and z + y; in H+/H, these each have order 2%, and there are no other
relations. Now ¢(2x) = 27%, 2z, 2 +y) = 27571 and q(z + y) = 27F,
which shows that H*/H is isomorphic to vy.
Thus, the quadratic Zg-module

1 3
W2,k+1 @ W2,k+1

has an overlattice whose discriminant-form is isomorphic to v,. In fact,
from Lemma (1.7.7.2) it can be seen that this overlattice is isomorphic
to Vk

11. Quadratic forms over a discrete valuation ring

Let R be a discrete valuation ring, and let ' be an R-module. We
say that F'is quasi-principal if every finitely generated submodule of F’
can be generated by a single element. The primary examples of quasi-
principal R-modules which will interest us are R itself, and K/R, where
K is the fraction field of R.
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We note two properties of a quasi-principal R-module.

LEMMA 11.1. Let F' be a quasi-principal R-module.

(11.1.1) Any submodule H of a finitely generated submodule G of F is
itself finitely generated.

(11.1.2) For any subset {x;};c; which generates a finitely generated sub-
module of F', there is some j € I such that x; generates the
same submodule as {x;}icr.

PROOF. Let 7 be a uniformizing parameter for R.

(11.1.1) If G is a finitely generated submodule of F', then G can be
generated by a single element g of G. Every other element of ¢ can
then be written in the form 7°u - g for some e > 0 and some unit u of
R. If we define v(H) = min{e|nu - g € H for some unit u of R}, then
H is generated by 7€ - g.

(11.1.2) Let G be the submodule generated by {x;}icr and let g be a
generator of GG as before. Then for each i € I, we can write z; = 7% u;-g
as before. There must be some j such that e; = 0 (else {z;};e; would
not generate GG). But then z; generates G. Q.E.D.

Now suppose we are given a quadratic form @) : L — F over R,
where R is a discrete valuation ring, L is a finitely generated R-module,
and F'is a quasi-principal R-module. Under these conditions, we define
Im((,)) to be the submodule of F' generated by {(x,vy)}syer (Where
(—, —) denotes the associated bilinear form of ()) and Im(Q) to be the
submodule generated by {Q(z)}.er. Notice that since 2Q(x) = (z, ),
we have 2 - Im(Q) C Im((,)).

LEMMA 11.2.

(11.2.1) Suppose that 2 - Im(Q) = Im((,)), and that Q(x) generates
Im(Q). Then the submodule of L generated by x splits as an
orthogonal direct summand of L.

(11.2.2) Suppose that 2 - Im(Q) # Im((,)), and that (x,y) generates
Im({,)). Then the submodule of L generated by x and y splits
as an orthogonal direct summand of L.

Proor. (11.2.1) (z,x) = 2Q(z) must generate Im((,)). Thus, for
any z € L, we may write (z,z) = a,(z,z) for some o, € L. But then

z = (2 — a,x) + a,z and 2z — a,x lies in . Tt follows that the
submodule of L generated by x splits as an orthogonal direct summand
of L.

(11.2.2) Let m be a uniformizing parameter for R. Since 2-Im(Q) #
Im((,)), there exist £ and n € R such that 2Q(z) = (z,z) = 7&(z,y),
and 2Q(y) = (y,y) = mn{x,y). (7 divides each coefficient since 2-Im(Q)



11. QUADRATIC FORMS OVER A DISCRETE VALUATION RING 73

is a proper submodule of Im({,)).) Then u =1 — 7%¢n is a unit in R.
Now for any z € L, there exist «,, 3, € R such that (z,z) = a.(z,y)
and (z,y) = B.(z,y). We can write

z=[z+ut(mna, — B.)r +u T (7€B, — a.)y]+

u B, — o) + u (o, — 7€B.)y. An easy computation shows
that

z+ut(ma, — B.)xr + u (7B, — a.)y is orthogonal to both x
and y. Thus, the submodule of L generated by x and y splits as an
orthogonal direct summand of L. Q.E.D.

LEMMA 11.3. Suppose that R is a discrete valuation ring, that F
15 a quasi-principal R-module, that () : L — F s a quadratic form,
and that L s generated by x and y but cannot be generated by a single
element. Then L is indecomposable if and only if 2 - Im(Q) # Im((,)).
Moreover, in this case Im((,)) is generated by (x,y).

Proor. If 2 - Im(Q) = Im((,)), then there is some z in L such
that Q(z) generates Im(Q). By lemma (11.2)(i), the submodule of L
generated by z (which is a proper submodule by assumption) splits as
an orthogonal direct summand, so that L is decomposable.

Conversely, suppose that L is decomposable. Since the minimum
number of generators of a finitely generated R-module is an invariant
of the module which is additive under direct sum, we must have L =
Ly @& Lo, where L; and L, are cyclic. But then if z and w are the
corresponding generator, Im((,)) is generated by 2Q(z), 2Q(w), and
(z,w) = 0. Thus, Im((,)) is generated by 2Q(z) and 2Q(w) alone, and
so coincides with 2 - Im(Q).

To see the last statement, note that if 2 - Im(Q) # Im((,)), then
Im((,)) is generated by 2Q(x), 2Q(y), and (x,y). Now one of these
three quantities must generate the module Im((, )). It cannot be either
of the first two (by our assumption); thus, (x,y) generates Im((,)), as
claimed. Q.E.D.

As a consequence of lemmas (11.2) and (11.3) we get

PROPOSITION 11.4. Let R be a discrete valuation ring, let L be a
finitely generated R-module, let F' be a quasi-principal R-module, and
let QQ : L — F be a quadratic form. Then there is an orthogonal direct
sum decomposition into indecomposable pieces L = Ly & --- @ Ly such
that rank(L;) = 1 or 2 for each i. Moreover, if 2 is a unit in R, then
rank(L;) =1 for each i.

PRrROOF. Let {z;} is a finite generating set for L. Then {(x;, z;)} is
a finite generating set for Im((, )). Moreover, since
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Q- aixi) = > a?Q(x:) + Y aai{w;, x;), we see that Im(Q) is con-
tained in the submodule generated by {Q(x;)} and {(z;,z;)}, so that
it is finitely generated as well.

If 2. Im(Q) = Im((,)) (which must be the case when 2 is a unit in
R), there exists some x such that Q(x) generates Im(Q). By lemma
(11.2), the submodule of L generated by x splits as an orthogonal direct
summand of L. If on the other hand 2 - Im(Q) # Im((,)), there exist
x and y such that (z,y) generates Im((,)). Again using lemma (11.2),
the submodule of L generated by x and y splits as an orthogonal direct
summand of L. By lemma (11.3), this summand is indecomposable.
An easy induction on the rank of L now finishes the argument. Q.E.D.

Since R and K /R are both quasi-principal R-modules, we get an
immediate corollary.

COROLLARY 11.5. Let R be a discrete valuation ring.

(11.5.1) If Q : L — R is a nondegenerate quadratic R-module, then
there is an orthogonal direct sum decomposition into indecom-
posable pieces L = Ly & --- @& Ly, such that rank(L;) =1 or 2
for each i. Moreover, if 2 is a unit in R, then rank(L;) = 1
for each 1.

(11.5.2) If ¢ : G — K/R is a nondegenerate finitely generated torsion
quadratic form over R, there is an orthogonal direct sum de-
composition into indecomposable pieces G = G1®- - - DGy, such
that £(G;) =1 or 2 for each i. Moreover, if 2 is a unit in R,
then £(G;) =1 for each i.

Notice that in the case of torsion quadratic forms, each G; is ho-
mogeneous (since there is always a decomposition into homogeneous
pieces).

We can give a further refinement of these decompositions which
makes them compatible with the discriminant-form construction.

PROPOSITION 11.6. Let R be a discrete valuation ring, let Q) : L —
R be a nondegenerate quadratic R-module, and let q;, : G, — K/R be
the discriminant-form of L. Suppose we are given an orthogonal direct
sum decomposition

Gr =2 G1® -+ @ Gy where each G; is indecomposable (so that in
particular, ((G;) < 2 and if 2 is a unit in R then ((G;) = 1). Then
there exists an orthogonal direct sum decomposition into indecompos-
able pieces

LELi® @& Ly® M- & M, such that rank(L;) = ((G}),
the natural map induces an isomorphism G, = G;, and each M; is
unimodular of rank at most 2 (rank 1 if 2 is a unit).
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PROOF. By induction on the rank, it suffices to show that we may
split off one L; or M; of the appropriate type.

Suppose first that there exist z,y € L such that (z,y) is a unit in
R. By lemma (11.2), either 2 - Im(Q) # Im((,)) and = and y generate
a submodule of L which splits as an orthogonal direct summand, or
2 - Im(Q) = Im((,)). In the first case, we may take M; to be the
submodule generated by z and y, since this is clearly unimodular. In
the second case, 2 must be a unit in R, and there exists some z with
Q(z) a unit; we may take M; to be the submodule generated by z in
this case.

Thus, we may assume that Im((,)) # R. Let 7 be a uniformizing
parameter for R, and let 7™ generate Im((,)) with m > 1. We claim
that the first invariant of G, is 7. For suppose that & is part of an
ordered basis of G and has annihilator (7") with n < m — 1. Let
77"z be a representative of £ in L¥. Then for all z € L, (z,2) = 7"«
with @ € R, so that (77" !z, z) = 7™ " la € R; this implies that
7"z € L¥. But then if n is the image of 77" 'z in G, we have
¢ = 7, a contradiction. Thus, 7™ divides the first invariant of G.
On the other hand, if we choose z,y € L such that (z,y) = 7™, then
the image of 7~™z in Gy, has annihilator (7™), and cannot be divided
by 7 in Gp. (For if it could, then for some z € L we would have
7y 47l € L#. But then (m™ o +r7 1tz y) = m7 1 (1+(2,y)) €
R. Since 7™ divides (z,y), this is impossible). Thus, 7~™z may be
taken as the first element of an ordered basis of Gy.

Thus, there exists some G; whose first invariant is 7. (The second
invariant, if it has one, is also 7™, since G; is homogenous.) Let £ (resp.
¢, n) be an ordered basis for G;, and let 7=z (resp. 7~ ™z and 7 "y)
be a lift of the basis to L#. In the rank one case, nondegeneracy implies
that ¢(¢) = (1/2)m~™ - u for some unit u. Thus, Q(x) = 7°"q(£) =
(1/2)7™-u mod 7?™. In the rank two case, since 2 - Im(Q) # Im((,)),
nondegeneracy implies that (£,n) = 7= - u for some unit v and that
7™q(€) and m™q(n) are both divisible by 7. Thus, (z,y) = 7*™(£,n) =
7™-u mod 7™, while Q(z) and Q(y) are both divisible by 7!. So in
either case, we may take L; to be the submodule generated by z (resp.
x and y); this is an orthogonal direct summand by lemma (11.2).

Q.E.D.






CHAPTER III

Gauss Sums and the Signature

1. Gauss sum invariants for finite quadratic forms

Let (G, q) be a finite quadratic form. The Gauss sum invariant (or
Gauss invariant) of the form is the map

ve : Homyz(Q/Z,Q/Z) — C
defined by
Yalp) = |GI7*> " exp(2mip(q())).

zeCG
(We occasionally denote this by (g, or 7, rather than v¢.)

Note that the value of y5(¢) depends only on the restriction of ¢
to the submodule of Q/Z generated by the image of ¢, so that there
are only a finite number of distinct values taken on by vg(¢). These
values can all be found by taking ¢ to be one of the homomorphisms
©n which multiplies any element of Q/Z by N; the resulting value
va(pn) will be denoted by ().

Note also that v, (®) = V(Geeq) (1), so that all values of v q)
can be found by varying the quadratic form on GG, and computing the
corresponding sums with ¢ = .

We now investigate how the Gauss invariant behaves with respect
to various operations on finite quadratic forms.

1
LEMMA 1.1. If G = H @ K, then vo(¢) = vu(@)vx (@) for all .

ProoOF. This is just a computation:
Yalp) = |GI7V2) " exp(2mip(q(x)))

= |G > exp(2mip(q(y) + q(2)))
= [H[VY " exp(2mip(q(y))) - | K7D exp(2mip(q(2)))
= vu(p)1x(p)

Q.E.D.

7
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LEMMA 1.2. Let (G, q) be a finite quadratic form, and let H be a to-
tally isotropic subgroup of G. Then~g(1) = |H|"?|G/H* |72y 4 (1).

PROOF. Let x1,...,x,, be a complete set of representatives for the
cosets of G/H, where m = |G/H|. Then

vo(l) = |GV ) exp(2mig(x; + y))

z; yeH

= |G exp(2milg(w;) + (x5, 9)))

z; yeH

= |G|V " exp(2mig(x;)) Y exp(2mifz;, y))

z; yeH

Now Ad,(z;) defines a homomorphism from H to Q/Z; let k be the
order of the image. If this homomorphism is trivial (which is the case
exactly when x; € H*), then Y7 _, exp(27i(z;,y)) = [H|. Otherwise,
> yen €Xp(2miz;,y)) is the sum all the k'™ roots of unity, each counted
|H|/k times; the sum is therefore 0. Thus,

va(1) = [GI7V2H| ) exp(2rig(;))

QSJ'EI{l

= |H["AG/H[TPIHY JH[TY Y exp(2rig(a;))
ijHJ‘

= [H["G/HH ™ 2y 0 (D).
Q.E.D.
Since |H| = |G/H*| when (G, q) is nondegenerate, we get:

COROLLARY 1.3. Let (G,q) be a nondegenerate finite quadratic
form, and let H be a totally isotropic subgroup. Then~ya(1) = vu1/m(1).

Recall that the kernel of a finite quadratic form (G, ¢) is Ker(G) =
Ker(Ad,), and the ¢-radical of (G, q) is

Rad,(G) = {z € Ker(G)|q(x) =0 mod Z}.
Note that g|ker(c) is Z-linear, with values in 37Z/Z.

COROLLARY 1.4. Let G = G/Rad,(G), and let q be the induced
quadratic form on G. Then yG.q () = ]Radq(G)ll/Q’y(@vq)(gp).
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PROOF. Rad,(G) is an isotropic subgroup for (G, poq), and Rad,(G)* =
G, so

Ve (P) = VGwon(1)
= | Rady(G)"*¥(Gpoq) (1)
= |Radq(G)|1/2’7(G,q)(90)-
Q.E.D.

LEmMMA 1.5. Let (G,q) be a finite quadratic form. If Ker(G) #
Rad,(G), then v¢(1) = 0.

PROOF. By corollary (1.4), it suffices to prove the statement in
the case in which the g¢-radical is trivial. In this case, the kernel is
nontrivial, and so Ker(G) = Z/FZ; let = be a generator of Ker(G).
If © = 2y for some y € G, then q(z) = 4q(y) = 2{y,y) = 2y,y) =
(x,y) € Z. Hence, z € Rad,(G), a contradiction.

Thus, x is not divisible by 2 in G, so there is a direct sum de-
composition (as finite groups) G = Ker(G) @ Gy. This is clearly an
orthogonal direct sum decomposition, so it suffices by lemma (1.1) to
show that Yker()(1) = 0. But

Yrer(c) (1) = 2712 (exp(2miq(0)) + exp(2mig(z)))
— 2—1/2<62m' +€27ri/2)
= 0.
QED.

We now apply these results to take a first step in computing the
Gauss invariants of finite quadratic forms.

PROPOSITION 1.6. Let p be prime, and u be relatively prime to p.
Then yws k(peu) takes the following values:

(1.6.1) p*/2, if ¢ > k

(1.6.2) p*/?, if ¢ =k and p > 2

(1.6.3) 0, if t =k and p = 2

(1.6.4) PZ/Q%;}}:_Z(D’ if € <k, where e = x(a).

PROOF. Recall that wy,, = 27, where € = x(a mod p*) if p is odd,
and ¢ = y(a mod 281 if p = 2. Let (G, q) denote this form Zy. e
is a generator for G, then the annihilator of e is (p*), and the form is
given by q(re) = r?a/2p".

The Gauss invariant in question, which we shall denote by 7, is best
computed by using the form ¢ on G defined by q(x) = p‘u - ¢(z). (For
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then v = v¢7(1).) Since (re,e)z = p‘u - ra/p*, we see that Ker(q) is
generated by p*~‘e if £ < k, and Ker(q) = G if £ > k. In fact, if £ > k,
then Rad,(§) = G as well, so that by corollary (1.4), v = |G|*/2 = p*/2,
as claimed.

Thus, we may assume that ¢ < k. Now g(p*~*e) = p**au/2. Thus,
if £ < korp> 2 p~e generates Rad,(q) as well as Ker(q). In this
case, the induced form ¢ on G = G/Rad,(q) is nondegenerate and
satisfies q(re) = r2au/2p*~%; thus, (G, q) = Zy .. 1t then follows from
corollary (1.4) that v = | Radg(q)|"/?-yzan_, (1) = p*/?-~.eu_ (1), proving
the formula in this case. ’ ’

Finally, in the case ¢ = k, p = 2, we have that Ker(q) # Rad,(q).
By lemma (1.5), v = 0. Q.E.D.

PROPOSITION 1.7. Let € be a 2-adic unit.

(1.7.1) vy, (2%) = 2% for £ > k, and ,,(2%) = 2° - ~,,_,(¢) for £ < k.
(1.7.2) v, (2%) = 2% for £ > k, and 7,,(2%) = 2° - v,,_,(€) for £ < k.

The proof is similar to that of proposition (1.6), and is left to the
reader.

2. Gauss Sums

In order to finish the computation of the Gauss invariants of the
finite quadratic forms wy ;, ug, and v, we need to study the properties

of Gauss sums. Let a and ¢ be relatively prime integers such that 2|af.
Define the Gauss sum S(a,?) by

l¢]-1
S(a, 0) = (|71 " exp(wiaz® /).

=0
Note that S(a, £) = v.2(1), where (zf, q) is the quadratic form on Z/(Z
defined in section 7 of chapter I; in particular, the terms in the sum
only depend on x mod ¢. Clearly, the sum S(a,f) only depends on
a mod 2¢. Moreover, S(—a,—¢) = S(a,l).

The first properties of this sum follow directly from our analysis in

section 1.

COROLLARY 2.1.
(2.1.1) Ifa, £, and m are relatively prime and 2|alm, then
S(a,tm) = S(al,m)S(am,?).
(2.1.2) If p is an odd prime and r > 2, or if p = 2 and r > 3, then
S(a,p”) = S(a,p"?).
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PRroOOF. The first property follows from the direct sum decomposi-
tion 28, = 2@ 2¢™ and the second comes from the fact that if z is a
generator for zj., then y = p" "Lz generates a totally isotropic subgroup
H,and H+/H = Zpa Q.E.D.

There are a few additional elementary properties of Gauss sums.
(We extend the definition of the Legendre symbol (%) to all odd integers
a by exploiting the fact that its value only depends on a mod 8; note
that we then have (£) = (2).)

LEMMA 2.2

(2.2.1) S(a,1) =1,5(a,2) = (1 +1i%)/v2 = (2) exp(mia/4), and
S(a,4) = exp(mia/4).

(2.2.2) If p is an odd prime, then S(2b,p) = (%) S(2,p), where (—)
denotes the Legendre symbol.

PRrOOF. (2.2.1) follows from a direct computation, together with
the formula (1 4 i%)/v/2 = (2) exp(mia/4), which is easy to verify. To

prove (2.2.2), consider first the case in which b = j2 is a square modp.
Then

p—1
S(2b,p) = > exp(2mij’a®/p)
x=0

p—1
= Z exp(2miy? /p)
y=0

= S_(2,p),

proving the formula in this case.
On the other hand, if 2b is not a square modp, then

VP-S@bp)—1=2. Y TP

(non-residues k)

while

VP-S(2,p)—1=2- > PP,
(non-zero residues k)
Thus, \/p-S(2b,p) —1+,/p-S(2,p) — 1 = twice the sum of all primitive
p roots of unity, and so equals —2. Hence, S(2b,p) + S(2,p) = 0.

Q.E.D.

It remains to compute S(2,p) for odd primes p; to do this, we
establish a general reciprocity property for Gauss sums.
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PROPOSITION 2.3. S(a,l) = S(—{,a) exp(mic /4), where o = al/|al| €
{1,-1}.

PRrROOF. Since S(—a,—{) = S(a, (), we may assume without loss of
generality that ¢ > 0. Let

(1) = Y exp(TLEEY)

k=0

and Fourier expand. If

by = /0 () exp(@mint)dt,

then
F(£) = by exp(—2mint)
and
S(a, ) = 0|72 £(0) = (|72 3 b,
Now

a(t + k)?

/-1 1
b, = 2mi(————— t))dt.
kZ:O/O exp(2mi( 57 + nt))
Complete the square:

a(t+k>2+nt— a(t—l—k—k%e)z —nk—n%

2/ 2 2

Making the substitution s = ¢ + k + nf/a, and using the fact that
exp(2mi(—nk)) = 1, we get

_in2e L pRr F 2
b, = exp( T ) / exp(mzs )ds.

a 0
k=0 Y k1%

Now if n = am + r, then (am + r)?(/a = r?(/a mod 2Z. Thus,

. l—1 4 .
—7TZ7"2£ k+ml+1+ P 7TZCL82
bam4r = exp( )

k

exp( 7 )ds.

£
k=0 ¥ k+ml+ T

Hence,

> —mir?l, [ mias?
Z bam+r = exp( - )/ exp( 7 )ds.

m=—0oQ
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1/2

If we make the substitution y = |a/¢|'/?s, then as?/{ = oy?, where

o = al/|all; setting

I, = / exp(mioy®)dy,

o0

we find

= —mir?l 4
Z bam—i—T = eXp( a )|a|1/2]a

m=—0oQ

Thus,

la]-1 oo

S(a, ) = 17237 bamer

r=0 n=—o0

la]—1

= |a|7¥2 Z exp(—mir®l/a)l,
r=0

= S(—¢(,a)l,.

We still need to evaluate the integrals I, for 0 = 1 and 0 = —1.
But using the property already established together with Lemma (2.2)
we find:

I, = S(0,2)/5(~2,0) = S(0,2)/S(~20, 1)
= S(0,2) = <§) exp(mio/4) = exp(mwio/4).
Q.E.D.
COROLLARY 2.4. If p is odd, then S(2,p) = (%) exp(mi(1 —p)/4).
PRrOOF.
5(2,p) = S(=p,2)exp(mi/4)
= () eptmit-p)ayexpimifa)

_ (%) exp(mi(1 — p)/4).
Q.E.D.

These properties together allow the computation of S(a, ) in gen-
eral; we record here the results when ¢ is a prime power.

COROLLARY 2.5.
(2.5.1) If p is an odd prime, b is relatively prime to p, and r > 1, then

S(26,p7) = (2)" (exp(mi(L — p)/4))""
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(2.5.2) If a is odd and r > 1, then
S(a,2") = (2)" exp(mia/4).
PROOF. (2.5.1) By corollary (2.1) and lemma (2.2), if r is even then
S(2b,p") = S(2b,1) = 1, while if 7 is odd then
S(2b,p") = S(2b,p)

(s
_ (g) | (%) exp(ri(l — p)/4)

_ (%’) exp(mi(l — p)/4),

where we have used corollary (2.4) to find the value of S(2,p). Since
(%) € {£1}, exp(mi(l — p)/4) € {£1,+i}, and 2 = 0 mod 4 for r
even while 2 = 1 mod 4 for r odd, the formula follows.

(2.5.1) By corollary (2.1) and lemma (2.2), if r is even then S(a, 2") =
S(a,4) = exp(mia/4), while if r is odd then S(a,2") = S(a,2) =
(2)-exp(mia/4). Again since (2) € {£1}, the formula follows. Q.E.D.

We can now finish the computation of the Gauss invariants of the

finite quadratic forms wy ., ug, and vg. From proposition (1.6) and
corollary (2.5) we get:

COROLLARY 2.6.
(2.6.1) If p is odd, then yue , (p‘u) = p*'2 for £ >k, and

k—t )
Yz, () = 2 2 (2) (exp(mi(1 = p)/4) 0" for
<k
(2.6.2) If p =2, then
Yo, (2u) = 212 for 0 > k,
Yug, (2°u) = 0 for £ =k, and
Yot k(2£u) = 20/2. (%)kié (%)k% exp(micu/4) for £ < k.
ProoF. This is clear. Q.E.D.

As the final step in our computation, we prove:

PROPOSITION 2.7. Let € be a 2-adic unit. Then 7, (¢) =1 for all
k, while v, (g) = (—=1)*.

PROOF. First note that by corollary (I1.7.7), multiplying all values
of the quadratic form u, or v, by a fixed unit does not change the
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isomorphism type of the form; thus for € a unit, 7, (¢) = 74, (1) and
’Yvk (6) = ’)/vk(l)

To compute 7, (1), let = and y be the standard generators, and
consider the subgroup H generated by x. H is an isotropic subgroup;
moreover, since (x, azx +by) = b/2%, H+ = H. Thus, by corollary (1.3),
Yur (1) = vr2 (1) = 1.

To compute v, (1), we use the example in Section (I1.10). It was
shown there that there exists a totally isotropic subspace H for the

form (G, q) = wy 4, GLS wj .,y such that H+-/H is isomorphic to vj.
Again using corollary (1.3), we see that v, (1) = 'ywikﬂ(l) -'yw;kﬂ(l).
By corollary (2.6), we find
Yo (1) = (2 exp(mifa) - (2)" exp(3mi/4) = (~1)F.  QE.D.
Combining this with proposition (1.7), we get:

COROLLARY 2.8.
(2.8.1) v, (2%) = 2% for £ >k, and

Yo, (2%) = 2° for € < k.
(2.8.2) 4y, (2%) = 2% for ¢ > k, and
Yo, (206) = 28 (=1)*F for € < k.

3. Signature invariants for torsion quadratic forms over Z,

LEMMA 3.1. Let (G,q) be a nondegenerate torsion quadratic form
over Z,, let ry be the length of the homogeneous piece of G with scale

pt, and define
plO)=> jri+y Lo

j<e >

Then vq(p?) /p? D72 is either 0, or an eighth root of unity.

PROOF. Since the quantity y¢(p)/p”?/? is multiplicative under
direct sums, it suffices to verify this for the standard forms wy ., g,
and v. In the case of wy ., p(f) = k if k < ¢, and p(¢) = £ if k > (;
the statement follows from corollary (2.6). In the case of uy or vy,
p(l) = 2k if kK < ¢, and p(¢) = 20 is k > {; this time the statement

follows from Corollary (2.8). Q.E.D.

DEFINITION 3.2. The (" signature invariant of a nondegenerate
torsion quadratic form (G, q) over Z, is the quantity

oi(G) = va (") /p"92,

which, as we have seen, is multiplicative under direct sum and takes
values in {0, e™/4}.
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(Ga Q) UK(G)
<k (=k[(>Fk
k—Cleven| k—{odd

wy ., p odd et Dexp(mi(l1—p)(k —0)2/4) | 1 1
wl . podd 1 (—i)P-D/72 1 1
wp_i, p odd 1 — (=)~ 1)/2 1 1
w3, (%) =0 exp(mie/4) 0 1
Wy exp(mi/4) exp(mi/4) 0 1
w3 exp(3mi/4) exp(7mi/4) 0 1
w3 exp(5mi/4) exp(mi/4) 0 1
wy ), exp(7mi/4) exp(7mi/4) 0 1
uk 1 1 1 1
" 1 1 1 1

TABLE 3.1. signature invariants of the standard torsion
quadratic forms

Corollaries (2.6) and (2.8) provide a computation of the signature
invariants for the standard forms wy ,, ux, and vy; we present the results
in Table (3.1).

4. The discriminant and the Gauss invariant

In this section, we will show how the discriminant and mod-8 discri-
minant are related to the Gauss invariant for nondegenerate quadratic
forms on finite abelian 2-groups. Our method is to use the decom-
position into indecomposable pieces whose existence is guaranteed by
Corollary (II1.11.5), and then to compute explicitly with those pieces.
Unfortunately, we do not know direct proofs of the relations we find.

PROPOSITION 4.1. Let (G, q) be a nondegenerate torsion quadratic
form over Zy, let r = length(G), let A = |G|, and let 6 = A-disc(G, q)

be the unit part of the discriminant. Then

(_71) =i " ye(1)?

Notice that ¢ is well-defined mod 4 (at least), so that () is
always well-defined.

PROOF. As remarked above, since both sides of this formula are
multiplicative under orthogonal direct sum, it suffices to prove the for-
mula for indecomposable forms of ranks one and two. By Example
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(I.7.9) and Lemma (I1.7.6), each such form must be isomorphic to one
of the basic forms w3, ug, and vy.

If (G,q) = w5, then § = ¢ mod 4, while y¢(1)* = (%)Qk exp(2mie/4) =
exp(mie/2) = i - (=), verifying the formula in this case. (The last
equality, which holds for any odd ¢, is easy to check.)

If (G,q) = ug or vg, then § = 3 mod 4, while r = 2 and y5(1) =
+1. Since i 2-(£1)* = =1 = (F), the formula again follows. Q.E.D.

PROPOSITION 4.2. Let (G,q) be a good and special nondegenerate
torsion quadratic form over Zy, let r = length(Q), let 28 = exponent(G),
and let 6 = discg(G, q) be the mod-8 discriminant. Then for each ¢ with
0 </? <k, we have

2\ !
6@t =27 (3)
In particular,

(%) = 272 . 6(2) /7a(1).

Notice that v¢(1) is never zero for a nondegenerate form, so that
the right hand side of the equation is well-defined. It is also nonzero,
since 7¢(2) # 0 for a good and special form. Moreover, notice that (2)
only depends on § mod 8.

PROOF. It again suffices to verify this for the forms w§;, ug, and
Vg -

If (G,q) = w5, then k > 2 since it is good and special, and § = €
mod 8. We find that

162 16(1) = {2@/2 ~ (3) exp<m/4>} / { (2) exp(m'e/4>} _ o2 (3>

so the formula holds.
If (G, q) = ug, then § =7 mod 8, while 7 = 2 and v5(2%) /7¢(1) =
2t/1 =2t = 2¢. (%)Z If (G,q) = vy, then § =3 mod 8, while r = 2

and 16(2%) /(L) = 2 (~ 1)1/ (=1)F = 2. (~1) =2+ (2)". Q.E.D.

These two pieces of information about the discriminant can be com-
bined: it is easy to verify that for odd J mod 8 we have

exp(mid /4) = (%) {1 4 - (%1) } /212,

Thus, we get:
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COROLLARY 4.3. Let (G,q) be a good and special nondegenerate
torsion quadratic form over Zg, let r = length(G), and let 6 = discs(G, q)
be the mod-8 discriminant. Then

exp(mid/4) = 272 {1 40 46(1)%) - 96(2) /16(1).

These formulae may be more easily digestible when expressed in
terms of the signature invariants. The statement, whose proof we leave
to the reader, is given below; it follows either from the above state-
ments, or by a direct computation using Tables (3.1) and (I1.6.1).

PROPOSITION 4.4. Let (G,q) be a good and special nondegenerate
torsion quadratic form over Zy, let 2% = exponent(G), and let § =
discs(G, q) be the mod-8 discriminant. Then for each ¢ with 0 < { < k,
we have

04(G) [0o(G) = (%)g

Although we will not have an occasion to use it, we note here a
similar relation for the discriminant of a torsion quadratic forms over
Z, for p odd. The proof (which consists of checking the formula for
w; ;) is left to the reader.

PROPOSITION 4.5. Let (G, q) be a nondegenerate torsion quadratic
form over Z,, p odd, let r = length(G), let A = |G|, and let § =
A - disc(G, q) be the unit part of the discriminant. Then

<]é?> =p /2. exp(mi(1 —p)/4)™" - va(p) - va(1).

5. Milgram’s theorem: the signature

We now come to a fundamental result due to Milgram which re-
lates the signature of an integral quadratic form to its Gauss invariant.
First, some notation. If L is a nondegenerate integral quadratic form,
we define its Gauss invariant v, to be the Gauss invariant 7, of its
discriminant form Gi.

THEOREM 5.1. Let L be a nondegenerate integral quadratic form
with signature (sy,s_), and let s = s, —s_. Then vy (1) = exp(mwis/4)

PROOF. Let r be the rank of L. There exist elements x4, ..., 2, € L
which form a diagonal basis for the induced form on L ® Q. Let L, be
the Z-span of {x1,...,z,}. By the standard “overlattice” construction
(section 10 of chapter II), H = L/L; is an isotropic subspace in G, =
L¥ /Ly, and H+/H = Gy. By corollary (1.3), v,(1) = vz, (1).
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Since L and L; have the same signature, to prove the theorem it
suffices to prove it for L;; hence we are reduced to the case of a diagonal
form. Moreover, since the signature is additive and the Gauss invariant
is multiplicative under direct sum, it suffices to prove it for a form of
rank 1.

So suppose that L = (a) for some integer a. Then as shown in
section 7 of chapter II, G, & z3,. Moreover, the signature of L is (1,0)
if a > 0, and (0,1) if a < 0, so that s = a/|a|] € {£1}. Now by the
reciprocity property for Gauss sums,

vr(1) = S(1,2a) = S(—2a, 1) exp(mis/4) = exp(mwis/4).
Q.E.D.






CHAPTER 1V

Quadratic Forms over Z,

In this chapter, we will give a complete description of the isomor-
phism classes of nondegenerate quadratic Z,-modules, and of nonde-
generate torsion quadratic forms over Z,.

1. Indecomposable Forms of Ranks One and Two Over Z,

According to the decomposition proved in Section 11 of chapter II,
all nondegenerate quadratic Z,-modules and all nondegenerate torsion
quadratic forms over Z, can be built up (using direct sums) from in-
decomposable forms of ranks one and two. We discuss these forms
here.

In section 7 of Chapter I, we gave examples of indecomposable
nondegenerate quadratic forms on both free and torsion Z,-modules of
ranks 1 and 2. The basic quadratic Zj,-modules are the forms Wy,
(for £ > 0 if p is odd, and k& > 1 if p = 2), and when p = 2, Uy, and V},
for £ > 0 on free Z,-modules. The basic torsion forms are the forms
w; . (for & > 1 with any p) and when p = 2, w;, and v for £ > 1 on
torsion Z,-modules. The isomorphism classes for the forms of rank 1

are determined by p, €, and k; we recall the statement from examples
(I.7.1) and (1.7.9).

LEMMA 1.1.

(1.1.1) Every nondegenerate quadratic form on a free Z,-module of
rank one is isomorphic to one of the forms W . Moreover,
sk =W, if and only if e = and k = ¢.
(1.1.2) Every nondegenerate quadratic form on a cyclic torsion Z,-
module s 1somorphic to one of the forms wy . Moreover,
ws . = w) , if and only if either
(a) e=nand k=1, or
(b)) p=2,e=n mod4, andk=0¢=1.
We also proved in chapter I a characterization of the indecompos-
able quadratic Zs-modules (of rank two), and extended this to the

torsion case in chapter II. We recall the results (Lemma (1.7.7.3), and
Lemma (I1.7.6):

91
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PROPOSITION 1.2.

(1.2.1) Let (L,Q) be a nondegenerate indecomposable quadratic Z-
module of rank two. Then (L, Q) = Uy if and only if disc(L, Q)
228§ for some odd § with (3) = 1, while (L,Q) = V; if and
only if disc(L, Q) = 2%§ for some odd & with (%) =—1.

(1.2.2) Let (G, q) be a nondegenerate indecomposable torsion quadratic
form of rank two. (Note that (G,q) is necessarily good and
special.) Let 0 = discs(G, q). Then (G, q) = uy if and only if
(G, q) has scale 2% and (%) =1, while (G, q) = v if and only
if (G,q) has scale 2% and (3) = —1.

We can interpret these results in the following way. Let us define
Q\/ (resp. T\/, resp. g\/) to be the monoid of isomorphism classes

of nondegenerate quadratic Z,-modules (resp. nondegenerate torsion
quadratic forms over Z,, resp. good and special nondegenerate torsion
quadratic forms over Z,). (The operation in the monoid is direct sum.)
Then for p odd, Q\/ is generated by {ng for k > 0} and T\/ = g\/

is generated by {w;, for k > 1}, while for p = 2, Q¢ is generated by
{Uk—1, Vi1, W35, for k > 1}, Tc is generated by {uy, vy, w5, for k >
1}, and G is generated by {ug_1,ve_1, w5, for k > 2}.

We recall one more important propert}’f of these forms of ranks one

and two, which is a direct consequence of the computations in Lemmas
(I.9.4) and (1.9.5).

PROPOSITION 1.3. Let (L, Q) be one of the forms W, , Uy, or Vj.
Then the natural map O(L) — O(Gr)is surjective.

Next, we would like to offer the reader recognition criteria for decid-
ing, given a specific rank one or rank two quadratic Z,-module, how it
splits as a direct sum of the generators given above. This will become
useful in the proof of the relations among these forms.

We begin with the rank one case, which is no more than formalizing
the discussion following Example (1.7.1).

LEMMA 1.4. Fiz a prime p, and let Q(r) = up*r? define a quadratic
form on Z,, with v a unit mod p.
(1.4.1) If p is odd, then Q = W, where ¢ = (2—“)

p

(1.4.2) If p is 2, then Q = W3, ,,, where ¢ =u mod 8.

The rank two case (which we will only discuss for p = 2) is more
interesting. We begin with a decomposability criterion.
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LEMMA 1.5. Let Q(r,s) = 2¥(ar® 4 brs + cs*) be a quadratic form
on Z3, and assume that not all of a, b, and ¢ are even. Then Q is
nondegenerate if and only if b* # 4ac. In this case, Q splits into two

rank one forms if and only if b is even. If so, let d = ac — b*/4 and
write d = 2°d with d odd. Then

(1.5.1) If a is odd, then Q =2 Wg, 29 & W 7ot 8.
(1.5.2) If ¢ is odd, Q = Wy, 4% & Wi 7918

PROOF. The nondegeneracy statement is clear. Suppose first that
b is even. In case a is odd, let = (1,0) and y = (—b/2,a); they also
form a basis for Z3, and in this basis Q(rx + sy) = Q(r — sb/2,as) =
2% (a(r — sb/2)? +b(r — sb/2)(as) + c(as)?) = 28(ar? — abrs + ab®s? /4 +
abrs — ab?s? /2 + ca®s?) = 2% (ar? + (ca® — ab?/4)s?) = 2kar? + 2¥*+ads?.
This proves this case, and the other is the symmetric argument.

The converse is equivalent to proving that when the diagonal form
Q(r,s) = 2%(ar? + cs?) is re-written with any new basis for Z2, the
resulting form has an even coefficient for the rs term. We may assume
that a is odd. Let z = (o, 3),y = (7,0) be a new basis for Z2. Note
that then ad — (7 is odd. In terms of this basis, ) has the form

Q(rx + sy) = 2((aa® 4 ¢B*)r* + 2(aay + ¢B0)rs + (ay? + c6%)s?)

and it suffices for our statement to show that at least one of the coef-
ficients aa? + ¢3? or ay? + ¢6? is odd.

If a is odd and 3 is even, then aa? + ¢3? is odd since a is odd.
Assume « and (3 are both odd. Then since ad — F7 is odd, § — v must
be odd, so ¢ and v have opposite parity. If v is odd and 9 is even, then
ay? + c6? is odd. If 7 is even and ¢ is odd, then aa® + ¢f% = a + ¢
mod 2 and ay?+ ¢§? = ¢ mod 2, so since a is odd at least one of these
is odd.

Hence we may assume « is even. This implies that both § and ~ are
odd, since ad — 37 is odd. If § is even, then ay? + c¢d? is odd. Finally,
if § is odd, then aa® + ¢3? = ¢ mod 2 and ay? + ¢ = a + ¢ mod 2,
so since a is odd at least one of these is odd. Q.E.D.

The recognition of the indecomposable forms is now easy.

LEMMA 1.6. Let Q(r,s) = 2 (ar®+brs+cs®) be a quadratic form on
72, with b odd. Then Q is nondegenerate and indecomposable. More-
over,

Q = Uy, if ac is even, and

Q =V if ac is odd.
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PROOF. Since b is odd, b — 4ac is odd, so that Q is nondegenerate;
hence it is indecomposable by Lemma (1.5). Also, since b is odd, 251
does not divide all the values of @, but 2* clearly does; hence Q = U,
or Vi. Applying Lemma (1.7.7.1), we see that @) = Uy if and only if
there is an isotropic vector. An isotropic vector for () corresponds to a
root of the quadratic equation az?+bz+c = 0, so we see that Q = Uy, if
and only if b? — 4ac is a square, or, equivalently, if b> —4ac = 1 mod 8.
Since b is odd, > =1 mod 8, so b*> — 4ac =1 mod 8 if and only if ac
is even. Q.E.D.

Finally let us briefly mention without proofs the relevant state-
ments for inner product modules over Z,. Denote by Z, the monoid
of isomorphism classes of inner product Z,-modules. Then if p # 2,
we have Z,, = Q, since every bilinear form is even. However if p = 2,
then we have the odd rank one forms W5 y; indeed, Z; is generated by
{Uk, Vk?W2€,k for k > 0}

2. Quadratic Forms over Z,, p odd

When p is odd, the relations which hold among the generators W
of the monoid @ of isomorphism classes of nondegenerate quadratic

Z,-modules (as well as the relations in the torsion cases T\/ and Q\/)

are quite easy to describe.

LEMMA 2.1. Let p be an odd prime.

(2.1.1) For all k > 0, there is an isomorphism of nondegenerate qua-
dratic Z,-modules
-1 1 ~ 7/l 1
W @W e EW,, &W, .
(2.1.2) For all k > 1, there is an isomorphism of torsion quadratic
forms over Z,

-1 -1~ .1 1
Wy k 82 Wy = Wpk © W k-

PRrROOF. Discriminant-forms allow the second statement to be de-
duced from the first, so we will only address the first. Choose a basis
{z,y} for W), @W) , with Q(rz+sy) = p*(r’+s)/2. The squares mod
p are not closed under addition; find two integers m and n, relatively
prime to p, such that j = m?+n? is not a square, and is still relatively
prime to p. Let 2’ = mx+ny and ¢y = —nz+my. Then {2/, y'} is also
a basis for the free rank 2 module, and Q(rz’ + sy') = p*(r2j + s%5) /2.
Thus the form is also isomorphic to VVp_’k1 & Wp_,kl. Q.E.D.
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As we will see below, the relations listed here generate all relations
among the generators of Q\/ (respectively ’Z}) for p odd. The first step

in establishing that fact is finding a normal form for quadratic forms
on p-groups.

DEFINITION 2.2. When p is odd, a decomposition of a quadratic
form (G, q) on a finite abelian p-group is in normal form if

(G, q) = P ((wp )" @ (w,1)*"*)
k>1

where m(k) < 1 for each k.

Given a normal form decomposition, we define
G(k) = (wh)*® © (wy )™,

LEMMA 2.3. Every nondegenerate quadratic form (G,q) on a finite
abelian p-group with p odd has a normal form decomposition.

1
p.k
or w, .- By using the isomorphism (2.1.2), we can easily guarantee that
each homogeneous piece of the decomposition contains at most 1 term

of type wp_’,i. Q.E.D.

PROOF. (G, q) can be written as a sum of terms isomorphic to w

It remains to show that we actually have a normal form, i.e., that
the normal form is unique.

PROPOSITION 2.4. If p us odd, a nondegenerate torsion quadratic
form on a finite abelian p-group has a unique normal form decomposi-
tion.

PROOF. Let (G, q) be such a form, and suppose that
(G 9) = P ((w, )P @ (w, 1))

k>1

is a normal form decomposition, i.e., the exponents m(k) ar either
0 or 1 for each k. Our task is to show that the n(k)'s and m(k)'s
are determined. Let (G, (,)) be the associated bilinear form to (G, q).
Applying the functor p, x, (section I1.2) to (G, (, )) gives a nondegenerate
bilinear form on a homogeneous p-group of scale p, and by Lemma
(I1.2.7), this biliinear form is
Pp,k(G) _ (U_);,l)@n(k) ® (U_J;j)@m(k).

Let r(k) = n(k) +m(k) be the rank of this form over Z/p; the order of
ppi(G) is A = p"®). The discriminant of this form takes values in the
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two-element set

1
SD(R/p) = {77,y V)

(where u is a non-square mod p). From the computations given in

Table (I1.3.2),

| k) if m(k) =0
B D rm
disc(pyi(G)) = { p W if m(k) =1

Therefore the discriminants of these associated bilinear forms deter-
mine m(k); since the ranks r(k) are also determined, the exponents
n(k) are invariants and the normal form is unique. Q.E.D.

Since the normal form is unique, and the construction of the normal
form uses the relations of Lemma (2.1.2) only, it immediately follows
that there are no other relations:

COROLLARY 2.5. If p is odd, the relations listed in Lemma (2.1.2)
among the generators of T\/ (p odd) generate all the relations.

We now deduce normal forms for decompositions of nondegenerate
quadratic Z,-modules into rank one summands from the corresponding
results for p-torsion quadratic forms. We use the discriminant-form
construction, which provides a natural map d: @ — 7 assigning the

isomorphism class of a quadratic Z,-module to that of its discriminant-
form. Unfortunately, this map d fails to be an isomorphism, because of
the existence of the unimodular forms Wy ,. However, this is the only
essential difference between the two monoids.

We begin by making the analogous definition of normal form for
the quadratic Z,-modules.

DEFINITION 2.6. If p is odd, a decomposition of a quadratic Z,-
module (L, Q) is in normal form if

(1.Q) = VL)) & (W, 1))
k>0
where m(k) <1 for each k.

PROPOSITION 2.7. If p is odd, every quadratic Z,-module (L, (Q))
has a unique normal form decomposition.

PROOF. The same argument as was used in the proof of Lemma
(2.3) shows that normal forms exist. To check the uniqueness, suppose

that
(L,Q) = (W, )W @ (W, 1o )

k>0
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(where m(k) < 1 for each k), is a normal form decomposition for a
quadratic Z,-module (L, Q). Applying the discriminant-form functor
d, we obtain the torsion form (G, ¢), and a normal form decomposition

(G.q) = P ((w) )" @ (w, 1) *)
k>1

and thus by the uniqueness of normal forms for the torsion forms, we
have that the exponents n(k) and m(k) for £ > 1 are all determined.
It only remains to show that n(0) and m(0) are also determined. Their
sum is determined by the rank of L, and so both are determined by
either. Finally, the discriminant of L detects m(0). Q.E.D.

A series of corollaries can now be immediately deduced.

COROLLARY 2.8. If p is odd, the relations listed in Lemma (2.1.1)
among the generators of Q\/ generate all the relations.

COROLLARY 2.9. If p is odd, let QE;O) be the sub-monoid of Q\/
generated by the forms Wy, with k > 1. Then the map d : Qi;O) — T\/

s an isomorphism of monoids.

PROOF. Let F be the free monoid on the generators {w; , for k >
1} of T\/, and define a map e : F — Q) as follows: e(ws,) = WE,.

Each relation among the generators of 7 maps under e to a valid
relation among the generators of QSO); thus e descends to a map e :

T J — Q) which provides an inverse for d. Q.E.D.
v

COROLLARY 2.10. Let p be an odd prime.

(2.10.1) Given any torsion quadratic form (G,q) over Z, there is a
unique quadratic Z,-module L(q) (up to isomorphism) such
that rank(L(q)) = ¢(G) and the discriminant-form of L(q) is
isomorphic to (G, q).

(2.10.2) If L is any quadratic Z,-module whose discriminant-form is
isomorphic to (G,q), then there is a unique unimodular qua-
dratic Z,-module M such that L = M & L(q).

(2.10.3) disc(L(q)) - disc(q) = 1.

PROOF. L(q) is simply the pre-image in Q) of (G, q): if we write
v

q as a direct sum of wy ,’s, then L(q) is isomorphic to the corresponding
direct sum of W ,’s. This proves the first statement, and the second
follows easily from the uniqueness of the normal form.
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The third statement requires some explanation, since the two dis-
criminants lie in different groups. The discriminant of L(q) lies in
Z,/(U)* 2 N x {4}, and every element can be represented as p"u,
for some unit v in U,. If G has order p™, and scale d; = p*, then its
discriminant lies in p~™(Z/p*)*/((Z/p®)*)* = p~™{%1} and every ele-
ment here can be thought of as p~™v, for some unit v € (Z/p*)*. The
statement means that the p-parts of disc(L(q)) and disc(q) cancel, as
do the unit parts, both of which come from groups naturally identified
with {£11}.

The proof is now easy. Since both discriminants are multiplicative,
it suffices to prove it for the rank one forms, in which case it is clear.

Q.E.D.

COROLLARY 2.11. Ifp is odd, a nondegenerate quadratic Z,-module
15 determined up to isomorphism by its rank, discriminant, and discriminant-
form.

Proor. This follows from the argument given above in the proof
of Proposition 2.7. Q.E.D.

A natural question now arises: for which possible ranks, discrimi-
nants, and discriminant-forms does a quadratic Z,-module exist? The
answer when p is odd is not too difficult to arrive at; it is in fact a mild
restatement of Corollary 2.10.

PROPOSITION 2.12. Let p be an odd prime. Fiz an integer r, an
element d € Z, — {0} /U2, and a finite p-torsion quadratic form (G, q).
Then there exists a quadratic Z,-module L with rank(L) = r, disc(L) =
d, and (Gp,qr) = (G, q) if and only if:

(1) r > £(G),
(2) if d = p*u mod U2 with u € Uy, then |G| = p*, and
(3) if r = U(G) then x(d) = x(disc(q)).
Moreover, if so, then L is unique up to isomorphism.
PRroOF. Clearly the first condition that » > ¢(G) is necessary, as

is the second. The third condition follows by Corollary I1.8.7. To see
that these conditions are sufficient, decompose (G, ¢) into normal form

(G a) = P ((wy )" @ (w, "),

k>1

Set £ = ) ;51 (n(k) +m(k)) which is the length of G. Then the qua-
dratic Z,-module

(L Q) 7“— @ Wl @n(k (ijkl)@m(k))

k>1
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has the correct rank r and has discriminant-form (G, ¢). Moreover the
power of p occurring in disc(L) is the order |G| of the group G, and
hence by the second condition the power of p in disc(L) is the same
as the power of p in d. Therefore to finish we need only show that
x(disc(L)) = x(d). If r = £, this is guaranteed by the third condition
and Corollary I1.8.7. If » > ¢ and this is not the case, simply replace
one of the W), factors by a Wpfol factor, which does not spoil any of
the other conditions.

This proves the existence of L, and the uniqueness statement is
exactly Corollary 2.11. Q.E.D.

It is useful to express conditions (2) and (3) of the above Proposition
by saying that d - disc(q) is a unit, and is 1 if r = ¢, with the obvious
abuses of notation being understood.

We close this section with a statement concerning the lifting of
isometries.

THEOREM 2.13. Let p be an odd prime, and let Ly and Ly be two
nondegenerate quadratic Z,-modules such that rank(L;) = rank(Ls)
and disc(Ly) = disc(Lsy). Suppose that o : G, — Gr, is an isometry
between the discriminant forms of Ly and Lo. Then there exists an
isometry s : L1 — Lo inducing o.

PROOF. The assumptions imply, by Corollary (2.11), that L; and
Ly are isomorphic. Decompose G, into an (internal) orthogonal direct

sum of cyclic torsion forms wy ;; denote this by

GL1 = EBZU)Z(D
Now transport this decomposition to G, via the isomorphism o, and
denote this by

GL2 = @iw@).

Since o is an isometry, wgl) = wZ@) for each i. Now by Proposition
(I.11.6), both L; and Ly can be decomposed compatibly with their

discriminant-forms. Specifically, we have direct sum decompositions

Ly =M &@W" and L, = My & (P W

with M; and M5 unimodular, WY and W' rank one for each 7, and

7 (2
the natural inclusions inducing the obvious correspondence of discriminant-

forms.
Note that by the classification of rank one forms, since wz(l) = gp?)

for each i, the same is true for the W’s: Wi(l) = VVZ.(Q) for each i.
Therefore M; and M, are isomorphic, since they have the same rank
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and discriminant. Therefore the pieces of the decompositions of L
and Lo match up perfectly, and this allows us to define an isometry
s': L1 — Lg by identifying the pieces.

The isometry s’ induces an isometry o’ : G, — Gp,, which pre-
serves the decompositions. Therefore ¢’ and o differ only by automor-
phisms of the pieces: i.e., there is an automorphism 7 of G, which
preserves the decomposition, such that ¢ = ¢’ o 7. By Proposition
(1.3), the automorphism 7 lifts to an automorphism ¢ of Ly, and the
desired isometry from L; to Lo is then s = s’ o t. Q.E.D.

Applying the above with L; = Ly gives the following:
COROLLARY 2.14. If p is odd, and L is a nondegenerate quadratic
Zy,-module, then the natural map O(L) — O(Gr) is surjective.
3. Relations for Quadratic Forms over Z,

The relations which hold among the generators Wy, Uy, and Vj
of the monoid Q¢ of isomorphism classes of nondegenerate quadratic
Zs-modules (as well as the relations in the torsion cases 7¢c and G¢) are
rather complicated. We begin with the quadratic Zs-modules.

ProproSITION 3.1. The following relations hold among quadratic
Zo-modules.

(I) For k > 1,
Wil @ Wi = Wi © W3
(II) Let £ = (81,62,53), 81(§) = &1 + &9 + €3, and 82(§> = €169 +
g9e3 + e361. Then if sa(e) = 3, we have for k > 1
Wi @ Wi @ W = W e Vi
while if so(e) = 7, we have for k> 1
e, @ Wt @ Wi, = Wil® o U,
(III) For k >0,
U? =V,
(IV) Fork > 1,
Wiy, ® Uy 2= (W5,) @ Wy
and
Wie® Ve (W51
(V) If ey = g2 mod 4, then for k > 1,
Uy ® Wit © Wa = Vi@ Wi 2 @ Wi,
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(VI) For k > 2,
Wik ® Wi = W @ Wi,
(VII) Fork > 2,
Wip 1 @ Ux 2 W3i 1 & Vi
(VIII) Fork >1,
Up—1 @ W5y 2 Vi @ W55
(IX) If e; = ey mod 4, then for k > 2,
Wik @ Wii_ @ Wy 2 Wo T @ Wih @ W)
(X) Fork > 3,
Wihoo ® W5k = WEL, © Wi
It is worth remarking at the outset that the relations (II) and (IV)
are completely equivalent (each set of relations amounts to reading the
other set backwards, possibly using the relations (I)). We should also

remark that the relations listed here generate all relations among the
generators of Qc, as will be proved in Section 5.

PRrROOF. The verification of these relations is a long computation
of which we will not present every detail. The proof will be given by
assuming that the form presented on the left side of each relation is
a sum of the standard forms on ZZI)V given by the formulas of Table
(I.7.1), in the standard basis; our job will be to find a new basis which
exhibits the decomposition on the right side of the relation.

We abuse notation and view the quantities € for the rank one forms
as being defined mod 8 when appearing in the exponents of the rank one
form notation, but as being the corresponding units 1, 3, 5, or 7 in Zs
when appearing in other formulas. We repeatedly use the recognition
criteria given in Lemmas (1.5) and (1.6).

Let us present relation (I) in detail. Let W3} @ W53 have the stan-
dard basis, so that the quadratic form is given by Q(r, s) = 28~1(e1r? +
£25?). Let u = (1,2) and v = (2e9, —¢;). The pair {u,v} is also a basis
for Z2, and in this basis we have

Q(ru+sv) = Q(r(1,2) + s(2e2, —1)) = Q(7 + 2238, 2r — £15)
= 27 Mey(r + 2698) + £2(2r — £15)?)
= 267 ((e) 4 dey)r? + (deies 4 £96d)5?).

Since &1 + 4e3 = 5e; mod 8 and 4e,62 + £267 = Hey mod 8, this basis
realizes the decomposition Wy5! & W52
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For relation (II), it is useful to remark that if we write s3(g) =
£169¢3, then the identity s;(g)s3(e) = s2(e) holds, as a check of the
various cases verifies immediately. Assume that Q(r,s,t) = 28"1(e;r2+
£98% +e3t?), and let z = (1,1,1),y = (g2, —€1,0) and z = (3,0, —¢&).
Then {x,y, 2} is a new basis for Z3, and y and z are orthogonal to z.
Since Q(rz) = 27 1s,(g)r?, the span of z represents the form W;vlk(é).
Now Q(ry + sz) = Q(req + se3, —1ey, —se1) = 28 L(ei(rey + se3)? +
ea(—rer)? + e3(—se1)?) = 287 1((e163 + e98)r? + (2618083)rs + (6163 +
e3e7)s%). Note that the coefficients of r* and s* are even, so this can
be written as Q(ry +sz) = 2’“((%)7‘2 + (£18283) T8 + (%)52)
The middle coefficient is odd, so by Lemma (1.6), the span of {y,z}
is indecomposable, and we detect which form it is by the parity of
(51653626%)(6165253%). This quantity is exactly (s3+&7s1s3)/4; using the
identity mentioned above, this is equal to (s +&2s,)/4, and clearly its
parity is determined by the value of s3 + £2s, mod 8. Since squares
are all 1 mod 8, this equals 1 + s mod 8; hence the parity is even if
sp =7 mod 8 and is odd if s, =3 mod 8. This proves relation (II).

For relation (III), write Q(r, s,t,u) = 28(rs + tu), representing the
form UP?. Let 2 = (1,1,0,0), y = (0,1,1,1), z = (1,-1,-1,0), and
w = (1,-1,0,—1). The set {z,y,2,w} is a basis for Z3, and both z
and w are orthogonal to both x and y, giving an alternate splitting
of the form @. On the span of {z,y}, @ has the form Q(rz + sy) =
Q(r,r+s,s,5) = 28(r?> + rs+ %), which is exactly the form V},. On the
span of {z,w}, @ has the form Q(rz+sw) = Q(r+s, —r—s,—r, —s) =
25((r+s8)(—r —s) +1s) = 2¢(—r? — rs — s%), which also represents V.

As mentioned above, relation (IV) is simply (II) read backwards, so
we will move on to relation (V). Write Q(r, s,t,u) = 2F(rs)+2F"1 (e #>+
eu?). Let z = (1,1,0,0), y = (0,1,1,1), 2 = (—&1,¢1,1,0), and
w = (—€9,€2,0,1). Again the set {z,y,2,w} is a basis for Z3, and
both z and w are orthogonal to both x and y, giving an alternate
splitting of the form @. On the span of {z,y}, @ has the form Q(rz +
sy) = Q(r,r +s,s,s) =28(r* +rs+ (2322)s?). Under the assumption
that €1 = €9 mod 4, the quantity ¢, + €5 is always congruent to 2
mod 4, hence the coefficient of s? in the above is odd; by Lemma (1.6),
this represents the form Vj. On the span of {z,w}, @ has the form
Q(rz + sw) = Q(—e1r — egs,e17 + €98,7,8) = 2F71((=2e% + g1)r? —
(4e189)rs + (—2€3 + £9)s?), which we see decomposes by Lemma (1.5).

Using the notation of that Lemma, we have a = —2e2+¢e1, b= —4e, ey,
and ¢ = —2e% + &9; hence d = d = £169(1 — 261 — 2&3). Note that
a is odd, and a = ¢; — 2 mod 8. Since £; + &5 is congruent to 2

mod 4, 1 —2e; — 265 =5 mod 8, and ad = 5ey — 25165 mod 8. Since
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€1 = &y mod 4, e165 = 1 mod 4; hence ad = 5e5 — 2 mod 8. Since
be —2 =¢e+42 mod 8 for any ¢, the result follows from Lemma (1.5.1).

Relation (VI) is a bit easier. Represent the form by Q(r,s) =
2822 + 26 1eys? Let z = (1,1) and y = (—2ey,£1); x and y form
a new basis for Z2, and in this basis Q has the form Q(rz + sy) =
Q(r —2eys,7+e15) = 2872e) (r — 2695)? + 28 Ley(r +£15)%) = 287 2(e; +
2e9)7% + 2871 (g9e2 4 26122)s?%; since £962 + 26162 = g5 +2¢; mod 8, the
result follows.

For relation (VII), represent the form by Q(r, s, t) = 28~ 2er? + 2k st.
Let z = (1,1,1), y = (—2,¢,0), and z = (—2,0,¢); they form a new
basis for Z3, and both y and z are orthogonal to x. Since Q(rx) =
Q(r,r,r) = 28%(e + 4)r?, and since for any €, ¢ + 4 = 5¢ mod 8,
the span of x represents W25,2_1- On the span of {y,z}, @ has the
form Q(ry + sz) = Q(—2r — 2s,¢er,es) = 2" 2e(—2r — 25)% + 2Fe?rs =
28 (er? + (2¢ + €2)rs + es?), which by Lemma (1.6) represents V.

Relation (VIII) is similar; represent the form by Q(r, s,t) = 21 (rs+
et?). Let x = (2,2,1), y = (5,0,—1), and z = (0,&, —1); they form
a new basis for Z3, and both y and z are orthogonal to z. Since
Q(rz) = Q(2r,2r,r) = 2" ( + 4)r%, the span of z represents W35.
On the span of {y, z}, @ has the form Q(ry+ sz) = Q(er,es, —r—s) =
281 (2rs+e(—r—s)?) = 281 (er? +(2e+€%)rs+es?), which by Lemma
(1.6) represents Vj_.

For relation (IX), represent the form by Q(r,s,t) = 2F2er? +
2822552 + 287142 Let = (1,0,1), y = (=2,0,&;), and z = (0,1,0);
they form a new basis for Z3, and are pairwise orthogonal. Since
Q(rz) = Q(r,0,7) = 2"72(g; + 2)r?, the span of x represents W;,:j
Since Q(ry) = 2Fe r? 42812 = 2k=1(2 4 2¢1)r?, the span of y repre-
sents the form W;}:Z'El. Clearly the span of 2 represents the form W53 .
Now use relation (VI), which tells us that the span of {y, z} is isomor-
phic to W;ZQQHEQ @Wiﬁiﬁ“el. Since ey = g5 mod 4, 1+2e1+2e9 =5
mod 8, and g5 + 2 + 461 = €9 — 2. This proves the required decompo-
sition.

Finally, represent the form for relation (X) by Q(r, s) = 283¢;r? +
28 1lgys? Let v = (1,1) and y = (—4ey,¢;); they form a new ba-
sis for Z3, and are pairwise orthogonal. Since Q(rx + sy) = Q(r —
degs, m+e18) = 26 73e (1 —4eq98)? + 28 ey (r+e15)% = 2873 +4ey)r? +
21 (g9e2 +4e163) 5%, and £, +4e9 = 5z mod 8, and e9e? +4e165 = Hey
mod 8§, the result follows. Q.E.D.

We remark that if we want to consider the bilinear forms W3, which
are not quadratic Zs-modules but are inner product modules over Z,
then all of the same relations as stated in Proposition 3.1 hold, when
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they make sense. Thus for example relations (I), (II), (IV), (V), and
(VIII) hold for k > 0; relations (VI), (VII), and (X) hold for k£ > 1;
and relation (X) holds for k > 2.

From the relations in Proposition (3.1), we immediately derive the
corresponding relations on discriminant forms. This gives us a large
set of relations among torsion quadratic Zs-modules. Recall also that
we know one further relation for torsion quadratic forms: by Lemma
(1.1.2), wy; = wh, and wj, = wi,. (This also follows from considering
the discriminant forms in relation (VIII) with k = 1.) Thus we have
proved:

PROPOSITION 3.2. The following relations hold among torsion qua-
dratic forms over Zs.

(0)
1 ~ .5 3 ~ L7
w271 - QJUQJ a;nd WQ71 — w271-
(I) Fork >1,
€1 €2 v 561 552
Wy, D Wy = D w,

(IT) Let ¢ = (e1,62,¢€3), s1(g) = €1 + €2 + €3, and s3(g) = €189 +
g9e3 + e361. Then if so(e) = 3, we have for k > 1

wsl @ wih © il = wiy? @ vy
while if se(e) =7, we have for k > 1
whl S w3 O wgl = wgllie) D ug.

(III) For k > 1,

D2 ~ D2
uk —_— Uk .

(IV) Fork > 1,

and

(V) If e1 = &5 mod 4, then for k > 1,
Uk B whly & wyh, = up S wyly
(VI) For k > 2,
Wal—1 S W3 = w§1;2162 ® w62+2€1
(VII) For k > 2,

5e
w2k 1@'Uk—w2k 1@'U/k
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(VILI) For k > 2,
Vp—1 D w;k = Uk—1 D wgfk
(IX) Ife1 =&y mod 4, then for k > 2,

€1 €2 5 ~,,E1—2 go+2 1
Wy Wy D Way = Wy 5y D Wy = D Wy .

(X) Fork > 3,

€1 €2 ~ , .0e1 5eo
Wy o D Wy = Wy o D Wy

We will see in Section 4 that the relations listed here generate all
relations among the generators of the monoid 7¢ of isomorphism classes
of nondegenerate 2-torsion quadratic forms.

4. Normal forms for 2-torsion quadratic forms

In this section, we will establish several normal forms for decom-
positions of nondegenerate quadratic forms on 2-groups into rank one
and two summands. We will often refer to the relations given in Propo-
sition (3.2) during the discussion. In addition, the signature invariants
oy introduced in Section III.3 play a crucial role. We begin with a
rather crude normal form.

DEFINITION 4.1. A decomposition of a quadratic form (G, ¢q) on a
finite abelian 2-group is in partial normal form if

k>1

where m(k) < 1, rank(w(k)) < 2, and w(k) is a sum of forms of type
wg’k.

Given a partial normal form decomposition, we define
Gk) == uy"™ @ 7™M @ w(k),

and
x(k) := vl?m(k) ®w(k).

LEMMA 4.2. Every nondegenerate quadratic form (G,q) on a finite
abelian 2-group has a partial normal form decomposition. Moreover,
the quantities n(k) + m(k) and rank(w(k)) are invariants of the form

(G,q).

PROOF. Using relation (II), we can easily guarantee that each ho-
mogeneous piece of the decomposition contains at most 2 terms of type
w; ;. Then using relation (III), we can guarantee that each homoge-
neous piece contains at most one v, term. This is exactly the partial
normal form.
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Group A Group B ok—1 | discs(A) | discs(B)

0 - 1 1 -

- Vi -1 - 3

wy ), w3, emi/4 1 5

v D wg’k v D w;k e3mi/4 1 5

v ® w3 Uk © Wy, eomi/4 7 3

w3 ), w3, e™mi/4 7 3

W B Wy, Wy, B W3, U 1 5

v, D wik S w%k v, D wik @ w;k -1 1 Y

Wy & Wy, Wik O W, —i 1 5

Wy, D Wy wy . D ws g 1 7 3

TABLE 4.1. Homogeneous normal forms

To see that n(k) + m(k) and rank(w(k)) are invariants, note first
that their sum n(k) + m(k) + rank(w(k)) is simply the Z/2-rank of
the module p(G), defined in Section I1.2. Hence the sum depends
only on (G, q), and so either one determines both. Consulting Table
(II1.3.1), we see that w(k) = 0 if and only if o5 # 0. In this case,
n(k)+m(k) = ri/2. Otherwise, rank(w(k)) = 1 or 2 depending on the
parity of r, and n(k) + m(k) = (r, — rank(w(k)))/2. Q.E.D.

This partial normal form is just a setup for the actual normal form
to be described below. We next find a true normal form for each
homogeneous piece.

DEFINITION 4.3. A decomposition of a quadratic form on a ho-
mogeneous abelian 2-group is in homogeneous normal form if it is in
partial normal form, if z(k) is one of the possibilities appearing in Table
(4.1), and if in case k = 1 z(k) belongs to "group A” in the table.

Before proving that this homogeneous normal form can actually be
achieved, we want to point out some of the properties of Table (4.1).
The value of the (k — 1) signature invariant o;_; has been recorded in
the table, as well as the mod 8 discriminant values (which are defined
if £ > 2 in all cases, and for u; and vy).

LEMMA 4.4.

(4.4.1) Let x(k) be one of the entries in Table (4.1) such that either
k> 2 orw(k) =0, and let 6 = discs(z(k)). Then (3) = —
if and only if x(k) lies in group B. In particular, for xz(k) in
group A, o4(x(k)) = og_1(x(k)) for all 0 < ¢ < k, while for
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x(k) in group B, oy(z(k)) = (=1)¢or_1(x(k)) for all0 < € < k.
(See Proposition (111.4.4)).

(4.4.2) For each x(k) in group B other than x(k) = vy, if we replace
ezactly one of the ws, summands with wgfk, we get (a form
isomorphic to) the entry in group A of the table in the same
Tow.

(4.4.3) If (G,q) is in homogeneous normal form (with G homogeneous
of scale 2% ) and if we know
(a) whether o, =0,

(b) whether z(k) belongs to group A or group B, and
(c) the value of o, for some £ with 0 < ¢ < k,
then we know x(k). If in addition we know 1y, then we know

(G, q).

PROOF. Statement (4.4.1) is clear from Table (4.1), using Proposi-
tion (I11.4.4)), and (4.4.2) is a straightforward verification (occasionally
using relation (I)). To prove (4.4.3), note first that (G, ¢) and z(k) have
the same signature invariants, since all signature invariants of u, are
1. Next note that whether rank(w(k)) is zero or not is determined by
(a), and that if the rank is zero, then z(k) is either 0 or vg, and so is
determined by (b). If rank(w(k)) > 1, then (b) and (c) determine the
value of o;_1(x(k)), by the formula in part (4.4.1). Now for each value
of this signature invariant oy_1, there is exactly one possibility for x(k)
in group A, and one possibility in group B. Q.E.D.

It remains to show that we actually have a normal form.

PROPOSITION 4.5. Every quadratic form (G, q) on a homogeneous
2-group has a decomposition in homogeneous normal form, and the
terms appearing in the decomposition are uniquely determined by (G, q).

Proor. We first show that a homogeneous normal form decompo-
sition exists. By Lemma (4.2), we can find a decomposition in partial
normal form. For each such decomposition with rank(w(k)) < 1, the
corresponding x(k) occurs in Table (4.1), so in those cases we are al-
ready in homogeneous normal form. When rank(w(k)) = 2, there are
4 a priori possibilities for w(k) which do not appear in Table (4.1):

3 3 3 5 05 5 5 7
Wy B Wy g, Wy p, B Wy g, Wy y B Wy, and wy y & wy .
But by using relation (I), these are isomorphic to (respectively)

7 71 71 1 1 3
Wy B Wy g, Wo j, D Wy p, oy B Wy, and wyy & wh .
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Furthermore, among the 6 remaining rank 2 choices for w(k), 4 out of
the 12 a priori possibilities for z(k) do not appear in the table:

1 1 1 5 3 7 7 7
Vg D Wy B Wy g, Ve B W j, B Wy, U B Wy, D Wy, and vy S Wy, D Wy ..
But by using relation (V), these are isomorphic to (respectively)

3 7 7 7 1 1 1 5
Up B wy g, B wy g, U B Wy p D Wy g, Up D Wy, B wy y,, and uy S wy y, B ws .

Therefore these forms can be transformed into the forms with the wuy
summands, and then the wu; term is absorbed into the other part of
the normal form; hence the associated z(k) terms can be made into
(respectively)

3 7 7 7 1 1 1 5
Wy j, D Wy, Wo i D Wy, Wy j, D Wy 4, and Wy 1, D Wy

which do appear in the table.

Finally, since wj; = w3 (relation (0)), by Lemma (4.4.2) we may
ensure that x(1) lies in group A. (For later convenience, we should
point out that this is the only place in this section where relation (0)
is used.)

We now turn to the uniqueness of the terms appearing in the homo-
geneous normal form. If £ = 1, then 2(1) lies in group A by assumption,
and so according to Lemma (4.4.3) it is determined by o and oy. If
k > 1, then the invariants o;_; and o,_s are both defined and nonzero.
By Lemma (4.4.1), the ratio oy_1/0)_2 determines the group to which
x(k) belongs (it is group A when the ratio is 1, and group B when the
ratio is —1). Now the values of o and o;_; will determine z(k) (again
by Lemma (4.4.3)). Therefore in all cases x(k) is determined; since

the remaining term uz(k) is determined by the rank, the homogeneous
normal form is unique. Q.E.D.

Note that up to this point we have used only relations (0)-(V).

We come finally to the task of finding a normal form decomposition
for an arbitrary quadratic form on a finite abelian 2-group, using the
remaining relations (VI) - (X). Our strategy is to first attempt to limit
the summands to uy, w%}k, and wg”k, and then to attempt to make z(k)

belong to group A (and so have a discriminant § with (%) =1).

DEFINITION 4.6. A decomposition

(G,q) = @(ufn(k) ® v,?m(k) @ w(k))

k>1

with z(k) = v,?m(k) @ w(k) is in normal form provided that all of the
following hold.
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(a) Each homogeneous piece G(k) = u,?n(k) ® v,?m(k) @ w(k) is in
homogeneous normal form,

(b) If w(k — 1) # 0 then x(k) € {Oaw%,mwgkaw%,k © w%,kvw%,k b
w3 .}

(¢) n(k—1)+m(k—1) #0, orif w(k—2) # 0, or if w(k—1) is in
{w%,k—l@w%,k—h w%,k—l@wg,k—la wg,k—1®w;k—l> wg,k—l @w;k—l},
then either w(k) = 0 or x(k) belongs to group A.

One convenient thing to notice about this definition is that by Table
(4.1), when k > 2 the condition w(k — 1) € {wy; | ® wy,_ 1, wy, @
W3 gy, W3y Dwg g, wh . D wgy ) is equivalent to: op_o(G(k —
1)) = =+i.

PROPOSITION 4.7. Fvery quadratic form on a finite abelian 2-group
has a normal form decomposition.

PROOF. By proposition (4.5), we may put each homogeneous piece
G(k) into homogeneous normal form. Since G(k) = 0 for & > 0, we
will use descending induction on k: we assume that the conditions
specified for G(¢) (and particularly the form of z(¢)) hold for all ¢ > F,
and we work on G(k). It may happen that in the course of using the
relations (VI) - (X), the homogeneous normal form on some lower pieces
G(¢) for ¢ < k may be disturbed; it is understood that we restore the
homogenous normal form for such pieces after each step.

By using relation (VI), if w(k — 1) # 0 we may change any w3, or
w} ;. to aws, or wj .. In addition, by using relation (VII), if w(k—1) # 0
we may change any vy to a wu,. This leaves us with an x(k) which
satisfies condition (b).

To ensure that condition (c) is satisfied, note that we may assume
k > 2, since x(1) already belongs to group A. Under each of the three al-
ternate hypotheses of condition (c), there is a relation (relations (VIII),
(X), and (IX) respectively) which will enable us to convert a term of
type w3, to a term of type w33,. By Lemma (4.4.2), then, if w(k) # 0
we may use such a relation to make x(k) belong to group A.

It remains to show that the operations we have carried out have
not caused any of the terms G(¢) for £ > k to fall out of normal
form. Since we have changed no summands in any such terms, and
since n(k) + m(k), rank(w(k)) and rank(w(k — 1)) are all invariants of
the form, the only way this could have happened is if w(k), while not
previously in the set {wj, ® wj,, wy, ® w3, wi, & wl,, w, & wl,},
has now become an element of that set (forcing a new requirement
that z(k + 1) be in group A). This implies that before our operations,
w(k) = wy}, ®wy?, with £, # e2 mod 4, but that this is no longer true
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after our operations. However, the only operation in our process which
changes a w3, to a w5, with & #Z ¢ mod 4 is the use of relation (VI) in
achieving condition (b). If this relation has been used, then w(k —1) #
0; but then the conditions on the normal form for G(k + 1) imply that
x(k + 1) was already in group A, so nothing has changed. Q.E.D.

We now come to the task of showing that our normal form is unique.
As a corollary, we will find that the relations we have given among the
standard quadratic forms on 2-groups in fact generate the full set of
relations.

PROPOSITION 4.8. The normal form decomposition of a quadratic
form (G, q) on a finite abelian 2-group is unique. Moreover, the terms
appearing are completely determined by the invariants ri(G) and o (Q).

Proor. We begin with a decomposition
(G.0) = P @™ @ w(j))

Jj=1
which we assume is in normal form. We must show, then, that the
invariants r;(G) and 0;(G) determine z(j) = v]@m(j) @ w(j) for each j.
(The remaining terms u?(J ) will then be determined by the ranks r;.)

Let k be the largest index for which G(k) # 0. Our first task will be
to show that x(k) is determined, and then we will use a straightforward
induction argument to finish the proof.

To prove that x(k) is determined, we have several cases to consider.
Notice for the purpose of dividing into cases that since oy is always
nonzero, if we assume that o,_; = 0 then automatically k£ > 2 so that
0,_o 1s defined.

Case 1: o1 # 0.

In this case w(k) = 0, so x(k) is either 0 or vg. If 041 # 0, and
k =1, then 01/0g = (%) where 0 = discs(G) distinguishes these. If
or—1 # 0, and k > 2, then the ratio oy_s/0,_; distinguishes these by
Lemma (4.4.1). Finally, if 04,1 = 0, then w(k — 1) # 0, so z(k) must
be 0 by condition (b).
Case 2: 05, = 0.

In this case we then have that w(k) # 0. This case breaks further
by considering o_1.
Case 2A: 0, =0 and o1 # 0.

Suppose first that £k > 2, r,_; = 0, and o4_9 # 0. Since r,_; = 0,
there are no G(k—1) terms; moreover, G(k —2) has only uy_» and vg_o
terms. Hence o1 = 0x_1(G(k)) and 0y_o = 0x_2(G(k)). Therefore
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the ratio o_o/0)_1 determines whether z(k) is in Group A or Group
B, by Lemma (4.4.1). Therefore (k) is determined, by Lemma (4.4.3).

Next assume that either £k = 1, r,_1 > 1, or 0,_o = 0. We claim
that under any of these hypotheses, x(k) must be in Group A. If k = 1,
then this is true by definition of the homogeneous normal form. If
rr—1 > 1, then since o1 # 0, we must have w(k — 1) = 0. Hence
n(k — 1) + m(k — 1) = rg_y is not zero, so z(k) is in Group A by
condition (c). Finally, if 04— = 0, then w(k — 2) # 0, so that again
x(k) is in Group A by condition (c).

Now that we know (k) must be in Group A, it is determined by
Lemma (4.4.3).

Case 2B: 0, = 0 and o4_1 = 0.

In this case we have w(k) # 0 and w(k — 1) # 0; in addition we
must have k£ > 2. Condition (b) now forces x(k) to come from the set
{wy g, w3 ), Wy @ wy g, wy,, ® w3y} and we must distinguish between
these four forms.

If either o9 = 0, 7,1 > 2, or ox_2(G(k — 1)) = =%i, then by
condition (¢) we know that z(k) is in Group A, forcing z(k) to be
either wy, or wy, ® wy,. The parity of the rank r; distinguishes
between these two.

Hence we may suppose that oo # 0, 1 < 2, and oy _o(G(k —
1)) # +i.

Since w(k — 1) # 0, and since 7,1 is equal to 1 or 2, xz(k — 1)
cannot have any v;_; term. Therefore the only possibilities for G(k—1)
are the forms w3, _,, wy,_; ® w3 ,_,, and wy, , ® w3, _,, given that
or—2(G(k—1)) # +i. Note then that o,_o(G(k—1)) € {e™/* e/ 1},
since this is true for each one of these. Since o;_o # 0, w(k —2) = 0,
and so 0y_2(G(k —2)) = 1; hence the value of g;_5 is determined only
by z(k — 1) and z(k), i.e., og—2 = 0x—2(G(k — 1)) - o)_a(x(k)). Since
op_o(G(k — 1)) € {e™/4 €™/ 1}, we see that o},_o and op,_»(z(k)) lie
in the same complex half-plane; therefore the complex half-plane in
which oj,_o(x(k)) lies is determined.

The proof is now completed by noting that the possibilities for
x(k) with the same rank have opposite o;_»; therefore if one knows the
complex half-plane in which they lie, we know z(k).

This finishes the proof of the statement that z(k) (and hence G(k))
is determined by the given invariants, and is the crux of the induction
proof for the general statement.

Our inductive hypothesis is as follows. We fix an integer k > 1,
and we assume that the normal form decomposition for any quadratic
form on a group G’ with G’(j) = 0 for all j > k is unique, and is
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determined by the rank and signature invariants. We must then prove
the statement for a group G with G(k) # 0 but with G(j) = 0 for all
j>k.

Write G = G'®G(k), with G’ having no terms of scale 2* or greater.
By the first part of the argument, the normal form for the G(k) piece
is determined. Moreover, for each ¢ with 0 < ¢ < k, the signature
invariants o,(G(k)) are all nonzero. Hence for each such ¢ we may

define
op = 0u(G)/oe(G(k))
and we have immediately that
O'g(G,) = ag

for these ¢. Therefore the rank and signature invariants of G’ are
determined from those of G. By induction, G’ has a unique normal
form decomposition. Hence so does G. Q.E.D.

As in the case with p odd, the uniqueness of the normal form and
the construction using the relations of Proposition (3.2) only, implies
that there are no other relations:

COROLLARY 4.9. The relations (0) - (X) listed in Proposition (3.2)
among the generators of Ic generate all the relations. In addition, the
relations (1) - (X) among the generators of Ge generate all the relations
between them.

Note that G is exactly the set of torsion quadratic Zs-modules
which have no summand of type w5 ; in any decomposition.

5. Normal forms for quadratic Zj;-modules

In this section, we will deduce normal forms for decompositions of
nondegenerate quadratic Zs-modules into rank one and two summands
from the corresponding results for 2-torsion quadratic forms. The
discriminant-form construction provides a natural map d : Q¢ — 7¢
assigning the isomorphism class of a quadratic Zs-module to that of its
discriminant-form. This is not an isomorphism of monoids, for two rea-
sons: firstly, the unimodular forms Uy and V} have trivial discriminant-
form groups, and secondly, the relation (0) w5, = wgfl does not lift to
a corresponding relation between W3, ’s.

For the purpose of finding normal forms, it is more useful to de-
fine a different map dy : Qc — Ge as follows: given a quadratic
Zy-module (L,Q), consider the form (L(2),Q)), where L(2) = L
and Q) (r) = 2Q(x). Then dy(L,Q) is the isomorphism class of the
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discriminant-form (G L(2) qL(z)). Note that this discriminant form con-
tains no summands of type w3, so that its isomorphism class lies in
Ge. We have dy(W3 ;) = w511, da(Uy) = upy, and da(Vi) = vppa.

PROPOSITION 5.1. The map ds : Qc — Ge is an isomorphism of
monotds.

PROOF. Let F be the free monoid on the generators {uy_1, vg_1, wik
2} of Ge, and define a map e : F — Q¢ as follows: for k& > 2,
e(ug_1) = Up_a, e(vy_1) = Vi_o, and e(wg,k) = W5,_,. Each relation
among the generators of Gc maps under e to a valid relation among
the generators of Q¢; thus e descends to a map € : G — O¢, which
provides an inverse for ds. Q.E.D.

COROLLARY 5.2. The relations listed in proposition (3.1) among
the generators of Qe generate all the relations.

PRrROOF. The existence of the isomorphism ds precludes the possi-
bility of further relations. Q.E.D.

DEFINITION 5.3. A decomposition of a quadratic Zs-module (L, Q)
is in partial normal form, or homogeneous normal form, or normal form
exactly when the induced decomposition of G'z(2) has the corresponding
property.

COROLLARY 5.4. Every nondegenerate quadratic Zo-module (L, Q)
has a unique normal form decomposition.

This follows directly from the corresponding statement for 7¢ (and
hence for G¢).
We have the following analogue of Corollary (2.11):

COROLLARY 5.5. A nondegenerate quadratic Zo-module is deter-
mined up to isomorphism by its rank, discriminant, and discriminant-
form.

PRrOOF. Let (L, Q) be a nondegenerate quadratic Zy-module, and
decompose it into normal form L = &, ., L(k) where for each k, L(k)
is a direct sum of Uy’s, V}.’s, and Wf’k’s; The discriminant-form deter-
mines L(k) for k > 2, and it remains to show that L(0) and L(1) are
also determined. We have that

L) e L(1) 2 U e v g uPtM o v g w(1)
where W (1) is either trivial or a sum of 1 or 2 rank one forms W5 ,’s.

The discriminant-form of this part of L is u?"(l) ®vy Ve w(1), where

w(1) is the corresponding sum of cyclic forms to W (1). Note that the

m(

for k >
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only part of this data which is not seen by the discriminant-form is
n(0), m(0), and the difference between W3, and Wy, and between
Wy, and W3,. Hence n(1) and m(1) are always determined, as is the
rank of W (1), by the discriminant-form: the only ambiguity in W (1) is
because of relation (0). Therefore also the rank of L(0) is determined,
by the total rank. If the rank of W (1) is zero, then L(1) is determined;
since the rank of L(0) is determined, and whether m(0) is 0 or 1 is
distinguished by the discriminant, we are done in this case.

Therefore assume that W (1) # 0. If L(0) = 0, then the normal

form requires that X (1) = %®m(1) @ W (1) come from the capital letter
version of Table (4.1). In this case, the knowledge of the discriminant-
form tells us which row of the table we are on; since the (capitalized)
entries in each row differ in their discriminants, we are done in this
case.

If L(0) # 0, then the normal form requires that X (1) = Vfam(l) @
W (1) come from the capital letter version of Group A of Table (4.1).
Therefore X (1) is determined by the discriminant-form. This deter-
mines L(1), and the two possibilities for L(0) are now distinguished by
the discriminant. Q.E.D.

We also have an analogue of Corollary (2.10) in the p = 2 case; we
leave the proof to the reader.

COROLLARY 5.6. Let p = 2.

(5.6.1) Given any torsion quadratic form (G,q) over Zq in Gy (i,e,
with no summands of the form w3 ;) there is a unique quadratic
Zs-module L(q) (up to isomorphism) such that rank(L(q)) =
U(G) and the discriminant-form of L(q) is isomorphic to (G, q).

(5.6.2) If (G, q) is a torsion quadratic form over Zs not in Gy (i.e., if
(G,q) has a direct summand of the form w3, for some ¢) then
there are exactly two quadratic Zs-modules Li(q) and Ly(q)
(up to isomorphism) such that rank(L(q)) = rank(Ls(q)) =
((G) and the discriminant-forms of both Li(q) and La(q) are
isomorphic to (G,q). Moreover, disc(Ly(q)) = 5disc(La(q))
mod UL.

(5.6.3) If L is any quadratic Z,-module whose discriminant-form is
isomorphic to (G,q), and L' is a quadratic Zs-module such
that rank(L') = ¢(G) and the discriminant-form of L' is also
isomorphic to (G,q), then there is a unique unimodular qua-
dratic Zs-module M such that L = M @ L'.

It is useful to have at hand the analoque of Proposition 2.12:
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PROPOSITION 5.7. Fiz an integer r, an element d € Zy — {0} /U3,
and a finite 2-torsion quadratic form (G, q). Then there exists a quadra-
tic Zo-module L with rank(L) = r, disc(L) = d, and (G, q.) = (G, q)
if and only if:

(1) r > U(G);

(2) r = ¢(G) mod 2;

(3) if d = 2*u mod U2 with u € Uy, then |G| = 2F;

(4) if r = L(G) + 2n then x(d) = (—1)"x(disc(q)) mod 4.

(5) if r = £(G) and if G has no summand of the form w3, (i.e.,
G is good and special), then x(d) = x(discg(q)).

Moreover, if so, then L is unique up to isomorphism.

Proor. Clearly the first and third conditions are necessary, and
the fifth condition follows by Corollary I1.8.7. The second and fourth
conditions follow from Corollary 5.6.3, noting that any unimodular
quadratic Zs-module has even rank, and decomposes completely into
rank two pieces (Up’s and Vj’s); these pieces have discriminants equal
to —1 mod 4.

To see that these conditions are sufficient, let L' be a quadratic Zo-
module with discriminant-form equal to (G, q) such that rank(L') =
((G); such an L’ exists by Corollary 5.6, and there are two choices for
L"if G contains one of the forms w5, as a summand; these two have
discriminants which differ by a factor of 5. We seek the desired module
L in the form

L = UéV(O) o) VE)E(O) D L

with e(0) < 1; note that in this case disc(L) = 7V . 3¢0) . disc(L’).
This module L has rank 2N (0) + 2¢(0) + ¢(G), and disc(L) = |G|u for
some unit u. Moreover y(disc(L)) = 7V . 3¢0) . y(disc(q)).

First assume that G has no summand of the form w5, so that
either disc(q) is defined modulo 8 or the mod 8 discriminant discg(q) is
defined, and L’ is unique. (In the rest of this paragraph we write only
disc(q), but if necessary the reader should use discs(q).) If r = £(G),
we may take N(0) = e(0) = 0, so that L = L'; by (3) and (5) we see
that disc(L) = d and we are done. If r = ((G) + 4n + 2 with n > 0,
then by (4) either x(d) = 3 disc(g) mod 8 or x(d) = 7disc(q) mod 8; in
the former case we take N(0) = 2n and e(0) = 1 and in the latter case
we take N(0) = 2n 4+ 1 and e(0) = 0. If r = {(G) + 4n with n > 1,
then by (4) either x(d) = disc(¢) mod 8 or x(d) = 5disc(¢) mod 8; in
the former case we take N(0) = 2n and e(0) = 0 and in the latter case
we take N(0) = 2n — 1 and e(0) = 1. Thus we are done in case G is
good and special.
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Suppose G has a summand of the form w3, so that disc(q) is only
defined modulo 4. Here there are two choices for L', as noted above.
Write r = ¢(G) + 2n, and set N(0) = n and ¢(0) = 0, so that L =
Uy @ L'. We have disc(L) = 7" disc(L’) so that x(disc(L)) = x(d) mod
4 by (4). By altering L’ if necessary we can therefore achieve that
x(disc(L)) = x(d) mod 8, so that disc(L) = d as required.

This proves the existence of L, and the uniqueness statement is
exactly Corollary 2.11. Q.E.D.

We note that many of the above statements hold for inner product
modules over Z,, where we have in addition the forms Wg3,. In par-
ticular, the relations in Proposition 3.1 generate all the relations, the
partial normal form, homogeneous normal form, and normal form all
make sense and exist, and the normal form decomposition is unique.
We leave all the extensions of the statements and results to the monoid
7, to the reader.

We close this section with the analogue of Theorem (2.13) concern-
ing the lifting of isometries.

THEOREM 5.8. Let Ly and Ly be two nondegenerate quadratic Zo-
modules such that rank(L;) = rank(Ls) and disc(L,) = disc(Lz). Sup-
pose that o : G, — G, is an isometry between the discriminant forms
of L1 and Ly. Then there exists an isometry s : L1 — L inducing o.

PROOF. The proof is formally the same as that of Theorem (2.13).
The assumptions imply, by Corollary (5.5), that L; and Ls are isomor-
phic. Decompose G, into an (internal) normal form decomposition;
denote this by

G, = @igi(l)-
Now transport this decomposition to G, via the isomorphism o, and
denote this by
G, = EBz-gi(Q)-

Since ¢ is an isometry, ggl) = 91(2) for each i. Now by Proposition

(I1.11.6), both L; and Ly can be decomposed compatibly with their
discriminant-forms. Specifically, we have direct sum decompositions

Li=Mee@LY and L, = My & P L

with M; and M5 unimodular, Lgl) and L§2) indecomposable and rank
one or two for each i, and the natural inclusions inducing the obvious
correspondence of discriminant-forms.

Since the decompositions of the G, are in normal form, these de-
compositions of the L; are almost in normal form. They are certainly
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in normal form for any pieces except possibly any W3,’s,, and the uni-
modular pieces. The only departure from normal form is a possible
failure to use relation (VIII) when & = 1, so that some W, should be
a W37 at the expense of changing the unimodular part of the decom-
position. (This is not visible at the discriminant-form level, because
of relation (0).) If this is so, we may alter the decomposition of the
L; appropriately and still have a lifting of the G, decomposition; thus
we may assume that the decomposition of the L; above are in normal
form. Since L; and L, are isomorphic, the pieces of their decompo-
sitions (which are now in normal form) are unique and so match up
perfectly. This allows us to define an isometry s’ : L1 — Lo by identi-
fying the pieces.

The isometry s induces an isometry o’ : G, — Gp,, which pre-
serves the decompositions. Therefore ¢’ and o differ only by automor-
phisms of the pieces: i.e., there is an automorphism 7 of G, which
preserves the decomposition, such that ¢ = ¢’ o 7. By Proposition
(1.3), the automorphism 7 lifts to an automorphism ¢ of L;, and the
desired isometry from L; to Ls is then s = s’ ot. Q.E.D.

Finally, applying the above with L, = Ly gives the 2-adic analogue
of Corollary (2.14):

COROLLARY 5.9. If L is a nondegenerate quadratic Zy-module, then
the natural map O(L) — O(Gr) is surjective.






CHAPTER V

Rational Quadratic Forms

In this chapter we will collect results concerning quadratic vector
spaces over the rationals Q, the p-adic rationals @Q,, and the reals R.
All of the definitions and results are quite standard and can be found in
any number of good texts, for example, [Cassels 78], [0’Meara 63,
and [Lam 73]. We will therefore not give proofs of all the statements,
but we will give complete definitions and proofs of several of the simpler
results to give the reader some feeling for the subject.

1. Forms over Q and Q,

Let K be a field of characteristic 0; in our applications, K will be
either Q or Q, for some p. (We allow p = oo, where Q, denotes the
field of real numbers R.) Let (V,Q) be a quadratic vector space over
K, with associated bilinear form (—, —). If {e;} is a basis for V over
K, let Ag be the matrix of the form: (Ag);; = (e, e;). This matrix
is a nonsingular symmetric matrix over K, with even values on the
main diagonal. The determinant of Ag is non-zero, and induces the
discriminant disc(Q) which lies in D(K) = K*/(K*). Let us remind
the reader of these value groups for the fields in question; the following
comes directly from Lemma (1.3.6).

LEMMA 1.1.

(1.1.1) D(Q) is a free Z/2-module on the set {—1} U{p > 1|p is a
prime in Z}.

(1.1.2) D(R) = D(Qx) = {1, —1} is a cyclic group of order 2.

(1.1.3) If p is an odd prime, then D(Q,) = {1,p,r,pr} is a Klein 4-
group generated by the prime p and the class r of a non-square
unit in Z,.

(1.1.4) For p = 2, D(Q,) = {1,2,3,5,6,7,10,14} is isomorphic to
(Z/2)3, generated by {2,3,5}.

If Ag = (a;j) with respect to some basis {e;} for V over K, then
the quadratic form @) can be written as

QD) _mier) = Qa) =Y Qle)al + Y ayaz;.
i i 1<J
119
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for z; in K. (Note that in characteristic 0, Q(e;) = a;/2.) This
polynomial notation for ) will be used frequently in this chapter.

With this notation, the form @ is diagonalizable if and only if there
is a basis {e;} for V over K such that Q(>_, ze;) = >, Q(e;)a?.

With our hypothesis of characteristic 0 on K, we see by Proposition
(I.5.8) that every quadratic K-vector space is diagonalizable.

If a € K, we say that the form () represents a if there is a non-zero
vector v in V such that Q(v) = a.

2. The Hilbert norm residue symbol and the Hasse invariant
Let a and b be elements of Q) (p = oo is allowed).

DEFINITION 2.1. The Hilbert Norm Residue Symbol (a,b), (or sim-
ply (a,b) if no confusion is likely) is defined by

(a,b) — 1 if ax® + by? — 2* represents 0
“©%p =\ =1 otherwise.

Note that the value of (a,b), depends only on the classes of a and b
modulo squares in Q). Hence the function (—, —)p descends to a map

2
(= =) @7 /(Q))" — {1, —1}.
The following lemma records the elementary facts concerning the

Hilbert Norm Residue Symbol. For proofs, see [Cassels 78, Chapter
3, Section 2].

LEMMA 2.2.

(2.2.1) The Hilbert Norm residue Symbol (—,—), is a nondegenerate
bilinear function from pr/((@;)2 to {1, —1}.

(2.2.2) (a,—a) =1 for every a € Q).

(2.2.3) (~1,—1)_ = —1.

(2.2.4) If p # 2,00 and r is a non-square unit modulo p, then (1, 1), =
(1,7), = (1), =1, (p.7), = =1, and (p.p), = (=",

(225) (272)2 = (37 5)2 = (575)2 =1 and (273)2 = 275)2 = (373>2 =
—1.

Since Q C Q, for all p, we may evaluate (a, b)p for a,b € Q* also.
The behavior of these values is governed by the so-called “Product For-
mula” for the Hilbert Norm Residue Symbol, which is equivalent to the
law of Quadratic Reciprocity. A proof may be found in [Cassels 78,
Chapter 3, Lemma 3.4].

LEMMA 2.3. Let a,b € Q*. Then
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(2.3.1) (a,b), =1 for all but finitely many p.
(2.3.2) Tap p (a:b), = 1.

We will hereafter use the phrase ”almost all p” to mean all but
finitely many p.

DEFINITION 2.4. Let (V,Q) be a quadratic vector space over Q,,
p < 0o. Choose a diagonalizing basis for V| so that in this basis () has

the form
Q(Z $i€i) = Z ;5.

The Hasse invariant of (V,Q), denoted by ¢,(V, Q) (or ¢,(V') or ¢,(Q)
as the situation warrants) is defined by the product

o(V,Q) =[] (ai.a),,
1<j
If the dimension of V' is one, we define ¢,(V,Q) = 1.

A priori of course the Hasse invariant depends on the choice of
diagonalizing basis for V. In fact it is well-defined, independent of this
choice. (See [Cassels 78, Chapter 4, Section 2].) In addition, we have
the following direct sum formula for the Hasse invariant.

LEMMA 2.5. If (V1, Q1) and (Va, Q2) are two quadratic vector spaces
over Q,, then

ep(Vi @ V) = (Vi) (Vi) (dlise(V2), disc(VA)) .

PROOF. Assume )7 and @, are diagonalized as Q1(z) = >, a;x;

and Qq(y) = >_; bjy;. Then Q1 + Qo = >, a;; + > _; bjy; is the qua-
dratic form on V; @ V5. Hence

(Vi®Vy) = (H (i, ak)p) <H (@i, bj)p) (H (b b”)P>

i<k 7,7 j<n

= Cp(V1)(H a;, H b;)pcp(V2) by the bilinearity of (—, —),

? J

— ¢, (Vi)ey(Va) (dise(V1), disc(V2)),.
Q.E.D.

Recall that a quadratic vector space over Q., = R is classified by its
rank and signature. The Hasse invariant can be immediately computed
using Lemma (2.2.3):

LEMMA 2.6. Let (V,Q) be a real quadratic vector space, with sig-

nature (s4,s_). Then c(V,Q) = (—1)(52_).
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The main global result concerning the Hasse invariant is a conse-
quence of the Product Formula (Lemma (2.3)) for the Hilbert Norm
Residue Symbol.

LEMMA 2.7. Let V' be a quadratic vector space over Q, and let
V, = V®Q, be the induced quadratic vector space over Q,. Then
(V) =1 for almost all p, and

H (V) = L.

all p

PrOOF. Diagonalize the form @ on V as Q(z) = ). a;x;, where
the a; are fixed rational numbers. This polynomial formula is also
the formula for the induced form @, for every p. Hence ¢,(V,) =
HKj(ai, a;j), for all p. Since the @;’s are independent of p, ¢,(V,) =1
for almost all p by Lemma (2.3.1). The second statement now follows
from Lemma (2.3.2):

IT o) =T IT (@) =] 1 =1.

all p i<jall p i<j
Q.E.D.

3. Representations of numbers by forms over Q and Q,

Recall that a quadratic vector space (V, Q) represents a number
a € K if there is a nonzero vector v in V' such that Q(v) = a. The
following observation is sometimes useful:

(3.1)
If a # 0, then V represents a if and only if V' @ (—a) g represents 0.

The next theorem tells when a form over Q, for finite p represents
a given number.

THEOREM 3.2. Fiz a prime p # oo, and let V' be a quadratic vector
space over Q,. Letn be the rank of V', d the discriminant of V', and c,
the Hasse invariant of V. Let a be a non-zero element of Q,. Then V
represents a if and only if one of the following holds:

(1) n=1and a=d mod (Q))?

(2) n=2 and (a,—d), = ¢,

(3) n=3 cmda7é —d mod (Q))?

(4) n=3, a=—d mod (Q) )2, and (—1,—d), = ¢,
(5)
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The reader may find proofs of this theorem in [Cassels 78, Chapter
4, Section2], [Serre 73, Chapter IV, Section 2.2|, or [B-S 66, Chapter
1, Section 6].

The following corollary is immediate.

COROLLARY 3.3. Fiz a prime p # oo, and let V be a quadratic
vector space over Q, of rankn > 3, discriminant d, and Hasse invariant
cp. Leta € Q. ThenV fails to represent a if and only ifn = 3, a = —d
mod (Qx)?, and (=1, —d), = —c,. In particular, V represents all but
possibly one coset in Q) /(Q))?.

The next corollary is an easy consequence of the previous results.

COROLLARY 3.4. Fiz a prime p # oo, and let V be a quadratic
vector space over Q, of rankn > 5. Then V represents 0.

PRroOF. Not every vector of V' can be isotropic, so find a nonzero
vector w such that Q(w) # 0. If W is the span of w, then W+ is of
dimension 4, and so by the previous corollary W+ represents —Q(w).
Since W = (+Q(w)), the result follows from (3.1). Q.E.D.

Of course, the situation over Q. = R is different. The following is
immediate.

LEMMA 3.5. Let V' be a real quadratic vector space with sign(V') =
(s4,5-). Then V represents 0 if and only if s_s, # 0, i.e., V is
indefinite.

COROLLARY 3.6. If V is an indefinite real quadratic vector space,
then V' represents all real numbers.

The Hasse-Minkowski Theorem reduces representation of numbers
with quadratic forms over QQ to representation over Q, for all p. It is
one of the cornerstones of the theory of rational quadratic forms.

THEOREM 3.7. Let V' be a quadratic vector space over Q. Then V'
represents 0 if and only if V ® Q, represents 0 for all p < oo.

Proofs of the Hasse-Minkowski Theorem appear in [Cassels 78,
Chapter 6 Section 11], [Serre 73, Chapter IV, Section 3.2], and [B-S 66,
Chapter 1, section 7].

The following corollary is often referred to as Meyer’s Theorem.

COROLLARY 3.8. Let V' be an indefinite quadratic vector space over
Q of dimension n > 5. Then V represents 0.
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4. Isometries

The rank, discriminant, and Hasse invariants serve to classify qua-
dratic vector spaces over the fields Q, for p # oco. Expressed in terms
of isometries, the precise statement is given below. (See [Cassels 78,
Chapter 4,Theorem 1.1] or [Serre 73, Chapter IV, Section 2.3, Theo-
rem 7).)

THEOREM 4.1. Fiz a finite prime p, and let V, and Vy be quadratic
vector spaces over Q,. Then there exists an isometry between Vi and
Va if and only if they have the same rank n, discriminant d, and Hasse
wmnvariant cy.

The analogous statement for Q,, = R is false; for example, the
forms with signature (1,6) and (5,2) have the same rank (7), the
same discriminant (1) and the same Hasse invariant ¢, (—1), but are
clearly not isomorphic. If p = oo, such an isometry exists if and only
rank(V]) = rank(V3) and sign(V}) = sign(V3).

The Weak Hasse Principle state that isometries of rational forms
depend only on p-adic isometries:

THEOREM 4.2. Let V} and V5 be quadratic vector spaces over Q.
Suppose that there exist isometries o, : Vi @ Q, — Vo ® Q, for every
p < oo. Then there exists an isometry o : Vi — V.

Proofs may be found in [Cassels 78, Chapter 6, Theorems 1.2],
[Serre 73, Chapter IV, Section 3.3, Theorem 4], and [B-S 66, Chapter
1, section 7, Theorem 2].

5. Existence of forms over Q and Q,

The main result concerning the existence of quadratic vector spaces
over Q, is given below. (See [Cassels 78, Chapter 6, Theorems 1.3],
or [Serre 73, Chapter IV, Section 2.3, Proposition 6].)

THEOREM 5.1. Fiz a finite prime p, and let (n,d, c) € Nx (Q/(Q[)*) x
{l, =W} be given, such that
(1) ifn=1 thenc=1, and
(2) if n =2 and d = —1 mod (Q))* then c =1
Then there exists a quadratic vector space V' over Q, such that dim(V') =
n, disc(V) =d mod (Q))?, and c,(V) = c.

The existence of quadratic vector spaces over Q forms a converse
to Lemma (2.7):

THEOREM 5.2. Fixn > 1 and d € Q*. Suppose that for every
p < 00, we are given a quadratic vector space V,, over Q, such that
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(1) dim(V,) = n for every p,

(2) disc(V,) =d mod (Q))* for every p,

(3) ¢,(V,) =1 for almost all p, and

(4) Hpgoo (Vo) = 1.
Then there ezists a quadratic vector space V' over Q such that dim(V') =
n, disc(V) = d mod (Q*)?. Moreover, there exist isometries o, :
V®Q, =V, for every p.

It will be convenient to rephrase this existence theorem by singling
out p = oo.

COROLLARY 5.3.  Fiz a pair (s;,s_) € N*, and d € Q*, such
that d = (—1)°-|d|. Assume that for every finite prime p < oo there is
gwen a quadratic vector space V, over Q, of dimension n = sy +s_,
satisfying the following:

(1) disc(V,) = d mod (Q))* for every p,
(2) ¢,(V,) =1 for almost all p, and

3) (D e V) = 1
Then there ezists a quadratic vector space V' over Q such that dim(V') =
n, disc(V) = d mod (Q*)?, and sign(V) = (sy,s_). Moreover, there

exist isometries o, 1 V @ Q, — V,, for every p.

PROOF. Since do, = d/|d|, it is necessary that d = (—1)*-|d|, since
de = (—1)%. This assures that (2) of Theorem (5.2) holds for all p;
(2) is the same condition, and (3) follows from the calculation of ¢, (V)
given in Lemma (2.6). Q.E.D.

6. Orthogonal Groups and the surjectivity of (det,spin)

The reader will recall from Chapter I, Section 9 the definition of a
reflection. Let (V, Q) be a quadratic vector space over K and assume
that v € V has Q(v) # 0. Then the isometry 7, defined by

To(w) = w = ((v,w)/Q(v))v

has det(7,) = — and spin(7,) = Q(v) mod (K*)?. Moreover, every
element of O(V') can be written as a product of reflections (see Theorem
(1.9.10)).

We want to apply the theory to compute the image of the map
(det,spin) : O(V) — {+, =} x K*/(K*)*.
in case K = Q or Q,.

PROPOSITION 6.1. Let V' be a quadratic vector space over K with
dim(V') > 3.
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(6.1.1) If K = Q, with p # oo then (det,spin) is surjective.
(6.1.2) If K = Q and V is indefinite, then (det,spin) is surjective.

PROOF. To prove the first statement, let k = |Q)/(Q))?. Note
that k =4 if p # 2 and k = 8 if p = 2. By Corollary (3.3), there exist
U1, ... ,Ux—1 € V such that the values a; = Q(V;) range over all but one
of the cosets of Q) mod (Q))*. In particular, Q(v;) # 0 for any i, so
the reflections 7,, are defined. In this case

(det(Ty,), spin(7,)) = (=1, a;)
and
(det(Ty, To, ), SPIN(T, 7o, )) = (1, a1a;)

and these images are all distinct. Therefore the image of (det,spin)
contains at least 2k — 2 elements; since the image group {+,—} X
Q;/(Qy )? has 2k elements, and k > 4, the surjectivity follows.

To prove the second statement, let d = disc(V') and ¢, = ¢,(V®Q,).
By Corollary (3.3), a rational number a € Q fails to be represented by
V®Q,ifand only ifn =3, a = —d mod (Q;)Q, and (—1, —d), = —c,.
But (—1,—d), = 1 and ¢, = 1 for almost all p, by Lemmas (2.3.1) and
(2.7), so that (—1, —d), # —c, for almost all p. Thus, there is a finite
set S of primes (those for which (-1, —d), = —c¢,) such that a € Q*
fails to be represented by V ® Q,, p # oo, if and only if p € S and
a=—d mod (Q))%

For any a € Q*, by the Chinese Remainder Theorem, we can find
b and ¢ in Q* such that a = bc and b,c # —d mod (Q;)Q for all
p € S. Therefore b and c are represented by V ® Q, for all p # oc;
by Corollary (3.6), since V' is indefinite, both b and ¢ are represented
by V ® Q4 as well. Hence by the Hasse-Minkowski Theorem (3.7),
there exists v and w in V such that Q(v) = b and Q(w) = ¢. In
particular, spin(7,7,) = bc = a. This shows that spin : OT(V) —
Q*/(Q*)? (where OF(V) is the kernel of the det map) is surjective.
Since O(V)) # O*(V), this proves that (det,spin) defined on all of
O(V) is surjective as well. Q.E.D.

7. The strong approximation theorem for the spin group

Let (V, Q) be a quadratic vector space over K. For the fields Q and
Q,, the (det,spin) map tends to be surjective, onto a well-understood
group, by the results of the previous section. Therefore computations
with the orthogonal group of (V, Q) can often be reduced to the kernel
of (det, spin).
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DEFINITION 7.1. Let R be an integral domain with quotient field
K, and let (L, Q) be a quadratic R-module. Let V = L®g K, with the
induced quadratic form, also denoted (). Note that in this situation we
may consider L C V| and also O(L) C O(V), and hence both det and
spin are defined on O(L). Define

O(L) = Ker(det, spin) : O(L) — {+, =} x K*/(K*)*.
O(L) is also denoted by O(L, Q) or O(Q).

The reader should not confuse ©(L) with O, (L), which was de-
fined in Section (I.10) also as the kernel of (det,spin). That was a
slightly different spin, only over the real numbers.

The Strong Approximation Theorem for the Spin Group can now
be stated.

THEOREM 7.2. Let L be an indefinite quadratic Z-module, of rank
at least 3. Let V = L ®z Q be the induced quadratic vector space over
Q. For each p # oo, let V, be a nonempty open subset (in the p-adic
topology) of O(V @ Q,) such that V, = O(L ® Z,) for almost all p.
Then there is an isometry o € ©(V) such that o € V, for all p.

A proof may be found in [Cassels 78, Chapter 10, Section 7].






CHAPTER VI

The Existence of Integral Quadratic Forms

1. The monoids Q and Q,

Recall that an integral quadratic form is a free finitely generated
Z-module L together with a Z-valued quadratic form () defined on L.
(This is a quadratic Z-module.) Let Q be the monoid of isomorphism
classes of integral quadratic forms. (The operation in the monoid is
direct sum.) There are two natural maps

rank : QO — N

and
disc: Q — Z

defined on Q as we have seen.

There is another more “discriminating” function on Q given by the
discriminant-form construction. Let 7 be the monoid of isomorphism
classes of torsion quadratic Z-modules; these are finite abelian groups
G together with a Q/Z-valued quadratic form ¢ defined on G. The
discriminant-form construction gives a natural map

d: Q9 —T

which we have investigated in the p-adic context in Chapter IV.
Namely, recall that Q, denotes the monoid of isomorphism classes

of quadratic Z,-modules, and 7, denotes the monoid of isomorphism

classes of torsion quadratic Z,-modules. We have a natural map

d:Qp,—1T,

defined by the discriminant-form construction for each prime p.
By the Sylow splitting (Proposition (II.1.1)), the monoid 7 is nat-
urally the direct sum of the monoids 7,

T=~P7,
p

In addition, localization gives a map Q — @, induced by sending
an integral quadratic form L to L ®z Z,. For each prime p we have the

129
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obvious commutative diagram

Q — 9,
d] d|
T — 1T,

where the vertical arrows are the discriminant-form construction, the
upper horizontal arrow is the localization map, and the lower horizontal
arrow is the projection onto the p-Sylow part.

If we set Zo, = R, the real numbers, then most of this notation can
be applied to the case p = co. Let Q. be the monoid of isomorphism
classes of real quadratic vector spaces. We have the natural localization
map Q — Q. induced by sending an integral quadratic form L to
L ®z R. (There is no analogue 75, of the monoids 7,.) We will often
use Q4 rather than Z., to denote R, as is more standard.

Putting these localization maps together, we obtain a natural map

9:2— P 9.

all p

where here “all p” means that p = oo is included. This map g is the
genus map, and a genus is any element of @, D Q, which is in the
image of g.

In this chapter we will investigate the existence of integral quadratic
forms with prescribed “local” data. In the standard treatment of the
theory, “local” data means essentially the genus. Our point of view is
that “local” data means the discriminant-form. The existence theorem
from this point of view was first proved by Nikulin in [Nikulin 80b]; we
give this theorem in section 5. The proof depends on the corresponding
theorem over Q (Corollary (V.5.3)), and the analyses of discriminant-

forms and p-adic integral quadratic forms given in Chapters II, III, and
IV.

2. The surjectivity of Q — 7

We begin the study of the existence of integral quadratic forms by
showing in this section that any torsion quadratic form over Z (that is,
a finite abelian group with a Q/Z-valued quadratic form on it) is, up
to isomorphism, the discriminant-form of some integral quadratic form.
In other words, we will show that the map d : @ — 7 is surjective. We
begin with the following lemma.

LEMmMA 2.1. Fix ag,a1,... 0, n Q. Define d,, = ap,, dp_1 =
m-1dm—o — 1, and d;_o = a;_od;_1 — d; for 2 < i < m. Then the
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determinant of the tridiagonal matrix

Qo 1 0
1 ap 1 0
0 1 (05}

0 1 Am

with the a;’s on the diagonal, 1’s on the sub- and super-diagonals, and
0’s elsewhere, s dy.

Proor. This is a straightforward induction on m. If m = 0 or
m = 1, the result is clear. Assume then that m > 2 and that the result
is true for all sizes less than m. Denote the above tridiagonal matrix

by [ag, a1, ... ,an]. By expanding the determinant along the first row,
we see that
det[ag,ai,... ,an] = agdetlay,... ,ay] — detlas, ..., ap)

= aopd; — dy by the inductive hypothesis
= dy by definition.
Q.E.D.

We begin by exhibiting integral qudratic forms whose discriminant-
forms are equal to the cyclic generators of 7,,.

LEMMA 2.2. Fiz a prime p, and an integer k > 1. Then for any ¢
(= x1 ifpisodd, =1,3,5,7 if p=2) there exists an integral quadratic
form L whose discriminant-form represents wy, ;..

PROOF. Let G = Z/1, and define the Q/Z-valued quadratic form
q on G by setting ¢(1) = p~*n/2, where (n,p) = 1, |n| < p¥, and
n is even if p is odd. Any wy, is represented by such a ¢, and we
will produce an integral quadratic form (L, Q) with discriminant-form
(Gr,q1) = (G, q).

Write 1 = nd; — pPdy; since |n| < p¥, we must have |dy| < |d].
Certainly d; and dy cannot both be even. If they are both odd, then
since n and p have opposite parity we may replace d; by d; + p* and
dy by dy +n to make one even and one odd. Therefore we may assume
that d; and d, have opposite parity. Set dy = p~* and ag = p~*n; then
do = apdy — dy. Recursively define sequences (a;) and (d;) as follows.

Given d; and d;, 1 with |d;.1| > 1, choose the even number a; so that
a;d; 11 is the closest even multiple of d; 1 to d;, and set d; o = a;d;11—d,;.
In this case note that
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( ) az i+1 T dz+2

( ) 0 7é ’dl+2‘ < ’derl‘

(c) the parity of d; is that of d; .
If |diy1| = 1, set a; = d; and stop.

By (b) above, this construction ends, and produces sequences (ay, . . .
and (dy, ... ,dp) (dni1 = £1). Also, since d; and dy have opposite par-
ity, the parity of the integers d; (for ¢ > 0) alternate, by (c). Hence the
last members a,, = d,,, are even, since d,, ., is odd; therefore each a; is
even, for ¢ > 1.

Let L# be the free Z-module with basis {e/,... ,e#}. Define a
symmetric Q-valued bilinear form (—, —) on L# by setting the matrix
A#* = ((e7, f)) equal to the tridiagonal matrix [ag, a1, ... , @) (using
the notation of Lemmma (2.1)). By Lemma (2.1), the determinant of
A# is dy = , using (a) above. Hence by Cramer’s Rule, the inverse
A of A% is mtegral, since every maximal minor of A” has determinant
s/p" for some s € Z. (The only non-integral entry of A% is the upper
left corner entry ag.)

Let L be the dual module to L#, ie., L = {x € L*¥@Q[{~, ") € Z
for all y € L#}. By Lemma (I1.7.8), the matrix of the induced bilinear
form on L is A. Note that a basis for L over Z is {eq, ... ,e,}, where

— pFell and e; = e for i > 0.

We next note that the matrix A has all even entries on its main
diagonal. Indeed, if i > 0, then (e;, e;) = a; and is therefore even. For
the upper left entry, we have that (eg, eo) = (pFell, pFel’) = pFn, which
is even if p is odd since then n is even, and is obviously even if p = 2.

Therefore the bilinear form (—,—) on L comes from a unique Z-
valued quadratic form @, (defined by Q(x) = (z,x)/2), and the pair
(L,Q) is an integral quadratic form. The discriminant-form group
L# /L is generated by the class of e# , and has order p*. Its quadratic
form ¢y, is determined by ¢z (eff mod L) = Q(ef) mod Z = (¥, ) /#
mod Z = Oy /F mod Z = 1~ 'x /¥ mod Z. Thus (Gp,qr) = (G, q) as
desired. Q.E.D.

The rank two indecomposable torsion forms over Z, are obtainable
as follows.

LEMMA 2.3.
(2.8.1) The rank 2 integral form (L, Q) defined by Q(z,y) = 2*xy has
ug as discriminant-form.
(2.3.2) The rank 4 integral form (L,Q) defined by Q(z,y,z,w) =
ka2 4 26?2 + az? + bw? + 2Fxy + 2Fyz + 2w, where a =
(2F — (=1)%)/3 and b = (=1)*71, has vy, as discriminant-form.

)
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PROOF. In the first case the dual module L# is easily seen to be
generated by f; = (27%,0) and f, = (0,27%), and the result follows
directly. In the second case, the determinant of the matrix of the
form is exactly 22*, and it is easy to see that f; = (27%,0,0,0) and
f2=1(0,27%,0,0) are in the dual lattice L#. Therefore the dual lattice
is generated by f1, fa, (0,0,1,0), and (0,0,0, 1) (there is no more room
left for anything bigger), and so the discriminant-form group G is
generated by the image of f; and fs. The reader can now easily check
that the induced form ¢y on G represents vy. Q.E.D.

Since the forms wy ;, ug, and vy, generate the monoids 7, and since
T = @p 7,, the above lemmas suffice to prove the desired surjectivity
result:

THEOREM 2.4. The map d : Q — T 1is surjective.

3. Hasse invariants for Integral p-adic Quadratic Forms

In this section, we compute the Hasse invariants (defined in Chapter
V, section 2) for the unimodular p-adic integral quadratic forms, i.e.,
the unimodular quadratic Z,-modules. If L is a quadratic Z,-module,
define its Hasse invariant ¢,(L) = ¢,(L ® Q,).

PROPOSITION 3.1. Let L be a unimodular p-adic integral quadratic
form.

(5.1.1) If p is odd, then c,(L) = 1.
(3.1.2) If p = 2, write L 2 U™ & V"™ with m < 1. Then c3(L) =
(_1)m(n+1)+(g).

PRroOF. To prove the first statement, we use induction on the rank.
Since any 1-dimensional form has Hasse invariant 1, the formula holds
if L has rank 1.

If L has rank at least 2, then we may write L = W, ® L' with ¢ =
+1 and rank(L') = rank(L) — 1. Let d = disc(W;,) and d' = disc(L').
Then by Lemma (V.2.5),

cp(L) = ¢( ;,O)CP<L/>(d7 d/)p‘

The first term on the right is 1 since the rank of the form is one, and
the second term is 1 by the inductive hypothesis. Finally, the third
term is also 1 by Lemma (V.2.2), since both d and d' are prime to p.

To prove the second statement, we use induction on n; we must
start by computing co(Up) and co(Vj).
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Uy has matrix ( (1) (1) ) , so that Uy®Qs is equivalent to a form with

matrix ( g _02 ); hence, disc(Up) = —1 and e2(Up) = (2, —2)2 = 1.

Vo has matrix % ; , so that Vy ® Q9 is equivalent to a form

0 6
Therefore the result is true when n = 0. Assume the results holds
for n — 1, and let us show it for n. Let L & US™ @ Vo™, with m < 1.

Let L' = Uga(n_l) ®V;P™, so that L = Uy® L'. Then by Lemma (V.2.5),
c2(L) = ea(Up)ea(L) (=1, (=1)"713™),
= 1 () L - Ly

which gives the desired result after noting that (—1,—1)s = (—1,3)y =
—1.

with matrix ( 2.0 ); hence, disc(Vp) = 3 and (V) = (2,6)2 = —1.

Q.E.D.

4. Localization of Z-modules

In this section, we study a pair of free Z-modules inside a fixed
vector space over Q, and show the extent to which they are determined
by local data. The theorem we desire is the following.

THEOREM 4.1. Let A be a free Z-module of finite rank.

(4.1.1) Suppose that there is a Z-module L C A®Q such that L&Q =
A® Q. Then for almost all p, L ® Z, = A ® Z,.
(4.1.2) Suppose one is given Z,-modules L, C A ® Q, for all p, such
that
(a) L, ® Q, =A®Q, for all p, and
(b) L, = A®Z, for almost all p.
Then there is a Z-module L C A ® Q such that L ® Z, = L,
for all p.

PROOF. The first statement is easy: let {z1,... ,z,} and {y1,... ,yn}
be bases of L and A repsectively. Then there exist a;; € Q with
det(a;;) # 0 and z; = Z]‘ a;jy; for each 7. If p is any prime such
that a;; € Z, and det(a;;) € U,, then L ® Z, = A ® Z,; this holds for
almost all p.

To see the second statement, note that without loss of generality
we may assume that L, C A ® Z, for all p, by replacing A by aA for a
suitable rational number a € Q.
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Since AN L, = AN (A®Z,) = A for almost all p, the intersection
ﬂp(A N L,) is actually an intersection of finitely many Z-modules; let
L=,(ANLy).

There are non-negative integers e(p), defined by each prime p, which
are almost all 0, such that p*®(A ® Z,) C L,. Thus if we let k =
pre(p), we have kA C L C A so that L is a free Z-module with
LeQ=ARQ.

By definition, L ® Z, C L, for each p. Thus, we must only show
that L, C L®Z, for each p. For this, it is enough to show that for every
x € L, and for every € > 0, there is a y € L such that || z —y [|,< e.
Therefore fix p, and such an x and an e.

Let {x1,...,2,} be a basis for A, and write = ). a;,x; where
a; € Zy since L, C A® 7Z,. Let N > max(e(p),log,(v/n/€)). By the
Chinese Remainder Theorem, there exist integers by, ... ,b, such that

b; =a; mod pN

and
b =0 mod ¢°?@ for all ¢ # p.

(This is only finitely many conditions since e(q) = 0 for almost all q.)
Let y = >, biz;. Then y € A since b; € Z, and for every ¢ # p,
y € ¢ DA®RZ,) C L, Also, z—y € p*P(A®Z,) C L, so that y € L,
since x € L,. Thus, by the definition of L, y € L.
On the other hand,

|z —y H}z): Z | a; — b; HJQDS np N < €.
Q.E.D.

5. Nikulin’s Existence Theorem

In this section we formulate a necessary and sufficient condition on
a signature, discriminant, and discriminant-form, to guarantee the exis-
tence of an integral quadratic form having that signature, discriminant,
and discriminant-form.

Recall that if L is an integral quadratic form, with discriminant-
form group G; = L#/L, and sign(L) = (sy,s_), then disc(L) =
(—1)" |Gyl

If (G,q) is any torsion quadratic form over Z, we will denote by
(Gp, qp) the induced torsion quadratic form over Z, on the p-Sylow
subgroup G, of G.

If (Gp,qp) is a torsion quadratic form over Z,, denote by L(g,)
a quadratic Z,-module with discriminant-form isomorphic to (G, ¢,)
and rank(L(g,)) = ¢(G,). L(g,) is unique up to isomorphism if p is
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odd, or if p = 2 and w5 ; does not split off g, for any €, by Corollaries
(IV.2.10) and (IV.5.6). If p = 2 and w5 ; does split off g, we will write
L(gq2) for either of the two quadratic Zs-modules which are possible;
this ambiguity should not cause any confusion in what follows. Recall
that in this case disc(L(qz)) is well-defined up to multiplication by 5,
mod UL, by Corollary (IV.5.6).

Using this terminology, we have the following necessary conditions
for the existence of an integral quadratic form. Recall that ¢(G) is the
length of a finite abelian group, and v7(1) is one of the Gauss sum
invariants of an integral quadratic form, defined in Chapter 3.

PROPOSITION 5.1. Let L be an integral quadratic form with discriminant-
form (G, q), and with signature sign(L) = (sy,s_). Let r = rank(L) =
51+ s_. Then

(5.1.1) 7 > ((G).

(5.1.2) If s = sy — s_, then v.(1) = exp(mis/4).

(5.1.8) If r = U(G,), and if either p is odd, or if p =2 and w5, does
not split off qa, then (—1)°-|G| = disc(L(g,))( mod U").

(5.1.4) Ifr = U(G)p), p = 2, and w3, does split off gz, then (—1)*~ |G| =
disc(L(g2))( mod (5, U¥)).

PROOF. Since G = L¥ /L, it is generated by the classes of a basis for
L#; since L and L* have the same rank r, the first statement follows.
The second statement is Milgram’s Theorem, Theorem (I11.5.1).

Ifr = ¢(Gp), then L, = L®Z, has rank r = ((G,), with discriminant-
form (G,,q,); therefore L, = L(g,), and so disc(L,) = disc(L(g,))(
mod U” in the situation of (5.1.3) and mod (5, U¥) in the situation of
(5.1.4). Since disc(L,) = disc(L) mod U* = (—¥)~-|G|, the last two
statements follow. Q.E.D.

Nikulin’s Existence Theorem is essentially a converse to the above
Proposition. It turns out that conditions (5.1.3) and (5.1.4) can be
weakened slightly. The statement follows.

THEOREM 5.2. Fiz a pair of nonegative integers (s,,s_) € N*, and
a torsion quadratic form (G,q) over Z. Then there exists an integral
quadratic form L such that sign(L) = (s, s_), with discriminant-form
isomorphic to (G, q), if and only if the following conditions are satisfied:

(5.2.1) r = s +s_ > U(G).

(5.2.2) v,(1) = exp(mi(sy —s_)/4).

(5.2.3) If]z1 is )odd and r = U(G,), then (—1)°-|G| = disc(L(g,))(
mod U¥).
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(5.2.4) If r = €(G2) and w3, does not split off g2 for any ¢,
then |G| = £ disc(L(g,))( mod UL).

PROOF. The necessity follows from the previous Proposition. Note
that if we assume that the theorem is true, it follows that the above 4
conditions imply the (a priori) stronger conditions of the Proposition.
This can be checked directly also, which we will leave as an exercise
for the reader.

It remains to demonstrate the sufficiency of the conditions. By The-
orem (2.4), there is an integral quadratic form E with discriminant-
form (G,q). The problem with E is that its signature sign(F) =
(e4,e_) may be wrong. Let U be hyperbolic plane over Z; recall that

0 1
10 /)
Recall also that disc(U) = —1 and sign(U) = (1,1), so that U is uni-
modular and, for any k > 1, sign(E ® U%*) = (e, + k,e_ + k).

Choose k such that e, +k=s, mod 8, e_ +k=s_ mod 8§, and
ey +e_+2k>r =s;+s_. (This is possible because of the Gauss
sum condition (5.2.2).) Set M = E @ U% and write my = ey + k, so
that sign(M) = (m4, m_). Therefore

(i) my = s mod 8 and m_ = s_ mod 8§,
(ii) rank(M) =my +m_ > r, and
(iii) the discriminant-form (G, gas) of M is isomorphic to (G, q),
and my —m_ = sy —s_ mod 8, so that ,(1) = exp(mi(my —
m_)/4).

For each prime p, write M, = M ®Z,. By Corollaries (IV.2.10) and
(IV.5.6) and the classification of unimodular quadratic Z,-modules, we
may write

this is the rank 2 integral quadratic form whose matrix is

My = (Wp)®" & (W, 0)® @ L(gy)
if p is odd, and
My = (Up)®*2 @ (Vo) ® L(go),

where o, > 0 and 8, = 0 or 1 for each p. Moreover we may assume
that

(iv) B2 = 0 if w3, splits off g, for some ¢,
by using relation VIII of Proposition (IV.3.1) if necessary. (Note that
this switches L(g2) in the above expression for M,.)

Set

v =1 —LUGp) — By =1 —rank(M) +
if p is odd, and
v2 = (r — 0(Gy) — 205)/2 = (r — rank(M) + 2a) /2
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Since ¢(G3) = rank(L(gs)), the quantity r—¢(Gs)—25, = r—rank(M )+
2ay is even by (i); therefore v, is an integer for all p. In addition

(V) 7p =, mod 8 if p is odd, and 72 = s mod 4 if p = 2,
by (i).

We will next show that v, > 0 for all p. Since r > ¢(G) > ¢(G,) for
all p by (5.2.1), and since (3, < 1 for all p, the only way that 7, could
be negative is if r = ¢(G,) and B, = 1. Therfore fix a prime p and
assume that r = ¢(G,); we will show that 3, = 0. This follows from a
discriminant calculation.

If p is odd, fix a non-square a € U,. Then

disc(L(g,)) = (=1)*7|G| mod U” by (5.2.3)
(=1)"|G| mod UT by (i)
disc(M) mod U” by (iii)
= disc(M,) = a’ disc(L(q,))
by the decomposition of M,. Therefore a’ =1 mod U¥, forcing By to
be even, hence 0.
If p =2 and w;, splits off g, then B, = 0 by the assumption (iv).
Finally, if p = 2 and w5 ; does not split off ga, then
disc(L(g2)) = #|G| mod Ug by (5.2.4)
= +disc(M) mod UL by (iii)
= +disc(My) = +(—1)*23% disc(L(g2))
by the decomposition of M. Note that these are all equalities mod UE,
not also mod 5, since we have fixed L(g) throughout. Therefore
(—1)223% = £1 mod UL, again forcing 3, to be even, hence 0.

This proves that v, > 0 for all p.
Now define quadratic Z,-modules L,, for each p by setting

L, = (Wpl,o)@% ©® (Wptolﬁﬂp ® L(%)
if p is odd, and
Ly = (Uo)®” @ (Vo) & L(gn),

where we use the same L(gy) as in the decomposition of Ms.

These quadratic Z,-modules will be isomorphic to the localizations
of the desired integral quadratic form L. Note that the discriminant-
form of L, is (G, q,), and rank(L,) = r, for all p. Set d = (—1)*~|G|;
then d = (—1)*-d. Moreover, if p is odd,

disc(L,) = disc(M,) = (—=1)"|G| = (—=1)* |G| = d( mod U"),



5. NIKULIN’S EXISTENCE THEOREM 139

and if p = 2,

disc(Lg) = (—1)**7"disc(Ms) since disc(Up) = —1
disc(Ms) by (v)
= (=1)*" |G| =d mod U as above.

Hence
(vi) disc(L,) = d mod U” for every p # .

The Hasse invariants of these L,’s can be calculated using Lemma
(V.2.5) and Proposition (3.1).
If p is odd, then

cp(Lyp) = Cp((lel’[))@(appr) © M,)
= Cp((W;},o)ap_%)cp(Mp)(ladiSC(Mp))p
= cp(Mp).
If p=2,
ca(La) = (U @ My)
= Uy ) ea( M) (=1)7772, dise(My))
= o(M;) since g — 2 =0 mod 4.
Therefore for each p we have ¢,(L,) = ¢,(M,). Hence

(vii) ¢,(L,) =1 for almost all p
since this is true of the ¢,(M,) by Lemma (V.2.7). Finally, we have

(viii) (=1){3) [T, n(Ly) = 1
since this is true for the ¢,(M,), and s- = m_ mod 8.

The statements (vi), (vii), and (viii) are precisely the hypotheses of
Corollary (V.5.3). Hence, there is a quadratic vector space (V, Q) over
Q such that rank(V) = r, disc(V) = d mod (Q*)”, and sign(V) =
(s4,5—). Moreover, there are isometries o, : V ® Q, — L, ® Q, for
each p < o0.

Let A be any Z-module in V' such that A ® Q =V, and define

I { A ® Z, if both L, and A ® Z, are unimodular

o, (Ly) if not.

Since disc(L,) = d = disc(A ® Z,) mod (Q))* for all p, if L, and
A ® Z, are both unimodular then L, = A ® Z,; in particular, the
discriminant-forms of L;, and of L, are isomorphic for all p < oo.
Since L, ® Q, = A ® Q, for all p, by Theorem (4.1) there is a
Z-module L C V such that L ® Z, = L, for every p. When the form
@ on V is restricted to L, it is Z-valued, since the induced form on
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L, is Zy-valued for every p. Moreover, sign(L) = sign(V) = (s4,s_).
Finally, the discriminant-form qr, of L is

QL:@QL@Zp Z@QL; =49
p p

as desired. Therefore L is the required integral quadratic form. Q.E.D.

6. The Genus

In this section we wish to remark that the two invariants, the signa-
ture sign(L) and the discriminant-form (Gp,qr), determine the genus
of an integral quadratic form. Recall that the genus of L is the collec-
tion {L ® Z,} of quadratic Z,-modules, for all p (including p = c0), up
to isomorphism.

By Sylvester’s Theorem, sign(L) determines L ® Z,, = L ® R,
and the rank r of L ® Z,, for all p. Since disc(L ® Z,) = (—1)* |G|
and qrez, = (qr),, both of these invariants of L @ Z, are dtermined.
Therefore, by Theorem (5.2), we have the following.

THEOREM 6.1. The invariants sign(L) and (Gr,qr) determine the
genus of an integral quadratic form L, and conversely.

It is in this sense that we consider these invariants, the signature and
the discriminant-form, to be “local” data for an integral quadratic form:
they are equivalent to the data of the genus. There are two advantages
to this approach. Firstly, the data is more compactly represented, and
secondly, in many situations the signature and discriminant-form come
more readily from other given data without further calculation.



CHAPTER VII

Local Orthogonal Groups

1. The Cartan-Dieudonné Theorem Recalled

In this chapter, we study the orthogonal group O(L) of a free qua-
dratic Z,-module L. One of our goals is to give an analogue of the
Cartan-Dieudonné Theorem 1.9.10 for this group (and for certain sub-
groups of it). We begin by recalling the statement of that theorem
over a field K of characteristic not 2; the proof motivates many of the
calculations which follow.

Recall that if (V, Q) is a quadratic form space over K, and v € V'
is anisotropic, then V' gives rise to 7, € O(V), called the reflection in
V', defined as follows:

for all w € V.

THEOREM 1.1 (Cartan-Dieudonné).

(1.1.1) Let (V,Q) be a quadratic form space over a field K of char-
acteristic not 2. Let v,w € V with Q(v) = Q(w) # 0. Then
at least one of T,_, and T, T, is well-defined, and gives an
element o € O(V') such that o(v) = w.

(1.1.2) The orthogonal group O(V') is generated by reflections.

We recall that the Cartan-Dieudonné theorem was used to define
the spinor norm, a homomorphism

spin: O(V) — K*/(K*)?
as follows: if p € O(V), write
P =Ty Ty,
for suitable anisotropic vectors vy, ..., v,.. Then
spin(p) = Q(v1) ... Q(v,) mod (K*)*.

If R is an integral domain with quotient field K, and (L,Q) is a
quadratic R-module, then (L ® K, Q) is quadratic vector space over K

141
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and there is a natural inclusion
O(L.Q) C O(L® K, Q).
We define
spin: O(L, Q) — K*/(K*)?
by restriction; note that to compute spinp for p € O(L, Q) we must
factor p into a product of reflections inside O(L ® K, Q); such a fac-

torization may not be possible in O(L, Q) itself.
We note at this juncture that if (L,Q) is a quadratic R-module

with associated bilinear form (—,—), then the set of automorphisms
of L preserving the quadratic form () is exactly the same set as those
preserving the bilinear form (—,—). Hence from this point of view

there is no particular advantage to having the quadratic form avail-
able. Indeed, it is somewhat artificial to restrict oneself to studying
orthogonal groups of only quadratic forms; this is equivalent to study-
ing the orthogonal groups of the even bilinear forms. We have seen
that the even-ness of the bilinear form, which allows the definition of
the quadratic form, is of real importance in other areas. However for
orthogonal groups this is less so, for a simple reason: one can expand,
or scale, an odd bilinear form by 2 and make it even, without changing
the orthogonal group. Conversely, if all values of the bilinear form are
even, (so that the bilinear form is even, and is induced by a quadratic
form), then one may divide all the values by 2, to produce a possibly
odd bilinear form; again this has the same orthogonal group.

For these reasons we will deal in the first few sections of this chapter
with inner product modules over Z,,, not quadratic Z,-modules. There
is of course no difference if p # 2. When p = 2 the only difference
in the relevant decompositions is the existence of the rank one inner
product Zy-modules Wy .

We will still freely use the notation of the quadratic form, namely
Q(x), defined in terms of the bilinear form by Q(z) = 3(z,z). When
p = 2, it may be the case that () has values in %ZQ, and one should not
assume that Q(z) € Z, for all x € L.

2. The groups O(L) and O#(L)

Let L be an inner product Z,-module, and let G, = L¥/L be
its discriminant form group. As we discussed in Chapter II, there is
a natural homomorphism O(L) — O(Gr). We let O#(L) denote the
kernel of this homomorphism. The homomorphisms det: O(L®Q,) —
{£1} and spin: O(L® Q,) — Q;/ (@;)2 restrict to homomorphisms of
O(L) and OF(L).
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The Cartan-Dieudonné theorem 1.1 tells us that elements of O(L ®
Q,) can be expressed as products of reflections in O(L ® Q,). We
will spend the next several sections finding analogues of this statement
(and of the preliminary Lemma 1.9.9) for the groups O(L) and O%(L).
The goal is to find a collection of “elementary” isometries in O(L)
or O#(L) which generate the group. Of course, when regarded as
elements of O(L®Q,), these “elementary” isometries will have a further
factorization into a product of reflections, but this factorization does
not in general hold in O(L) or O%(L).

We first consider reflections in O(L).

LEMMA 2.1. Let x € L be primitive and anisotropic. Then the
following are equivalent:

(2.1.1) 7, € O(L)

(2.1.2) (x,t) € Q(x)Z, for allt € L

(2.1.3) there is a k such that Q(x) € p*U, and (x,t) € p*Z, for all
te L.

Moreover, if x is simply anisotropic without being primitive, then it is
still the case that (2.1.2) and (2.1.3) are equivalent, and each implies
(2.1.1).

PROOF. This is immediate from the formula

(1)

T.(t) =1t — Q(m)x

since %x € L if and only if % € Z, because x is assumed to be

primitive. Q.E.D.

We now turn to the group O#(L). If p € O(L), then the induced
p € O(Gp) is defined by extending p to L ® Q, by linearity, then
restricting to L#, and descending to G = L¥ /L. We can thus phrase
the condition that p be in O%(L) as follows: for every & € L¥#, the
element p(§) — £ is in fact in L.

It is slightly more convenient to view the dual lattice L# as being
isomorphic to the dual module L* via the adjoint mapping o : L# — L*
defined by sending x € L# to the functional Ad(x)|;, = (z,—). Then
G = L*/L, where we view L C L* via the adjoint mapping. With
this point of view the induced map p acts via the adjoint; if £ € L* is
a functional on L, then

(€ mod Ad(L)) = p* (&) mod Ad(L) = £ o p mod Ad(L)
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Hence the condition that p be in O#(L) is as follows: for every & € L*,
there is some z € L (depending on ) such that

p (&) — & = Ad(z).

This observation is sufficient to give the following criterion.

LEMMA 2.2. Let p € O(L) and suppose that there exist xy, ..., Tg, Y1, . ..

L such that

=t+> (yt)x
for allt € L. Then p € O%(L).

PRrROOF. Given & € L*, consider z = ) &(x;)y;. Since &(z;) € Z,
and y; € L for every i, z € L. Moreover, for every t € L,

so that p*(€) — & = Ad(z); hence p € OF(L). Q.E.D.

PrROPOSITION 2.3. Let x € L be primitive and anisotropic. Then
7. € O%(L) if and only if p1 Q(x).

Even if x is not primitive, if x is anisotropic and p 1 Q(x) then

. € OF(L).

PROOF. Suppose that p1Q(x). Then
by Lemma 2.1. Also, x € L so that

)EZ so that 7, € O(L)

( )

() =t + (Mx> (x,t)

satisfies the hypotheses of Lemma 2.2. Hence 7, € O%(L).

Conversely, suppose that 7, € O#(L). Since x is primitive, there
is some £ € L* with £(z) = 1. Since 7, € O%(L), there is then some
z € L with

7, (§) =& = Ad(z).

Uk €
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Thus, for every t € L

(2,t) = Ad(2)(1) = (7.(§) = (1)
*é(n() t)
—&(@){z, 1) /Q(x)
=<—$/Q( ): )

which implies that z/Q(z) = —z is in L. But since x is primitive, this
can only happen if 1/Q(z) € Z,, i.e., if p{ Q(z). Q.E.D.

We let O*f(L) (resp. O#*°I(L)) denote the subgroup of O(L) (resp.
O#(L)) generated by reflections. Lemmas 2.1 and 2.3 describe the
generators of these groups.

We need one additional fact about O#(L). Let us say that L has
scale > k if (x,y) € p*Z, for all 2,y € L. We will say that L has scale
k if L has scale > k and does not have scale > k + 1; this is equivalent
to saying that L has scale > k and there are elements x,y € L with
(z,y) € p*U,. By convention, the zero lattice has scale oo.

Note that if L has scale > 1, then scale(L) = scale(G). Also note
the if L has scale > k, then Q(z) € 1p*Z, for all z € L. If L has
scale > k, then L can be decomposed as a direct sum of the rank one
forms {W pm, ;m > k}if p # 2, and if p = 2, then L can be decomposed
into the pieces {Up, Vi, W5 ,,,;;m > k}. In particular, if p = 2 and L
has scale > 1, then the bilinear form is even and the quadratic form in
Zo-valued.

LEMMA 2.4. Let L be an inner product Z,-module of scale > k, and
let p € OF(L). Then for all z € L, p(z) —x € p*L.

PROOF. We first note that p=1 € O#(L) as well, and that for every
tel,

(71" (Adz)(t) = Adz(p (1))
= (z,p7'(1))
= (p(2),1)
= Ad(p(x))(t)

so that (p™')*(Adz) = Ad(p(x)).
Now since p* | (x,y) for every x,y € L, we have }%Ad(w) €

L*. Then there must exist some z € L with (p~!)* (# Ad(:v)) -
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(# Ad(m)) = Ad(z). But then,

PFAd(2) = ()" (Ad(x)) — Ad(z)

= Ad(p(z)) — Ad(z)
= Ad(p(z) — )
which implies that p(z) — z = p*2. Q.E.D.

3. The Generalized Eichler Isometry

In this section, we introduce our basic “elementary” isometry for
use in factoring elements of O(L) and O%(L).

PROPOSITION 3.1. Let L be an inner product Z,-module, and let
x,y € L, such that 2 | (z,z) and 2 | (y,y). (Le., Q(z) and Q(y) are
integral.) Suppose that either

(a) Q(z) = (z,y) =0, or

(b) 1 —(z,y) + Q(x)Q(y) € Uy, and Q(y) | (y,t) for everyt e L.
Define

r—Q(x)y
(o, + 0@ Y

—y — Qy)r + (7,y)y (1)
1—(z,9)+Q(z)Q(y) "’

EX(t) =t +

Then:
(8.1.1) In case (a), we have Ej(t) =t +x(y,t) + (—y — Q(y)z) (z,1).

(5.1.2) If Q(y) divides (y,t) for allt € L, (in particular, in case (b)),
we have

Ty € O(L), Ty—Q(y)z € O(L) and EZ = TyTy—Qy)z-

(3.1.3) In both cases (a) and (b), E € O%(L).
(8.1.4) If Q(x) = (z,y1) = (x,y2) = 0 then E* E* = E*

Y1 Y2 y1t+y2°
(3.1.5) det(ES) = 1 and spin(E}) = 1 — (z,y) + Q(7)Q(y).
E} is called a generalized Eichler isometry.

PROOF. Statement (3.1.1) is clear.
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To prove (3.1.2), first notice that since Q(y) divides (y,t) for all ¢
and this is sufficient to ensure that 7, € O(L). Also note that
Qy—Q)z) = Qy) — Q) (z,y) + Qy)*Q(x)
= Q(y)(1 — (z,y) + Q(¥)Q(z)).

If we let e = 1= (z,y) + Qy)Q(x), then Q(y — Q(y)r) = Q(y)e and
we see that the assumption also implies that Q(y — Q(y)x) divides

(y — Q(y)x, t) for all t; hence also 7,_g(y)e) € O(L).
Next note that

o . Wy —Qy)zy)
7y (y — Qy)r) =y — Qy) o0) y

=y —Q)r— (2—(7,9))y
=—y— Qv+ (z,y)y

Qy)e
(y,t)  (y,t) — Qy){z,1)
t— 0w IOE (—y — Qy)z + (z,9)y)
=t+ ) (—ey +y+ Qy)x — (x,y)y) + (. 1) (—y = Q(y)r + (z,9)y)
Qy)e ’ 2 ’
—t+ 5 (QuQ + Q) + = =y - Qe + ()
=+ 90 Q@+ o)+ 2 - Qe + (e
= (1),

This completes the proof of (3.1.2).

To see (3.1.3), we first check that Ej € O(L). In case (b), this
follows from (3.1.2). In case (a), (3.1.1) shows that £y maps L to L.
Moreover,

QE, () =Q(t+z(y,t) + (—y — Qy)x) (z,1))
= Q(t) + (z,0)°Qy) + (y, t){(w, 1) — (y + Qy)z, t) (x, 1)
= Q(t) + (z, )°Qy) + (v, ) {a, t) — (y, ), ) — Qy){x, 1)*
= Q(t)

so that £ € O(L).
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Now Lemma 2.2 can be used to conclude that in both cases Ey"’“" €

O#(L). Indeed, no further statements are necessary in case (a). In
case (b) we need only note that our hypotheses guarantee that

r—Q(x)y ond Y Qy)z + (z,y)y
1 —(z,y) + Q(z)Q(y) 1L —(z,y) + Q(z)Q(y)

are both in L, so Lemma 2.2 also applies and EY € O#(L). This
finishes statement (3.1.3).

Moving on to (3.1.4), note that if Q(z) = (z,y;) = 0, then we
are in case (a), and 1 — (z,y;) + Q(2)Q(y) = 1 so that EJ(t) =
t+ x(yi, t) — (¥ + Q(yi)x)(x, t) by (3.1.1).

Thus,
Ej(z)=x
and
Ey (42 + Qy2)x) = By (v2) + Qy2)x
=y T (Y1, 42) + Qy2)z
so that

By B () = By (t+2(y,t) — (v2 + Qy2)z)(7, 1))
= t4+a(y,t) — (y1 + Qy)x)(z, 1) + x(y2, t)
— (@, 1) (Y2 + 2 (Y1, y2) + Q(y2)7)
= t+a(y +y2t) — (1 +y2) +(Qy1) + Qy2) + (y1, y2))x)(, t)
= t+a(y +yo,t) — (1 +y2) + Q1 +y2)2) (2, 1)

= E§1+y2 (t)

proving (3.1.4).

Finally we show (3.1.5). If Q(y) # 0, then as we showed in the
proof of (3.1.2), B} = 7,7, Q.- Thus, det(£y) = 1 and spin(E}) =
QW)Q (y — Qy)r) = QY)* (1 — (z,y) + Q(x)Q(y)) so spin(Ey) = 1—
(z,9) + Q(@)Q(y) mod ()",

On the other hand, if Q(y) = 0 then we are in case (a), and Q(x) =
(x,y) = 0. The non-degeneracy of L guarantees that there is some
z € 7 such that Q(z) # 0. Choose A € Z, such that

Qly —Xz) = =Xy, 2) + N’Q(2) #0

Then EY, and Ej , are well-defined (using case (a)), and (v, \z) =

(x,y — Az) = 0 so that

E'=FE

i
Yy yf/\zE)\z
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by (3.1.4). But now since Q(y — Az) # 0 and Q(\z) # 0, we have by
the previous analysis that

det( y— /\z) det(Eiz) =1

and
Spln(Ey /\z) - Spln(Eiz) =1

so that det(E)) = 1 and spin(£y) = 1(= 1 — (z,9) + Q(2)Q(y)).
Q.E.D.

4. Factorization for Forms Containing Wy,

In this and the next two sections, we study factorizations of ele-
ments in the groups O(L) and O#(L). In Chapter IV, we decomposed
quadratic (and inner product) Z,-modules L as direct sums of certain
pieces Wy ., U, and Vi; our factorization proceeds by induction on the
rank of L, assuming that L contains one of these pieces as a direct
summand (with k& minimal). We treat the case of W in this section,
and the cases of U, and V}, in subsequent sections.

In addition to factoring isometries, we wish to keep track of the
determinants and spinor norms introduced along the way, with the
ultimate goal being the calculation of the images

Y(L) = Im((det, spin): O(L) — {£1} x Q;/(Q;f)
>#(L) = Im((det, spin): O%(L) — {1} x Q:/(Q})?).

For this purpose, it is convenient to introduce some subgroups I', ; C
{1} x Q5/(Q})?, defined as follows:

Tpo={(1,1),(1,up), (—1,1),(=1,u,)} for p odd, and some non-square u, € U,
Ipr={(1,1),(-1,1)} forpodd, k>1
Ia0={(1,1),(1,3),(1,5),(1,7),(=1,1),(=1,3),(=1,5),(=1,7)}
Fon ={(1,1),(1,3),(1,5), (L, 7)}
Iao ={(1,1),(1,5)}

Fop={(1,1)} for k> 3.

THEOREM 4.1. Let L be an inner product Z,-module of scale k > 1.
Let x,y € L such that x —y € p"L and Q(z) = Q(y) € 1p*U,. Assume
that either p > 2 and k > 1, or p = 2 and k > 2. Then there is a
o € OF(L) such that

(1) o(z) =y

. . _ Q(z—y)
(2) det(c) =1 and spin(c) = 1+ Orty)
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(3) (det(0),spin(0)) € I'px

(4) if p=2 and (det(o),spin(o)) # (1,1), then k = 2 and there is
some z € L with (y,z) =0 and Q(z) € 2U,.

PROOF. Since k > 1, x —y € 2L so that x+y € 2L. Define s,t € L
by z —y = p*s, v+ y = 2t and write Q(s) = p*a/2, Q(t) = p*3/2 for
some «, 3 € Z,. Then Q(z —y) = p*a/2 and Q(x + y) = 2p* 0.

We first claim that with these assumptions (§ is a unit. If p = 2,
since k > 2 we get 4pFt! = 2843 | 231q wwhile if p > 2, since k > 1
we get 4p"t1 | p3Fa/2; in either case 4pF*! | Q(z — y). On the other
hand, if p > 2 then 4p**!  4Q(z); since

4Q(x) = Qz —y) + Qz +y)
we have that 4p**! { Q(z + y) = 2p*3. Hence 8 € U, if p > 2. If
p = 2, then 4p* 1 4Q(x); hence arguing in the same way we see that
4p% 1 Q(x + 1) = 2p*3, so that 21 3 and 3 € Us.
Note that (s,t) = #(x —y,z+y) = 0 since Q(z) = Q(y). Thus,
if we define
v=1-{t,—=07"s) +Q(H)Q(67"s)
Qz —y)

-1 2k n—1 4=1 w\r  J)
ToA e TRty

then our hypotheses on k guarantee that v = 1 mod p, and that
Q(t),Q(—pB7's) € 2Z,. Also, Q(t) = p*B/2 € Lp*U,, and since L
has scale k, p* | (t,z) for all z € L; in particular Q(t) | (¢,2) for
all z € L. Thus case (b) of Proposition 3.1 applies, and there is a
o= E[ﬁ_ls € O#(L) with det(o) = 1 and spin(o) = . Moreover,
in O(L), 0 = 74Ty4q)p-1s- This is the desired o, and we see that we
automatically have (2). But

t+ Q)8 's=t+p's/2=L(r+y) +i(r—y) =2
so that

0= Thary)Te = ToryTs

and this implies that o(x) = y, giving us (1).

We must still check (3) and (4), noting that (det(o),spin(o)) =
(1,7v). Since v = 1 mod p, we have (1,7) = (1,1) € I',;, when p > 2.
So we may assume that p = 2.

If & > 3, then 1p®* = 222 is divisible by 8, so that v = 1+
1?3 'a =1mod 8, and (1,7) = (1,1) € Dy

If Kk =2, then v = 1 + 48 'a so that v = 1 mod 4; this implies
(1,) € T'y2. This completes the proof of (3).
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Finally, to check that (4) holds, we may assume that p = 2, k = 2,
and v = 5 mod 8; then 37 'a € Uy, so that a € Us.

Note that (z,y) = Q(x) + Q(y) — Qz —y) = 2Q(y) — 16Q(s) =
2Q(y) — 32«, and that since 4 1 Q(y) we have that Q(y) | 4o. Hence
Qy) | —32a = (x,y) —2Q(y) = (y,x — y); this implies that 2Q(y) |
(y, s), and we may set 6 = (y,s)/2Q(y) € Zs and z = s—dy € L. Note
that (y, z) = 0 by the choice of 6. Let Q(y) = 2¢, with € € Uy. Now

t
Q(2) = Q(s) — 8*Q(y) = 20 — 26%
so if we let ¢ = a — §%¢ then Q(z) = 2¢.
Since z =y +4s = (1 +40)y + 4z, we get
2 = Q(z) = (1 +46)*(2) + 16(2¢)
so that (20%+§)e+2¢ = 0, which implies 2 | §. But then ¢ = a—d% €
U, since a € Uy; in particular, Q(z) = 2¢ € 2U,. Q.E.D.
COROLLARY 4.2. Let L = W, & L’ be an inner product Z,-module
of scale k such that either
W p>2, k=1

2) p=k=2and Q(L')N2Uy =0; or

3)p=2, k> 3.
Then for every p € OF (L) there is a 0 € OF (L) such that op € O% (L)
and (det(o),spin(c)) = (1,1). In particular, X% (L) = X% (L’).

PROOF. Let y generate Wy, and let x = p(y). By Lemma 2.4,
x — 1y € p*L and we may apply Theorem 4.1. Q.E.D.

THEOREM 4.3. Let L = W5, @ W, © L' be an inner product Z,-
module of scale 2. Then:

(4.3.1) For every p € O%(L), there is a o € OF(L) such that op €
O# (L) and (det(o),spin(o)) € Tqs.
(4.8.2) S#(L) =Tqq - X#(L).

PRrOOF. Statement (4.3.1) follows from two applictions of Theo-
rem 4.1, as in Corollary 4.2. From (4.3.1), we see that X#(L) C
[yo - X#(L'). So to prove (4.3.2), we must show that 'y C X#(L); or
in other words, that (1,5) € X#(L).

Let s, t span W3, and W5, respectively, and write Q(s) = 2«
and Q(t) = 24 for some «, 3 € Uy. Let v = —af~!. Since 42 + 16y =
1 mod 8, there exist two square roots of 42416~ in U,. Choose a square

root such that 4 { y++/9% + 167, and let § = 1 <’y+ V2 + 167); note



152 VII. LOCAL ORTHOGONAL GROUPS

that 6 € Uy. Then § satisfies 6% = 76 + 47, i.e.,
B+ad !t +406?=0.
Let 2 = (14 85')s + 4t and y = s. Then

Q(z) = (1+857)*(2a) + 16(20)
=20 +32(6 ta + 45 %a + )
=2a = Q(y)
while z —y = 4(20"'s+t) € 4L. We may thus apply Theorem 4.1 (with
p=2and k = 2) to this z and y to get a ¢ € O¥(L) with det(c) =1
and spin(o) = 1+ Q(z — y)/Q(x + y). As shown in the proof of 4.1,
Q(x +y) € 8U,. On the other hand,

Qz —y) = Q(80~s + 4t)
= 640 %(2a) + 16(23)
= 32(46%a + ) € 32U,

so that Q(z—vy)/Q(x+y) € 4U, and spin(o) = 1+ Q(z—vy)/Q(x+y) =
5 mod 8. Q.E.D.

LEMMA 4.4. Let L be an inner product Z,-module of scale k. Let
z,y € L such that x —y € p*L and Q(z) = Q(y) € 3p"U,. Suppose
that either

(1) p>2and k=0; or
(2) p:2; k:()a andQTQ(:E—y), or

(3) p=2and k= 1.
Then there is a o € O%™(L) such that o(z) = y.

PROOF. Let z —y = p*z for some z € L. First suppose that p?*! 4

Q(x —y). Then p { Q(2), so that by Proposition 2.3, 7, € O#*(L).
Since 7, = T,—y, T,(2) = y so that o = 7, works in this case.

Now suppose that p**1 | Q(z — y); since in this case k¥ = 1 when
p = 2, this is the same as 4p | Q(z —y). We also get z —y € 2L so that
x4y € 2L; write x + y = 2t for some ¢t € L. But now our hypotheses
imply that p{ Q(z); and since 4Q(z) = Q(2z) = Q((x+y) + (z—vy)) =
Qz + 1)+ Q(x — y) = 4Q(t) + Q(x — ), we see that p Q(¢). Again
by Proposition 2.3, o = 7,7, € O#™(L). But

O =TTy = TotyTa

so that o(x) =y by Theorem 1.1.1. Q.E.D.
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COROLLARY 4.5. Let L = W, @ L’ be an inner product Zy-module

of scale k with either p > 2 and k =0, orp=2 and k = 1. For every
p € OF(L), there is a o € OF"™(L) such that op € O#(L'). Moreover
Y#(L) is generated by X#(L') and {(—1,Q(2)) | 2 € L,pt Q(2)}.

PROOF. Let y span Wy, = = p(y) and apply Lemma 4.4. The

last statement follows from the proof of the Lemma, in which o was
found to be a reflection 7, with p 4 Q(z) or a product of two such
reflections. Q.E.D.

COROLLARY 4.6. Let L = W;,® L' be an inner product Z,-module

(of scale 0) with p > 2. For every p € O(L), there is a 0 € O%™(L)
such that op € O(L'). In particular, ¥(L) is generated by 3(L') and

{(=1.Q(2)) [ z € L,pt Q(2)}.
PROOF. Let y span W, = p(y) and apply Lemma 4.4. Q.E.D.

LEMMA 4.7. Let L = Ly & Ly be an (odd) inner product Zs-module
such that Ly is odd and unimodular, rank(L;) < 2, and scale(Lq) > 1.
Let x,y € L such that Q(z) = Q(y) € U, and y € L. Suppose that
2| Q(x —y). Then for everyt € L, (v —y,t) € 2Zs.

ProoF. Note that the hypotheses imply that L, either has rank
one and is isomorphic to W3, or has rank two and decomposes as a
direct sum of two Wy ,’s. Let y, z be an orthogonal basis for L; (where
z =0 if rank(L;) = 1), and write

r=(a+1)y+pPBz+s

for some «a, 3 € Zsy, s € Ly. Then
Q) = (a+1)"Q(y) + FQ(2) + Q(s) = Qv)
so that
(*) (a® +20)Q(y) + F°Q(2) + Q(s) = 0.
Then
Q(zr —y) = a*Qy) + F'Q(2) + Q(s) = —20Q(y).
Since 2 | Q(z — y) and Q(y) € 3U, we have that 2 | a; write o =
2. Since Lo has scale > 1, Q(s) € Zs so that () now implies that
3*Q(z) € Zs. But either z = 0 or Q(z) € 1U,, so in either case we
may write § = 23y. Thus,
<‘T - y7t> = 20(0<y,t> + 260<Zat> + <S7t>'
But scale(Ly) > 1 implies (s,t) € 2Z, so that (z—y,t) € 2Z,. Q.E.D.
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THEOREM 4.8. Let L = W5, @ L' be an inner product Zy-module
(of scale 0). Assume that either scale(L’) > 1 or that L' = W5, @& L"
with scale(L") > 1. Then:

(4.8.1) For every p € O(L) there is a o € O™(L) such that op €
o(L)

(4.8.2) ¥(L) is generated by (L") and S = {(—=1,Q(z)) | z € L,41
Q(2) and if 2| Q(z) then 2 | (z,t) for allt € L}.

PROOF. (4.8.1): Let y span W5, and let = p(y); we must find
o € O*(L) such that o(z) = y.

If 21 Q(x — y), this follows from Lemma 4.4.2, with o € O#(L).
So assume 2 | Q(xz — y); then by Lemma 4.7, the functions

t— (v —y,t)
t— (x +y,t)

take on only even values for ¢t € L.

If 41 Q(x —vy), then o = 7,_, € O™(L) by Lemma 2.1, Q(z —y) €
2U, and o(z) = y. On the other hand, if 4 | Q(z — y) then since
414Q(x) = Q(x —y) + Q(x +y) we have that 4 1 Q(x +y). In this case
we see that Q(z + y) € 2Us, so that by Lemma 2.1, 7,,, € O™(L);
also 7, € O#™(L) so that 0 = 7,1,7, € O"(L) and o(z) = y.

(4.8.2): The o constructed in the proof of (4.8.1) is a product of
reflections from O#r together with (perhaps) a reflection 7, with
Q(z) € 2Uy and 2 | (z,t) for all t € L. Moreover all of the reflections
7 from 0% used in the above are such that 4 f Q(w). Hence we see
that (L) is contained in the group generated by ¥(L’) and S.

Conversely, to see that every element of S is in 3(L), note that if
z satisfies the conditions given in S, then 7, € O(L) by Lemma 2.1.
Thus, (—1,Q(z)) € S(L). Q.E.D.

5. Factorization for Forms Containing U,

We now turn to the case of inner product Zs-modules containing
a factor of Uy. If L is an inner product Zs-module, and z,y € L, we
say that x,y is a k-hyperbolic pair if the matrix of (—, —)|span(z,y) With

respect to x and vy is
0 2k
2k 0

If L has scale k, then any k-hyperbolic pair splits off as a direct sum-
mand of L.
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LEMMA 5.1. Let L be an inner product Zs-module of scale k, let
x,y be a k-hyperbolic pair in L and let o € Uy satisfy o = 1 mod 2*.
Define o: L — L by

Q

X

(x)

(y)=

(2)
(

Q

Q

z) = z for all z € (span(x,y))*
Then o € OF(L) and (det(o),spin(c)) = (1, a).
PRrROOF. Write o = 1 + 2¥3 for some 3 € Z,. Then
Q(Px) =0 € 2Z,
Qz —y) = —2% € 2"U,
(@ —y, Bu) = —2°8
L= (z—y,B2) + Qzr — y)Q(Br) =1+ 2" = o

Moreover, since L has scale k, 2% | (x — y,t) for every t € L.
By case (b) of Proposition 3.1, Effy € O#(L) with (det(Effy), spin(Effy)) =
(1,a). Now for any t € L,
Br N - - k k
B, () =t+a  Ba{r —y.t) + a7 (-1 = 2°0) (z — y) + 2"Bx)(Ba, 1)
=t+a ' B((1+2°0)z + (-1 - 2"F)(z — y))(a, 1) — o' B (y, t)
=1+ ﬁy<x7 t> - 04_155(]<y, t)
Thus, EJ*,(2) = 2 for any z € (span(z, y))*, while
Bz _ - k., _ —
EX,(x)=z—a 'f2r=a""2
and
B, (y) =y +2°0y = ay.
Thus o = Effy and has the desired properties. Q.E.D.

LEMMA 5.2. Let L be an inner product Zs-module of scale k. Let x1,
y1 and xa, yo be k-hyperbolic pairs in L such that x1 — xo and y, — ys
are in 2FL and {(x2,11) = 2% (so that x5 and y; form a k-hyperbolic
pair also). Then there is a o € O% (L) with (det(o),spin(c)) = (1,1),
o(x1) = xe and o(y1) = Y.

PROOF. Let
Ty — 11 = 2%z, + 2kﬁy1 — 9ok,
Yo — y1 = 28ymy 4+ 285y, — 2Fs
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with o, 3,7,0 € Zs, z € (span(z1,y1))* and s € (span(zs,y;))t. Now
2F = (w9, 1) = (1 + 2Q)ay + 2°By; — 2%z, 1) = 2F(1 + 2Fa)
and
28 = (22, y) = (T2, 2%yas + (1 + 288)ys — 2Fs) = 2¥(1 + 2%9)
so that « = § = 0 and
To = X1 + 2k6y1 —okz
yo = 25 ymy + 4y — 2%,
Now
0=Q(z2) = Qa1 +2°Byr) + Q(2"2) = 275 + 27 Q(2)
and
0= Q) = Q2" vz + y1) + Q(2"s) = 2%y + 27 Q(5)

so that Q(z) = —f and Q(s) = —~. Since we also have (y;,z) =
(x9,8) = Q(y1) = Q(x2) = 0, by case (a) of Proposition 3.1, E¥2, E¥* €
O#(L), with determinants and spinor norms 1. Let o = E%2 o E¥', so
that (det(o),spin(c)) = (1,1).
For any t € L,
EZ2(t) =t + x9(s,t) + (—s + ya2){xs, t)
EP (1) =t +yi(z,t) + (=2 + Fy1) (Y1, 1)

Thus,
EY(z1) = z1 + 2°(Byr — 2) = 2
EY (1) =
while
E2(x9) = x9
B (1) =t +25(=s +yx9) = s
so that o(x1) = x5 and o(y;) = y2 as required. Q.E.D.

LEMMA 5.3. Let L be an inner product Zy-module, and suppose that
ti,to € L with Q(tl), Q(tg) € Zy and

4@(t1)@(t2) - <t1,t2>2 = 7 mod 8.
Then there is a z € span(ty,ta) with Q(z) =0 and (z,t;) = 1.



5. FACTORIZATION FOR FORMS CONTAINING Uy 157

PROOF. The hypotheses guarantee that t; and ¢ span a unimod-
ular quadratic Zs,-module, and so their span must be isometric to U
or Vp. Since det(Up) = 7mod 8 and det(V)) = 3 mod 8, we see that
span(ty,ta) = Up. But then there exists a 0-hyperbolic pair zj, z
which is a basis for span(t,ts). Choose i such that (t1, z;) € Us; then

z= ﬁzz has the required properties. Q.E.D.

LEMMA 5.4. Let L be an inner product Zo-module of scale k, and

let x1, y1 and xs, ys be two k-hyperbolic pairs in L such that x1 — x9 €
281, Then there is a o € O%(L) such that (x9,0(y1)) € 2Us,, and
(det(o),spin(o)) € I'y .

PROOF. If k > 0, we may take o to be the identity; if (x4, 71) = 2«

then since zy — 27 € 2L, 2% | (29 — x1,y1) = 2a — 2% so that
a = 1mod 2%,
If £k =0, write

To = axy + Py +
Yo = Y1 + 0y1 + to
with «, 8,7,0 € Zy, t1,ty € (span(zy,y;))t. We must consider three

cases.

Case 1: a € Us.
Then (x9,11) = o € Uy so o = identity will suffice as above.

Case 2: a € 275, € Us,.
Then Q(z2 — z1) = —( € U, so that by Proposition 2.3, 7,,_,, €
O#(L). Let 0 = Tyy_,. Then (det(o),spin(c)) = (-1, =) € 'y, and

(x2,0(y1)) = <0_1(:£2),y1) = (z1,y1) =1 € Us.
Case 3: o, € 27Z,.

Then the matrix of the bilinear form (—, —)|span(t, o) With respect
to tl, t2 is
—2a 1—ad— By
1 —ad— Py —270 ’

This has determinant 4a8v6 — (1 — ad — 57)2; since o and 3 are even,
this determinant is congruent to 7 mod 8.

Thus, by Lemma 5.3, there is z € span(tq,ts) with Q(z) = 0 and
(z,t1) = 1, and hence (zq, z) = 1.

Now Q(x1) = Q(2) = (z1,2) = 0 so that E?* is defined using case
(a) of Proposition 3.1; if ¢ = E*., then 0 € O#(L), and det(c) =
spin(o) = 1. Moreover,

() =1 +x1(z, 1) — 2(x1, 1) =y — 2
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so that (x9,0(y1)) = (X2, 11 —2) = a —1 € Us. Q.E.D.

THEOREM 5.5. Let L be an inner product Zy-module of scale k. Let
r1,Y1 and xq,ys be two k-hyperbolic pairs in L such that x1 — xo and
y1 — y2 are in 28L. Then there is a 0 € O%(L) such that o(z,) = 3,
o(y1) = y2 and (det(o),spin(o)) € Iy .

PROOF. By Lemma 5.4, thereis a oy € O% (L) such that (x5, 01 (y1))
2"U,. By Lemma 2.4, o,(t) —t € 2¥L for all t € L, so that

Ul(ZEl) — T9 = (O’l(lL'l) — Il) + (171 — lL‘Q) € QkL

a1(y1) — 42 = (o1(vn) —y1) + (1 — 2) € 2"L
and the hypotheses are still satisfied by the two k-hyperbolic pairs

o1(71), o1(y1) and xa, ys.
Thus, if we write

e = aoy(x1) + Zkﬁal(yl) + 2k,

for some o, 3 € Zy, with @ = 1 mod 2* and z € (span(o1 (1), o1(1)))",
we have (19, 01(y1)) = 2Fa € 2*U, so that a € Us.

By Lemma 5.1, there is a 0y € O (L) with o9(0y(z1)) = a oy (1)
and o9(01(y1)) = aoy(y1). Again by Lemma 2.4, a similar computation
to that above shows that o, 'o1(z1), 05 01(y1) and zy, y» are two k-
hyperbolic pairs satisfying the hypotheses of the theorem.

Now

(22,05 01 (1)) = (22,07 o1 (1)) = o~ Hag, 01(wn)) = 2"
Thus, by Lemma 5.2, there is a 03 € O% (L) with

o305 o1 (1)) = 29
a3(03 o1 (y1)) = ve.

Let 0 = 030, '01; we of course have (1) = 3, o(y1) = ¥ by defini-
tion.

The isometry o, was obtained using Lemma 5.4, and therefore we
have that (det(oy),spin(oy)) € I'sx. The isometry o, was obtained
using Lemma 5.1, hence det(o2) = 1 and this is enough to ensure that
(det(o2),spin(oq)) € 'y . Finally, the isometry o3 was obtained using
Lemma 5.2, hence (det(o3), spin(o3)) = (1, 1). Since (det o;,spin o;) €
Iy for each i = 1,2,3, (det(o),spin(o)) € I'a. Q.E.D.

COROLLARY 5.6. Let L = U, @ L' be an inner product Zy-module
of scale k. Then:

(5.6.1) For every p € O%(L) there is a 0 € O%(L) such that op €
O# (L) and (det(o),spin(c)) € Tqy.
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(5.6.2) $#(L) =Ty, - S#(L)

PROOF. To see (5.6.1), let xo, yo be a k-hyperbolic pair spanning
U, and let z; = p(x2), y1 = p(y2). Since p € OF(L), by Lemma
2.4 p(xy) — my and p(ys) — yo are in 2°L. Thus, by Theorem 5.5,
there is a ¢ € O%(L) with (det(c),spin(c)) € Tox and o(p(z2)) = w2,
a(p(y2)) = yo. Thus, op fixes Uy so that op € O#(L').

To check (5.6.2), by (5.6.1), X#(L) C Ty x-3#(L'), so we must show
that Ty, C 2#(L). Let (d,s) € Toy.

First suppose d = 1. Since s = 1 mod 2*, by Lemma 5.1 there is a
o € O%(L) with (det o,spin o) = (d, s).

The case d = —1 occurs only if £ = 0. In that case, choose z €
Up such that Q(z) = 1. Then 7, € O%(L) by Proposition 2.3, and
(det(7,),spin(r,)) = (—1,1). Since I'y is generated by (—1,1) and
{(d,s) € 'y | d = 1}, the statement follows. Q.E.D.

COROLLARY 5.7. Let L = Uy & L' be an inner product Zs-module
(of scale 0). Then:
(5.7.1) For every p € O(L) there is a 0 € O(L) such that op € O(L/)
and (det(o),spin(o)) € Iyp.

(5.7.2) $(L) = Tyq - S(L).

PROOF. For (5.7.1), let x, yo be a 0-hyperbolic pair spanning U,
and let 1 = p(x2), y1 = p(y2). Then z; — z9,y1 — y2 € 2°L so by
Theorem 5.5, there is a 0 € O(L) with (det(o),spin(c)) € 'y and
ap € O(L).

To see (5.7.2), by (5.7.1), ¥(L) C I'y9-3(L') and by Corollary 5.6.2,
Tyo C S(L). Q.E.D.

6. Factorization for Forms Containing V}

In this section, we factor isometries of lattices containing a copy of
Vi

LEMMA 6.1. Let L be an inner product Zo-module of scale k, and
suppose that r, s, t € L satisfy

(1) Q(t) € 2T,
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Then there is a o € OF (L) such that o(r) = s and (det(c),spin(o)) €
Lo k. Moreover, if (r — s, t —2s) = 0, then o(t —2s) =t — 2s. (Note
that in the case (r — s,t —2s) =0, (5) is automatic since (r — s,t) =
2(r —s,s).)

PROOF. Let r — s = 2Fz and Q(t) = 2*a with 2z € L and o € U,.
We consider two cases.

Case 1: k=0and 2| Q(z +1).
By (5), this implies that 2 | (z,t). Then since in this case Q(t) € U,
we see that
Qz) =Q(z+1t) — (2,t) —Q(t) = 1 mod 2,
so that Q(z) € Uy. By Proposition 2.3, 0 = 7, € O#(L). Also,
T, = Tr_s so that o(r) = 7,(r) = s. In addition, (det(c),spin(c)) =

(=1,Q(2)) € I'z.
In the case (r — s,t — 2s) = (z,t — 2s) = 0, we have immediately
that o(t — 2s) = 7,(t — 2s) =t — 2s.

Case 2: k> 1, ork=0and 2{Q(z+1).
Since L has scale k, 2% | (t,z) for all z € L. Let
B=1-(-a""z1)+Q(-a2)Q(t)
=1+a Yz t) +2"a1Q(2).
If k >1,2% | (z,t) so that 8 =1 mod 2*. If k = 0,
a™'Q(z +1) = a7'Q(2) + a7z, t) + a7l Q(1)
=a'Q(z) +a Nz t)+1=3;

since 21 Q(z +1t), B € Us.
Thus in either case, using case (b) of Proposition 3.1, we may define

o=E; "% € O#(L) and (det(c), spin(c)) = (1, 3) € [y
Since Q(t) # 0,

0 = TtTiyokz = TtTttr—s-
Now using (2) and (3) we see that Q(r) = Q(s) = Q(s —t) so that
Tt-i—r—s(r) = Tr—(s—t) (T) =s—t
and
(s = 1) = To_(s—ty(s — 1) = 5;

hence o(r) = s.
Moreover, in the case that (r — s,t — 2s) = 0, then

(t+r—s,t—2s)=(t,t —2s) +({r—s,t —2s) =0
and (t,t —2s) =0
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so that o(t — 2s) = 7y s(t — 28) = 7(t — 2s) =t — 2s. Q.E.D.

THEOREM 6.2. Let L be an inner product Zo-module of scale k. Let
T1, T2, Y1, Y be in L such that x1 — xo and y1 — vy are in 2L, and for
each i = 1,2 the matriz of (—, —)|span(z,y;) With respect to x;,y; is

2k+1 2k
( 2k 2k+1> .
If k = 0, suppose that Q((span(xz,y2))t) N Uy = (. Then there is a
(

o € O#(L) such that o(z1) = 29, 0(y1) = o, and (det(c),spin(c)) €
Iy

Proor. We first apply Lemma 6.1 with r = z1, s = x9, and t = ys.
To verify the hypotheses:

(1) Qt) = Qyz) = 2"
2) (t,t —25) = (yo,yp — 2xp) = 2F1 — 2kl =

Q(r) = Q(a1) = 2° = Q(z2) = Q(s)

(2)
(3)
(4) r — s = x; — 9 € 2FL by assumption
(5)

5) If £ =0, write

1= (a+ Dz + (8- 1ya + 2
with 2z € (span(wg,1s))t. Note that since & = 0 we have
Q(z;) = Q(y;) = (x4, y;) = 1 for each i. Then
r—s+t=ax1 -T2+ ys=are+ By + 2
so that

Q(r—s+1t)=Q(xy — 1y +1p) = > +af + 52+ Q(z)

and
(r—s,t) = (x1 — T2,Y0) = v+ 20 — 2.

Suppose that 2 1 (r — s,t) = a + 20 — 2; then a must
be odd. This forces a? + af + 3? to be odd. If in addition
2| Q(r—s+1t) = Q(x; — 23+ y2) then Q(z) must be odd and
integral, i.e., Q(z) € Uy. This violates the assumption on the
values of Q on span(wy,y»))*, and finishes the verification of
().

Thus, by Lemma 6.1, there is a oy € O% (L) with (det(oy), spin(oy)) €
[y and oy (x1) = xo.
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We now apply Lemma 6.1 a second time with r = o1(y1), s = yo,
and t = 2y, — x5. In this case,
(r—s,t—=2s) = (y2 — 01(y1), 2y2 — x2 — 2y)
= —(y2, 22) + (01(y1), 22)
= =2+ (01(y1), 01 (21)) = 0

so that we will invoke the last sentence of Lemma 6.1 as well (and do
not need to check hypothesis (5)). To check the other hypotheses:

(1) Q(t) = Q(2y2 — x2) = 3- 2 € 2

(2) (t,t — 2s) = (2ys — T9,2ys — T2 — 2y2) = (2yp — Ty, —T9) =
_2k+1 + 2k+1 =0

(3) Q(r) = Q(o1(y1)) = Q(y1) = 2F = Qy2) = Q(s)
(4) a1(y1) —y2 = (01(11) — 1) + (11 — %2) € 2°L by Lemma 2.4,
since o; € O%(L).

Thus, by Lemma 6.1, there is a 0y € O# (L) with (det (o), spin(as)) €
Lok, 02(01(y1)) = yo; in addition, since we have checked that (r—s,t—
2s) = 0, we have 02(2y2 — x2 — 2ya) = 2yo — T2 — 2y, 1.c., 09(T2) = To.

But then if o0 = 0907,

o(x1) = o901(21) = 09(12) = 9
o(y1) = o201(y1) = ¥2
so that o is the desired isometry. Q.E.D.

LEMMA 6.3. Let L be an inner product Zo-module of scale k, and
let x,y € L such that the matriz of (—, —)|span(z,y) With Tespect to x, y

is
2k+1 2k
< 2k 2k+1>
For any o € Uy with o = 1mod 2¥ there is a 0 € O#(L) with
(det(o),spin(o)) = (1, ).
PRroOF. For any (8 € Uy, consider
v =1—(z,8y) + Qx)Q(By)

note that v € Uy. Also Q(By) = 2¥3? € 2*U,; Since L has scale k,

2% | (By,t) for every t € L. Thus, using case (b) of Proposition 3.1, we
may define £, € O%(L) with (det(E3,),spin(E%,)) = (1, 7).
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Since odd spinor norms are determined by their values mod8, if
a = 1 mod 8 we may take o = identity to get spin(c) = o mod 8. If
a # 1 mod 8 then k£ < 2; unless £k = 1 and o = 5 mod 8 we choose (3
by the following table to guarantee that v = spin(Ef,) = a mod 8.

k I} v=1-2%3+2%3% mod 8

3 7
0 5 )
7 3
1 1 7
3 3
2 1 )

Since a = 1 mod 4 when k& = 2, all possibilities can be realized in this
way unless £ = 1 and o = 5 mod 8. To obtain this last case, simply

compose two isometries with spinor norm 3 and 7, which exist by the
table above. Q.E.D.

COROLLARY 6.4. Let L = V;, & L' be an inner product Zs-module
of scale k, and if k = 0 assume that Q(L') N Uy = 0. Then:

(6.4.1) For every p € O%(L), there is a o € O% (L) such that
op € OF(L)) and (det(c),spin(c)) € T'yy.
(6.4.2) S#(L) =Ty - S#(L).

The proof is entirely analogous to that of Corollary 5.6, using The-
orem 6.2 and Lemma 6.3.

COROLLARY 6.5. Let L = Vo & L' be an inner product Zs-module
(of scale 0) such that Q(L') NUy = 0. Then:
(6.5.1) For every p € O(L) there is a 0 € O(L) such that op € O(L’)
and (det(o),spin(o)) € I'yp.
(6.5.2) S(L) = Ta - S(L).

The proof is analogous to that of Corollary 5.7.

7. Cartan-Dieudonné-type Theorems for Quadratic
Zo-Modules

We now combine the calculations of the last few sections to get
analogues of the Cartan-Dieudonné thoerem for O# (L) and O(L).

It is convenient to introduce another “normal form” for a decompo-
sition of a quadratic (or inner product) Zs-module into indecomposable
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components. This is far from unique, but is useful for the isometry re-
sults of this section.

DEFINITION 7.1. Let L be a quadratic (or inner product) Zs-module.
A decomposition

L=Pu" vy e wk)

k>0
is in alternate normal form if:

(a) each piece U,?N(k) ® Vke(k) @ W (k) of scale k is in homogeneous
normal form, and

(b) for each k > 1, either e(k — 1) = 0 or W(k) = 0.

It is a simple matter to put a quadratic or inner product Zs-module
L into alternate normal form, working from the “bottom up”. We
take as given that each piece of scale k can be separately put into
homogeneous normal form; start by putting all pieces of scale k into
homogeneous normal form. Assume by induction that each piece of
scale < m is in homogeneous normal form, and that condition (b)
is satisfied for all & < m. If at that point we have e(m) = 1 and
W(m + 1) # 0, use relation (VIII) of Proposition IV.3.1 to increase
N(m) and decrease e(m). (This can always be done in such a way as
not to spoil the homogeneous normal form at either the m level or the
m + 1 level.) Then proceed to the next level. Hence:

PROPOSITION 7.2. Every quadratic (or inner product) Zs-module
L can be decomposed into alternate normal form.

We begin with two lemmas.

LEMMA 7.3. Let L = W5, @ WS,. Then there is a z € L such that
Q(z) € 2¥U, if and only if € + ¢ #Z 0 mod 4.

PROOF. Choose generators x and y for W5, and Wy, respec-
tively, so that Q(az) = 28 71a® and Q(by) = p2F 1% (Here we
abuse notation slightly and consider € and ¢ as coming from the set
{1,3,5,7} C Uy.) Let z = ax + by, so that Q(z) = (a’e + b?p)2~1.
Then 2% | Q(2) if and only if a%e + b%¢ is even; this happens if and only
if a = b mod 2, since both ¢ and ¢ are odd. But if a and b are both
even then 2¥! | Q(z). Thus Q(z) € 2¥U, implies that a,b € Uy. In
that case, a’c + b?¢ = ¢ + ¢ mod 8, so that a’e + b?¢ € 2U, and only
if € + ¢ is not divisible by 4, i.e., € + ¢ # 0 mod 4. Q.E.D.

LEMMA 7.4. Let L be an inner product Zs-module decomposed into
alternate normal form. Write

L=UaVieW(0) s L
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with scale(L') > 1. If e # 0, then Q(W(0) & L) N Uy = (.

PrROOF. Write

r=vf"evVew)eLr

with scale(L”) > 2. Hence Q(L") C 2Z,, so we need only worry about
the values of Q@ on W(0)a UM Ve v @ W (1). Since e = e(0) # 0, we
have (by the alternate normal form assumption) that W (1) = 0. Since
the values of  on both U; and V; are all even, we see that Q(L') C 2Zs.

Suppose there is a z = 2; + 2 with 2 € Wy and 2, € L', such
that Q(z) = Q(z1) + Q(22) € Us. Then Q(L') C 2Zy implies that
so that Q(z1) € U,. If rank W) < 1, this is clearly impossible; the
values of () on W5, have the form %5@2 for some a € Z,, with € € U,,
and this is never a unit. If rank W) = 2, by Lemma 7.3 this can
happen only if W) = W5, © W5, where € + ¢ # 0 mod 4. But since
the decomposition is in alternate normal form, in particular the piece
of scale 0 is in homogeneous normal form; hence the only possibilities
for (g,) with e # 0 are (1,3) and (1,7) (see Table IV.4); this is a
contradiction. Q.E.D.

THEOREM 7.5. Let L be an even inner product Z,-module. (Ie.,
here we explicitly assume that L is a quadratic Zo-module, where the
quadratic form Q takes integral values.) Then O% (L) is generated by
reflections and generalized Fichler isometries.

ProOOF. We proceed by induction on the rank of L, using Corollar-
ies 4.2, 4.5, 5.6, 6.4, and Theorem 4.3. Note that all of the isometries
constructed there can be factored as products of reflections and gen-
eralized Eichler isometries. Note also that those statements take the
following form: given a decomposition L = L; @ L, satisfying certain
hypotheses, for every p € O(L) there is a o € O(L) (which is a product
of reflections and generalized Eichler isometries) such that op € O(L,).
By the inductive hypothesis, op will also be a product of reflections and
generalized Eichler autometries.

First consider the case p = 2. We may assume that L is in alternate
normal form. Suppose that L has scale k, and write

L=U)"o W aeWk ol
with scale (L) > k + 1.
If N > 0, we may apply Corollary 5.6.
If N =0 and e > 0, note that if £ = 0 then Q(W(0) & L") NUy =0
by Lemma 7.4. Thus we may apply Corollary 6.4.

If N =e =0, note that k£ > 1 since we have assumed that L is even.
We may thus apply Corollary 4.5 in the case k = 1, and Corollary 4.2
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in the case k > 3. If & = 2 and rank W(2) = 1, then L = W3,® L', and
since L has scale at least 3, Q(L’) C 4Z5 and we may apply Corollary
4.2 also. Finally if £ = 2 and rank W (2) = 2, we apply Theorem 4.3.
If p> 2, we may write L = W, @& L' and apply Corollary 4.5 if
k =0 and Corollary 4.2 if k£ > 1. Q.E.D.

To give an analogous theorem for O(L), we must discuss the effects
of scaling on the orthogonal group. Again it is more convenient to do
this with respect to the bilinear forms than the quadratic forms. Let L
be an inner product Z,-module of scale > k, with bilinear form (—, —).
Define the bilinear form (—, —); on L by

<5L',y>1 :p_k<x7y> for all z,y € L.

Note that even if (—, —) is an even bilinear form, if p = 2 it may be
the case that (—, —); is not an even bilinear form.
If (L,(—,—)) has scale k, and we decompose L as

(L, (=, =) = PUN™ e vim oW (m))
m>k

as usual, then we have

(L, (—,—)) = PUY™H & Vermth) @ W (m + k).

m>0
In any case there is a natural isomorphism from O(L, (—,—)) to
O(L,(—,—)1). Moreover this clearly preserves the set of reflections,

since a reflection can be defined purely in terms of the bilinear form
also: 7, is defined when (v, v) # 0 and (v,v) | 2(v,w) for all w € L.
To see the effect on the generalized Eichler isometries, we prove the

PROPOSITION 7.6. Let L be an inner product Z,-module.

(7.6.1) Suppose x,y € L such that Q(z) = (x,y) = 0, Q(y) € p*Z,,
and with p* | (x,t) and p* | (y,t) for all t € L. Define the
rescaled Eichler isometry kE; by

"By (1) =t+ap(y,t) + (~y —p7"Qy)z) p ()
Then *E¥ € O(L).

(7.6.2) Suppose that L has scale > k. If o € O(L,{—,—)1) is a
generalized Fichler isometry then, regarded as an element of

O(L,{(—,—)), o is either a product of reflections or is a rescaled
Eichler isometry.
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PrOOF. We first discuss (7.6.1). The hypotheses guarantee that
kE;’ maps L to L. To see that ’“EZ € O(L), we must check that
Q(kE;(t)) = Q(t) for every t € L; this is a slight modification of the
calculation given in the proof of Proposition 3.1.3.

To see (7.6.2), first assume that o satisfies hypothesis (b) of Propo-
sition 3.1. Then o is a product of reflections in O(L, (—, —)1); since the
isomorphism between O(L, (—, —)) and O(L, (—, —)1) preserves the set
of reflections, this still holds in O(L, (—, —)).

If o = Ej satisfies hypothesis (a) of Proposition 3.1, then

EXt) =t+x(y, th + (—y — 3y, yhi2) (z,th

so that in O(L, (—, —)), 0 = *E} is arescaled Eichler isometry. Q.E.D.

THEOREM 7.7. Let L be an inner product Z,-module. Then O(L)
1s generated by reflections and rescaled Fichler isometries.

PRrROOF. We gain use induction on the rank of L.

Suppose that (L,(—,—)) has scale k, let (—, =) = p™*{(—, =),
and consider a decomposition L = L; @& Ly. If we can show that
for every p € O(L,{(—,—)1) there is a 0 € O(L, (—, —)1) such that
op € O(La, (—,—)1|1,) and o is a product of reflections and gener-
alized Eichler isometries, we shall be finished: regarded as elements
in O(L,(—,—)) and O(Lg,{(—,—)|1,), ¢ and op will be products of
reflections and rescaled Eichler isometries by Proposition 7.6 and the
inductive hypothesis, respectively.

If p = 2, we may assume that (L, (—,—)) is in alternate normal
form, and write

(L, (= =) = Uév e Vyie W) e L

with scale(L') > 1. Note that since we have rescaled, either N # 0,
e # 0, or rank W (0) # 0.

If N > 0, we may apply Corollary 5.7. If N =0 and e > 0 then by
Lemma 7.4, Q(W(0) ® L") N Uy = () so that we may apply Corollary
6.5. Finally, if N = e = 0, then rank W (0) < 2, and we may apply
Theorem 4.8.

If p > 2, we may write (L, (—, —)1) = W ,® L" and apply Corollary
4.6, Q.E.D.
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8. Scaling and Spinor Norms

We turn now to the computation of the groupos ¥(L) and ¥#(L),
defined as

S(L) = Im ((det, spin): O(L) — {£1} x Q}/(Q})?) .

S#(L) = Im ((det, spin): O#(L) — {£1} x Q3/(Q})?)
We will also find it convenient to introduce
SH(L)={(d,s) e X(L) | d =1},

STH(L) = {(d,s) € S(L) | d=1,s € U, mod (Q})*}.

As the proof of Theorem 7.7 shows, we need to know the effect of
scaling in order to compute X(L).

PROPOSITION 8.1. Let (L,(—,—)) be an inner product Z,-module
of scale > k, and let (—, —)1 = p_k<—, —).
(8.1.1) If k is even, then X(L,{—,—)1) = X(L, (—, —)).

(8.1.2) If k is odd, then ¥t (L, (—,—)1) = X" (L, (—,—)), while
(_1’ S) € E(L’ <_’ _>1) — <_17p3> S Z(L7 <_7 _>)

ProoOF. Given p € O(L, (—, —)), decompose p as a product of re-
flections

P=Tz Tz
in O(L®Qp, (—,—) ®Q,). Then det(p) = (—1)" while
spin(p) = Q(z1) -~ Q(z).

The decomposition of p still holds if p is regarded as an element of
O(L7 <_7 _>1)7 so that

det(p) = (—1)" = det(p)
while

spiny (p) = Q1(z1) ... Q1(2:) = p~* spin(p)
where we write ); for the quadratic form associated to (—, —);, and
det; and spin; for the values computed with respect to the rescaled
forms. Thus
sping(p) _]1 ifkisevenordetp=1
spin(p)  |p if kis odd and detp = —1.

mod (Q*)2

p

Q.E.D.
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We shall not be overly concerned with the change in spinor norms
for k odd, due to the following lemma.

LEMMA 8.2. Let L be an inner product Z,-module. Then:
(8.2.1) There ezist reflections in O(L)

(8.2.2) [S(L): (L) = 2

(8.2.3) £(L)/X*(L) is generated by the determinant and spinor norm
of any reflection in O(L).

PRrROOF. (8.2.1): Let L have scale k. Then we can write either
L=W: oL, L=U,®L or L=V, ® L' In the first case, there is
a z € L with Q(z) € 1p*U, so that 7, € O(L) by Lemma 2.1. In the
last two cases, there is a 2 € L with Q(z) € 2¥U, so that 7, € O(L) by
Lemma 2.1.

(8.2.2): We have 3(L)/X*(L) C {£1}, and is nonempty by (8.2.1).

(8.2.3): This is obvious by the other two statements, since any
reflection 7, has determinant —1 and so (det(7,),spin(7,)) € X7 (L).

Q.E.D.

In view of this lemma, we shall concentrate on the computation of
¥#(L) and (L) in the following sections.

9. Computation of ¥#(L) and X" (L) for p # 2

In this section, we compute %#(L) and X*(L) for quadratic Z,-
modules with p odd. (Recall for p odd that there is no essential differ-
ence between a quadratic Z,-module and an inner product Z,-module.)

LEMMA 9.1. Let L = W; @ W7, © L' be a quadratic Z,-module
with p # 2. Then

Y#(L) D {(d, s) € {£1} x Q;/(Q;)2 | s # 0 mod p} =TIy

PROOF. Let a € U, be a non-square, i.e., (%) = —1.
By Lemma IV.2.1.1, for any € and ¢ in {£1}, W7 @ W7, = W @

p

W, s in particular, both W, and Wpf()l must occur as factors in some
(perhaps different) decompositions of L. This means that there are
elements z,y € L with Q(z) = 1 and Q(y) = «; but now 7, 7, € O%(L)

by Proposition 2.3, while
(det 7, spinT,) = (—1,1), (det7,,spin7,) = (-1, @).

But {(d,s) | s # 0 mod p} = {(1,1),(1,),(—1,1),(—1, )} is gener-
ated by (—1,1) and (-1, «). Q.E.D.
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COROLLARY 9.2. Let L = W, W ®L" be a quadratic Z,-module
withp # 2. Then B(L) D {(d,s) € {£1} x Q3/(Q})* [ d =1, s # 0 mod p}.
PRrROOF. Let o € U, be a nonsquare, so that {(d,s) | d =1, s #

0mod p} = {(1,1),(1,«)}. Consider the quadratic module L" =
W;o&® sz o Which, up to scaling, is a direct summand of L. By Lemma
9.1, there is a 0 € O#(L”) such that (det(c),spin(s)) = (1,«). But
then, regarding o € O(L) (acting as o on Wy, @ W, and as the iden-
tity on L), we still have (det(o),spin(o)) = (1, «), (arguing as in the
proof of Proposition 8.1); hence (1, «) € X(L). Q.E.D.

THEOREM 9.3. Let L be a quadratic Z,-module with p # 2.

(9.3.1) If scale(L) > 1 then X# (L) = {(1,1)}.
(9.5.2) If L =W;, @ L" with scale(L’) > 1, then

S#(L) = {(1,1),(~1,2a)},  where (%) —c.

(9.3.3) If L = W2, & W @ L, then S#(L) =T,

ProoFr. We proceed by induction on the rank of L. Let L have
scale k, and write L =W, & L.

If k > 1, by the inductive hypothesis X#(L') = {(1,1)}. But by
Corollary 4.2, ¥#(L) = $#(L'), so that X#(L) = {(1,1)}, proving
(9.3.1).

If & = 0, by Corollary 4.5, ¥#(L) is generated by %#(L’) and
{(-1,Q(2)) | z € L, Q(z) € U,}. Since this last set is contained in
[0, we see that X#(L) C T',o. Now case (9.3.3) is finished by Lemma

9.1.
For case (9.3.2), we must show: for every z € L with Q(z) € U,

we have Q(z) = 2o mod ((@;)2, where « is chosen so that (%) = €.
Let x be a basis of Wy, such that Q(r) = a/2 (which is possible
since (%) = ¢). Write z = ax + y with y € L'. then Q(z) = a*a/2 +
Q(y) = a*a mod p, so that Q(z) = a*a/2 mod (Q;)2 and hence Q(z) =
2a mod (QI’;)Z. Q.E.D.

We turn now to the computation of X1 (L). We first consider ¥ +
(L)/3F(L).

LEMMA 9.4. Let L = W;, @ W;f@ @ L' be a quadratic Z,-module,
p # 2, with k # ¢ mod 2. Then (1,pa) € (L), where (%) =cp. In
particular, X7 (L) # XT(L).
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PROOF. Choose 8 € U, with (g) = ¢, and let v = af~! so that
(%) = ¢. then there are bases x, y for Wp, k° and W]f , respectively
such that Q(z) = p*(/2 and Q(y) = p'y/2. Since Wy, and Wy, are
direct summands, 7,7, € O(L).

But now
spin(7,7,) = spin(7,) spin(r,) = p***3y/4 = pa mod (Q;)°
since k 4+ ¢ = 1 mod 2, so that (1,pa) € ¥*(L). Q.E.D.

THEOREM 9.5. Let L be a quadratic Z,-module, p # 2. Then
YH(L) = ¥*(L) if and only if L = Wi @ - @ WS, with ki =
k; mod 2 for all © and j.

PrOOF. Write L = W} @ -~ @ W with ky < ky < - < k.
We will proceed by induction on r = rank(L). Since the statement is
invariant under scaling by Proposition 8.1, we may assume that k; = 0.

If there exist ¢, j with k; # k; mod 2, then by Lemma 9.4, ¥ (L) #
(D).

Conversely, suppose that k; = k; mod 2 for all 4 and j. Since we
have assumed that k; = 0, this is equivalent to having all k; even. Let

L'=W:3,® oWy . Ifr =1then (L) = {(1,1)} by convention; if

r > 2, choose s € Uy with (%) = £9 so that the inductive hypothesis
says that X(L') is generated by (—1, agp*?/2) and L+ (L) = ©++ (L),
i.e., by (=1,a3/2) and X1 (L), since kq is even. By Corollary 4.6, (L)
is generated by X(L’) and by {(—-1,Q(?)) | z € L,Q(z) € U,}. But
then X1 (L) is generated by X7(L') = L+tH(L') and {(1,02Q(2)/2) |
z € L,Q(z) € Uy}; since this latter set is contained in X+ (L), we get
SH(L) = SHH(L). Q.E.D.

Since [XF(L): (L)) < 2, Theorem 9.5 reduces the calculation
of ¥*(L) to that of XTT(L).

THEOREM 9.6. Let L be a quadratic Z,-module with p # 2. Then

(L) = {(d, s) € {£1} x @;/(@;)2 | d=1,s% 0 mod p}
unless L = W;}kl DD W;’%T with k1 < ky < -+ < k,, and there
exist oy, € U, such that e; = (a?*) if ki 1s even and g; = (—)
if ki is odd. In this latter case, XTT(L) = {(1,1)}, and (L) C
{(17 1)7 (17 a+a_p), (_1’ Oé+), (_17 a_p)}.

PrROOF. Write L = W} @ -~ @ W with ky < ky < -+ < k.
We again proceed by induction on r = rank(L). As in Theorem 9.5,
the statement is invariant under scaling by Proposition 8.1, so that we

may assume that k; = 0.
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Let a € U, be a non-square, and note that {(d,s) | d = 1,s #
0 mod p} = {(1,1), (1,)}. If there exists an ¢ with k; = k;;, then
(1,) € T (L) by Corollary 9.2. So we may assume that 0 = k; <
ko < -+ < k.

Similarly, if there exists an ¢ and j with k; = k; mod 2 and €;¢; =
—1, choose bases x;, ; for W;fki and W;ka respectively. Then 7,7, €

O(L), while

(det (7, 7,), 8Pin(7,72,)) = (1, Q(2:)Q(;)) = (1,p" M a) = (1,a) € (L),

Thus, X7+ (L) = {(1,1)} also implies the existence of o, and a_ with
the stated properties.

Suppose now that L has these properties, namely that the k; are
strictly increasing, and that appropriate ay and o_ exist as stated. Let
L'=W3,®---@W,; . Since L' also has these properties, X7 (L") =
{(1,1D} and B(L) € {(1,1),(1,ara-p), (=1, a4), (=1, pa_)} by the
inductive hypothesis. By Corollary 4.6, ¥(L) is generated by (L)
and {(—1,Q(2)) | z € L,Q(z) € U,}. But since 0 = k1 < ko, if
Q(z) € U, then Q(z) = a4 mod p, so that (L) is generated by X(L')
and (—1, oy ); hence,

E<L) - {(17 1)7 (17 a+0‘—p)’ (_17 Ot+), (_17 a_p)}
and (L) = {(1,1)}. Q.ED.

10. Computation of ¥#(L) for p =2

In this section we compute X#(L) for a quadratic Z,-module L,
or, equivalently, for an even inner product Zs-module L. To make the
computation useful in applications, we express it in terms of the partial
normal form, whose definition we now recall (cf. Definition IV.4.1).

DEFINITION 10.1. Let L be an inner product Zs-module. An ex-
pression for L in terms of the generators {Uy, Vi, W5, } of T, is in partial
normal form if the terms with scale k£ can be written as

(UM @ (Vi)™ @ W (k),
with N(k) >0, e(k) =0 or 1, and W (k) =0, W5, or W5, © Wy,.

Notice that the integers N(k), e(k), and rank(W (k)) are invariants
of the partial normal form, and that an expression in normal form or
alternate normal form is also in partial normal form.
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We will express X# (L) (for most L) in terms of the groups Iy x; we
recall the definition for the reader’s convenience:

Fao ={(1,1),(1,3),(1,5),(1,7),(=1,1),(=1,3),(=1,5), (=1,7)}

Fop ={(1,1),(1,3),(1,5),(1,7)}

Ipp ={(1,1),(1,5)}

Fop=A{(1,1)} for k> 3.

THEOREM 10.2. Let L be a quadratic Zo-module in partial normal
form, cmd write
L=Uv %t evVewn)eu)?evyP ew ) e L
with scale (L") > 3.

(10.2.1) If N(0) + ¢(0) > 0, then ¥#(L) = Ty

(10.2.2) If N(0) = e(0) = 0, N(1) +e(1) > 0 and rank(W(1)) > 0,
then E#(L) = ngo.

(10.2.3) If N(0) = e(0) = rank(WW (1)) = 0 and N(1) + (1) > 0, then
E#(L> = Fg’l.

(10.2.4) If N(0) = e(0) = N(1) = e(1) = 0 and rank(W (1)) > 0, then
S#(L) C Dy

(10.2.5) If N(0) = e(0) = N(1) = e(1) = rank(W/(1)) = 0 and N(2) +
e(2) > 0, then ©#(L) = Tys.

e(0) = ( ) = rank(W (1)) = N(2) =

(10.2.6) If N(0) = N(1) =
=0 and rank(W(2)) = 2, then S#(L) = T'y5.
1) =

e(2)

(10.2.7) If N(0) = e(0) = N( e(l) = rank(W (1)) = N(2) =
e(2) = 0 and rank(W(2)) < 1, then ©#(L) = {(1,1)}.

REMARK 10.3. We will refine the computation in case (10.2.4) in
Lemma 10.6 and Theorems 10.7 and 10.8 below.

Proor. We first notice that the statement depends only on the
integers N (k) + e(k) and rank(W(k)); in particular, we may replace
the given expression for L with one in alternate normal form without
affecting the truth of the theorem. Therefore we will assume for the
proof that L is in alternate normal form.

The proof will proceed by induction on the rank. We begin by
discussing (10.2.7). Assume L has scale k, and write L as

L=U"Yav®aewk) el



174 VII. LOCAL ORTHOGONAL GROUPS

where either N (k)+e(k) > 0 or W (k) # 0 or both. By hypothesis either
k>3ork=2 N(2) =e(2) =0, and rank(W(2)) = 1. We assume
by induction that X# (L") = {(1,1)}. If (W(k)) # 0 then we may use
Corollary 4.2 to conclude that ¥#(L) = {(1,1)}. If W(k) = 0 and
N(k) > 0 then k > 3 and Corollary 5.6 implies that % (L) = {(1,1)}.
Finally if W (k) = 0 and N (k) = 0 then e(k) = 1 and k£ > 3; in this
case Corollary 6.4 gives that X#(L) = {(1,1)}.

This finishes the proof of (10.2.7); note that we can conclude that
whenever L has scale > 3, Then % (L) = {(1,1)}.

The hypotheses of (10.2.6) imply that L may be written as

L:WQQ@W;Q@L/

with scale(L) > 3. Hence X#(L') = {(1,1)} by (10.2.7). We conclude
using Theorem 4.3 that X# (L) = 'y, as claimed.
To see (10.2.5), in this case we have that

L = U2N(2) @ ‘/26(2) @ W(Q) oL,

with N(2) 4+ e(2) > 0 and scale(L’) > 3. Using (10.2.6) and (10.2.7)
we have that X% (W (2) @ L') C I'y5. Now using either Corollary 5.6 or
Corollary 6.4, we see that X#(L) = I'y,.

Note that (10.2.5-7) now give us that whenever scale(L) > 2, we
have E#(L) C F272.

The assumptions of (10.2.4) allow us to write L as

L=Wl)eL

with W (1) # 0 and scale(L’) > 2. Hence ©#(L') C Tyy. In this
case Corollary 4.5 implies that ¥#(L) is generated by X#(L’) and
{(=1,Q(2)) | 2 1 Q(z)}. This set is contained in I'y, hence so is
¥#(L) as claimed.

The proof of (10.2.3) is similar to that of (10.2.5); in this case we
may write L as

L= UM gy g
with scale(L') > 2 and N(1) + (1) > 0. Therefore we have X% (L) C
I';5. Hence using either Corollary 5.6 or Corollary 6.4 we see that
E#(L) - FQ,l-

To see (10.2.2), these hypotheses imply that we may write L as

L=Wl)eL

where W (1) has rank one or two and L' satisfies the hypotheses of

(10.2.3). Hence X#(L') = T, as shown above. In this case we
use Corollary 4.5 to conclude that ¥#(L) is generated by I'y; and
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{(-1,Q(#)) | 21 Q(2)}. This set exactly generates I's, since there are
2’s (e.g., a generator of a W3, summand) with 21 Q(z).

Note that at this point we have shown that if scale(L) > 1, then
Y#(L) C Typ.

Finally the assumptions of (10.2.1) imply that we can write L as

L = Uév(o) D ‘/06(0) oL

where N(0)+¢(0) > 0 and scale(L’) > 1. Then we have % (L") C Tyy.
Moreover the assumption of alternate normal form gives that if e(0) = 1
then W (1) = 0. In this case we invoke either Corollary 5.6 or Corollary
6.4 to conclude that X#(L) = T'y4; we note that if we need to use
Corollary 6.4 then e(0) = 1 so that W (1) = 0 and we have satisfied the
assumptions necessary to invoke Corollary 6.4.

This completes the proof of the Theorem. Q.E.D.

In order to finish the computation in case (10.2.4) of the Theorem,
we need to study the reflections in O#(L).

LEMMA 10.4. Let L be an inner product Zs-module.
(10.4.1) If L = W5, @ WS, & L" with € # ¢ mod 4, then %(L) D T'y,;
ka’ S 1, then 2#([/) D) F271.

(10.4.2) If L = W5, @ WS, @ L" with ¢ = p mod 4, then (1,5) € %(L);
if k <1, then (1,5) € ¥#(L).

(10.4.3) If L =Ws, @ WS, ® L', then (1,5) € ¥(L); if k < 1, then
(1,5) € S#(L).

(10.4.4) If L=W5, @W5 &L, then (1,14 2e¢p) € ¥(L); if k < 1,
then (1,1 + 2ep) € L#(L).

PrOOF. Let L = W5, @ Wy, , &L, and let z and y span Wy, and
W3¢ respectively so that Q(z) = 2¥'e and Q(y) = 28+

If ¢ = 0, by Proposition IV.3.1(I), there is some z = ax + by such
that Q(z) = 2871.5¢. Then 7, and 7, are in O(L) (respectively O (L)
if & < 1 by Proposition 2.3) so that (1,Q(z)Q(z)) = (1,5) € X(L)
(respectively X#(L) if k < 1). This proves (10.4.2). If in addition
e # ¢ mod 4, then 7,7, € O(L) (respectively O%(L) if k < 1) so that
(1,Q(x)Q(y)) = (1,ep) € B(L) (respectively X#(L) if k < 1). Since
ep 5 mod 8, (1,5) and (1,eyp) generate I'y 1, proving (10.4.1).

If ¢ =1, then Q(z +y) = 2"!(e + 2¢) so that 7, and 7,4, are
in O(L) (respectively OF (L) if k < 1). Thus, (1,Q(z)Q(z + y)) =
(1,14 2ep) € B(L) (respectively X#(L) if k < 1), proving (10.4.4).
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Finally, if £ = 2, then Q(z +vy) = 2 !(c +4¢) so that again 7, and
Tety are in O(L) (respectively OF (L) if k < 1) and (1, Q(2)Q(z+y)) =
(1,5) € (L) (respectively ¥#(L) if k < 1). This proves (10.4.3) and
completes the proof of the lemma. Q.E.D.

LEMMA 10.5. Let L be an inner product Zy-module, and let o € U,,.

10.5.1) If L = We, @ We, @ UMD o ve™ D o 17 with scale(L)) >
2.k 2.k k+1 k+1
k+2, ife = pmod4, and if v € L such that Q(z) = 2" a,
then o« = € or be mod 8.

(10.5.2) If L = Wf’k@U,?jr(fH)@VkeﬁH)@L’ with scale(L') > k+2 and

if v € L such that Q(x) = 2*ta, then a = ¢ or 5¢ mod 8.

(10.5.3) If L = W5, @Ws,, @U S eV e L with scale(L') >
k+ 3, and if x € L such that Q(z) = 28 1a, then a = ¢ or
(1 + 2ep)e mod 8.

(10.5.4) If L = W5, ® UnS™ @ VY™ @ L' with scale(L') > k + 3,

and if x € L such that Q(z) = 2*"'a, then a = ¢ mod 8.

PROOF. Write x = y+2z, withy € (sum of W’s), z € (sum of U, V, L).

In the cases (10.5.1) and (10.5.2), we have Q(z) € 2""'Z, so that
217FQ(2) = 217*Q(y) mod 4. Our claim then becomes: for every y €

(sum of W’s) with Q(y) € 2*~'U, we have 2'7*Q(y) = € mod 4.

In cases (10.5.3) and (10.5.4), Q(z) € 2¥2Z, so that 217 *Q(z) =
217%Q(y) mod 8. Our claim is then: for every y € (sum of W’s) with
Q(y) € 281Uy we have 217%Q(y) = € or (1 + 2ep)e mod 8 in case
(10.5.3), and 2'7*Q(y) = £ mod 8 in case (10.5.4).

Now any such y must split off from the sum of the W’s; and so gives
as relation among the W’s; all such relations were given in Proposition
IV.3.1. In case (10.5.4) there is no relevant relation which could apply,
and we conclude that 2!7*Q(y) = ¢ mod 8.

In case (10.5.2), again there is only one W, and the only relevant
relation is relation (VII):

W5, ® U W55 & Vi

We may therefore conclude that 217*Q(y) = ¢ or 5e mod 8 as required.
In case (10.5.1), we have this relation above, and in addition the
relation (I):
Wi, @ W5, = Wi & W,

We again conclude that 2'7*Q(y) = ¢ or 5 mod 8 as required.
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Finally in case (10.5.3), the only relevant relation is (VI):
Wop & Wi = W57 @ Wi
which shows that 2!7%*Q(y) = ¢ or e +2¢ = (1 +2ep)e mod 8. Q.E.D.

We are now ready to finish the computation of X#(L) in case
(10.2.4) of Theorem 10.2. Define
S#H(L) ={(d,s) e T#(L) | d=1}.
We first compute the quotient X#(L)/S#T(L).

LEMMA 10.6. Let L = W3, & L' be a quadratic Zy-module. Then
the index [S#(L): $#1(L)] = 2, and S#(L)/S# T (L) is generated by
(—1,¢).

PROOF. In any case, [S#(L): % (L)] < 2, so we merely must
find something in X#(L) — X#7(L). Let « span W3, with Q(z) =
Then 7, € O (L), while (det(r,),spin(7,)) = (—1,¢). Q.E.D.

THEOREM 10.7. Let L = W3, ®@ L' be a quadratic Zo-module in
partial normal form with scale (L") > 2, and write
=02 v;%aw@ev)?evy¥ewi)eL”
where scale(L") > 4.

(10.7.1) If N(2) + e(2) + rank(W(3)) > 0 and rank(W(2)) > 0, then
E#(L/) C F272 and Z#’+(L) = Fg,l.

(10.7.2) If N(2) + e(2) + rank(W (3)) > 0 and rank(W(2)) = 0, then
E#(L/) C F272 and E#’+(L) = FQ,Q.

(10.7.3) If N(2) = e(2) = rank(W (3)) = 0 and rank(W(2)) = 2, then
2#([/) = F272 and E#’+(L) = F2,l-

(10.7.4) If N(2) = e(2) = rank(W(3)) = 0 and W(2) = W¥,, then
S#(L') = {(1,1)} and z#+(L) {(1,1), (1,1 + 2e)}.
2

(10.7.5) If N(2) = e(2) = rank(W(2)) = rank(W(3)) = 0, then
SHL) ={(L, 1} and T#F(L) = {(1,1)}.

PROOF. By Corollary 4.5, ¥#(L) is generated by X#(L') and {(—
r € L,Q(x) € Uy}. In each case we can bound or actually compute
Y#(L') using Theorem 10.2; we get the results stated above. Note that
in each case X% (L") = ¥#(L'), i.e., there are no d = —1 elements in
SH#(L).

1,Q(2)) |
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Thus the group % (L) is generated by #(L') and {(1, Q(z)Q(y)) |
z,y € L,Q(z),Q(y) € Us}. Hence we simply need to find the possible
set of reflections.

(10.7.1): Tf N(2) + e(2) > 0 then S#+(L/) = Ty, by (10.2.5). On
the other hand, if rank(W (3)) > 0, then (1,5) € X%+ (L) by (10.4.3).
So (1,5) € ¥#T(L) in either case. Also, since rank(W(2)) > 0,
by (10.4.4), either (1,3) or (1,7) € ¥#%(L). But this implies that
Z#’+(L) = F271.

(10.7.2): As in (10.7.1), (1,5) € ¥#*(L). On the other hand,
N# (L") C Tyg by (10.2.5-7). Now for every z € L with Q(z) € U,
Q(z) = € or be mod 8 by (10.5.2). Therefore the extra generators
(1,Q(2)Q(y)) of X#F(L) lie in T'y5. Since (1,5) € ¥#+(L), we con-
clude that X% (L) = I'ys.

(10.7.3): Note that either (1,3) or (1,7) € % (L) by (10.4.4). On
the other hand ¥# (L) = I'y5. Hence we conclude that X% (L) =Ty ;.

(10.7.4): By (10.4.4), (1,1 + 2ep) € X#T(L). Also, we have
Y#H(L) = {(1,1)}. Now for every x € L with Q(x) € U,, Q(x) =
e or (1 + 2ep)e mod 8 by (10.5.3). Therefore the extra generators
(1,Q(z)Q(y)) of # (L) lie in {(1,1), (1,1+2e¢)}, and so X# (L) =
{(1,1), (1,1 4 2e9p)}.

(10.7.5): We see that L% (L') = {(1,1)} by (10.2.7), and by
(10.5.4) we see that for every x € L with Q(z) € Uy, Q(z) = € mod 8.
Hence the extra generators are all (1,1), and so X% (L) = {(1,1)}.

Q.E.D.

THEOREM 10.8. Let L = W5, @ Wy, @ L' be a quadratic Z,-module
in partial normal form with scale(L') > 2, and write

I = U2N(2) @ ‘/26(2) @ W(Z) @ L'
where scale(L") > 3.

(10.8.1) If € # ¢ mod 4, then X# (L) =Ty;.
(10.8.2) If e = ¢ mod 4 and rank(W (2)) > 0, then X% (L) =Ty ,.
(10.8.3) If e = ¢ mod 4 and rank(W (2)) = 0, then X% (L) = [ys.

PROOF. First note that by (10.4.1-2), (1,5) € S#*(L). We pro-
ceed as in the proof of Theorem 10.7: note that by Corollary 4.5 and
Lemma 10.6, X% (L) is generated by X% (W5, & L') and {(1,2Q(x)) |
x € L,Q(z) € Uy}; and with our assumptions, we obtain information
about X%+ (W5, @ L') from Theorem 10.7.

(10.8.1): In this case, X%+ (L) = 'y by (10.4.1).
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(10.8.2): In this case, by (10.4.4), either (1,3) or (1,7) € X#+(L);
since we already know (1,5) € ©#+ (L), we get L% (L) =Ty ;.

(10.8.3): By (10.7.2) and (10.7.5), S#+(W§, @ L') C Ty, and
we already know that 'y, C Y%+ (L). So we must show: for every
x € L with Q(z) € Uy, eQ(z) = 1 or 5 mod 8. This is the content of
(10.5.1). Q.E.D.

11. Computation of ¥ (L) for p =2

In this section, we compute X1 (L) for an inner product Zs-module
L. We begin by considering ¥ (L)/E*H(L).
For elements s of Q3/(Q%)?, we will say that s is a unit if s € U,

mod (Q3%)?, and that s is a non-unit ( or is not a unit) if not (i.e.,
s € 2U, mod (Q3)?).

LEMMA 11.1. Let L be an inner product Zo-module, and suppose
that either L=U,®© L', L=V, ® L' or L=W;3,,, ® L. Then there
exists some (—1,s) € X(L) such that if k = 0 mod 2 then s is a unit,
while if kK = 1 mod 2 then s is a non-unit.

PROOF. In any of these cases, there is some x € Uy, (respectively
Vi, W5 ,.41) such that Q(z) € 25U, and for every t € L, (z,t) € 2"Zs,.
By Lemma 2.1, 7, € O(L). But then det(7,) = —1, and if £ = 0 mod 2,
then spin(7,) = 27%Q(z) € U, while if £ = 1 mod 2 then spin(7,) =
27M1Q(z) € 2U,. Q.E.D.

THEOREM 11.2. Let L be an inner product Zo-module in partial
normal form. Then YT(L) = YTH(L) if and only if there is some
0 € Z)27 such that:

(1) If k = £ mod 2, then W (k) =0

(2) Ifk # ¢ mod 2, then N(k) = e(k) = 0. Ifin addition rank(W (k)) =
2, then W(k) = W5, © Wy, with ¢ + ¢ = 0 mod 4.
Moreover, if such an { exists, and if (—1,s) € X(L), then s is always
a unit in the case £ = 0, while s is never a unit in the case £ = 1.

REMARK 11.3. If ¥**(L) = T'y 1, then in the case X (L) # XT1(L),
we have that X7(L)/X+(L) can be generated by (1,2), for example.
When we compute X1 (L) in Theorems 11.4 and 11.6 below, we shall

give potential generators for X (L)/X+ (L) in those cases in which
S+(L) # Dy

PROOF. Since by Lemma 8.2 there are reflections in O(L), and

hence there are elements of the form (—1,s) € X(L), we see that
YT(L) = (L) if and only if either for all (—1,s) € X(L) we have
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that s is a unit or for all (—1,s) € (L) we have that s is a non-unit.
Thus, Lemma 11.1 shows that any module L with ¥7(L) = (L)
must satisfy all statements in the Theorem, including the Moreover, ex-
cept perhaps the last sentence of (2). But if there is a k # ¢ mod 2 with
W(k) = W5, ® Wy, and £+ # 0 mod 4, by Lemma 7.3 there is some
z € Lwith Q(z) € 2¥U,. If z spans W5, then (det(7,7.),spin(7,7.)) ¢
Y T*(L), a contradiction since it is obviously in X% (L). Hence, any L
with X1 (L) = ¥+ (L) satisfies all the stated conditions.

Conversely, suppose that L satisfies (1) and (2). To show that
Y (L) = X+ (L), we proceed by induction on the rank. By Proposition
8.1, the statement of the theorem is invariant under scaling, so we may
assume that L has scale 0. It is not hard to see that we may also
assume without loss of generality that L is in alternate normal form.

Suppose first that ¢ = 0. Then L = U & V) @ L’ with scale
L’ > 1and N(0)+e(0) > 0. If N(0) > 0, then by Corollary 5.7, 3(L) =
[o0-X(L). If N(0) = 0 and e(0) > 0, then since L is in alternate normal
form, Lemma 7.4 guarantees that we may apply Corollary 6.5 to again
get X(L) =T'9-X(L). But now for every (—1, s) € I's, s is a unit; this
also holds for (—1, s) € ¥(L’) by the inductive hypothesis, and so holds
for every (—1,s) € ¥(L). But that implies that (L) = X**(L).

Suppose instead that £ = 1. Then we may write L = W5 ,@® L' ® L”
with scale(L”) > 1, Q(L") C 2Zy and either L' = 0 or L' = W5, with
€+ ¢ = 0mod 4. By Theorem 4.8, ¥(L) is generated by (L' & L")
and by

{(-1,Q(2)) | z€ L,4tQ(z), and if 2 | Q(z) then 2 | (z,t) for all t € L}.

By the inductive hypothesis, if (—1,s) € (L' @ L") then s is not a
unit. Also, if Q(z) € 3U, (respectively 2Us) then Q(z) in a non-unit
(considered as an element of Q/(Q%)?). Thus, we only need to show
that for every z € L, Q(z) ¢ Us.

Let z span W5, with Q(v) = ¢/2. If L' = 0, then z = azx + ¢
for some t € L” and Q(z) = a’¢/2 + Q(t); since t € L”, 2 | Q(t)
which implies that Q(2) is not in Uy. If L' = Wy, let y span L' with
Q(y) = ¢/2. Then z = ax + by + ¢ for some t € L”, and Q(z) =
a’e/2 + b*p/2 + Q(t), and since 2 | Q(t), we see that Q(z) € U, if and
only if Q(az + by) = (a*e + b*¢)/2 € U,y. But since € + ¢ = 0 mod 4,
by Lemma 7.3, Q(ax + by) ¢ Us,. Q.E.D.

We now turn to the computation of ¥+ (L).

THEOREM 11.4. Let L be an inner product Zo-module such that
L=U.®L orL=V,® L. Then ¥Tt(L) =Ta;.
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PROOF. Since 77 (L) C Ty, it suffices to show that X+ (Uj) =
Y1(Vi) = T’y Since ¥ is invariant under scaling by Proposition
8.1, we only need to show X7 (Up) = I'y; and 2T (1p) = I'g1. The first
follows from Corollary 5.7, and the second from Corollary 6.5. Q.E.D.

LEMMA 11.5. Let L be an inner product Zo-module.

(11.5.1) If L=Ws5, @ W5 . ® L, then (1,1+ 2ep) € %(L).
(11.5.2) If L=Ws5, @ WS, ,® L, then (1,5) € X(L).

(11.5.3) If L =Wg5, @ WS, © L' with e = ¢ mod 4, then (1,1 +ep) €
S(L).

(11.5.4) If L= W5, & WS, @ Wy, ., & L' with e = ¢ = ¢ mod 4, then
2++ (L) == F271 .

(11.5.5) If L = W5, @ Wy),y @ Wy @ L' with e = ¢ = ¥ mod 4,
then E++(L) = F2,1-

PROOF. (11.5.1): Let z, y span Wy, and W, , ,, respectively, with
Q(z) = 2"te, Q(y) = 282p. Then Q(2x + y) = 2" (e + 2¢p) and for
every t € L, 2z +y,t) € 2" Z,y. Thus 7,4, € O(L); since 7, € O(L),
we get (1, spin(7,72,4y)) € X(L). But

SPIN(TpTopry) = Q(2)Q(22 + ) = 2%e(e + 2¢) = 1 + 25 mod (Q)*.

(11.5.2): Let @, y span Wy, and Wy, ,, respectively, with Q(z) =
2k1e Q(y) = 2830, Then Q(2z + y) = 2" (e + 4¢) and for every
t €L, 2z +y,t) € 281Z,y. Thus 79,4, € O(L); since 7, € O(L), we
get (1, spin(7,7oz4y)) € 2(L). But

SPINn(7,Tosry) = Q(7)Q(27 + y) = 2%%¢(e + 4¢) = 1 + 4pe mod (Qk)?
and 1+ 4pe = 5 mod 8.

(11.5.3): Let x, y span W5, and Wy, respectively, with Q(z) =
2Fle Q(y) = 281y, Then Q(z + y) = 2*1(e + ) = 2¥ mod 2F!
since ¢ = ¢ mod 4 (and hence € + ¢ = 2mod 4). Also, for every
te L, (r+y,t) € 2"Zy, so that 7,4, € O(L); since 7, € O(L), we get
(1, spin(7,7pty)) € X(L). But

SpIn(7uTosy) = Q(2)Q(z + y) = 2 %c(e + ) = 1 + e mod (Q3)°
so that (1,1 +¢e¢p) € X(L).

(11.5.4): Let z, y, and 2 span Wy,, Wy, and W;{’kw, respectively,
with Q(z) = 28 1e, Q(y) = 2" 'y and Q(z) = 28T4). Then Q(22+2y+
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z) = 2" (e+p+)) and for every t € L, (22+2y+2,t) € 2871 7Z,. Thus
Togtayt: € O(L); since 7, € O(L) we get (1, spin(7,Toptoy+2)) € B(L).
But

SPIN(TyTortayrz) = Q(2)Q(21+2y+2) = 2% e(e+p+1)) = e(e+p+1) mod (Q5)?
and €(e + ¢ + ¥) = 3mod 4 since ¢ = ¢ = ¢ mod 4. Thus, either
(1,3) or (1,7) € X(L). But by Lemma 10.4.2, (1,5) € X(L). Thus,
Z(L) D) Fg’l SO 2++(L) = Fg,l.
(11.5.5): Let z, y, z span W5, W5, ., and W;{JHQ, respectively, with
Q(z) = 281, Q(y) = 28y and Q(z2) = 2¥ ). Then Q(2x +y+2) =
2F (e + p+1)) and for every t € L, 2z +y+2,t) € 28717Z,. Therefore
as above T, Tog1y+. € O(L) so that

SPIn( Ty Togtoy+2) = €(6 + ¢ + ¢) = 3 mod 4.

Hence as above, (1,3) or (1,7) € 3(L); again by Lemma 10.4.2, (1,5) €
(L) so that XTF(L) =Ta;. Q.E.D.

In view of Theorem 11.4, we may restrict our attention to diagonal
lattices L = W5, @ -+ @ W5 with ky < - <k, and k; < Ky for
each 7.

THEOREM 11.6. Let L = W5} & --- & Wy be an inner product
Zo-module with k1 < -+ < k, and k; < ki, for eachi. Then 3T (L) =
'y unless there is an € € Z/AZ and 4,c_ € Uy such that:

(1) For all i,

o Jevor (20 4+ 1)e; mod 8, if k; is even
" e or (204 1)e_ mod 8, if k; is odd.

(2) Suppose there exist i # j with |k; — k;| < 4. Then ¢ # 0 and
|k; — kj| = £ mod 2. If in addition { is odd, then

gig; = £ mod 4.

(3) If there exists an i with k; = ki1, then ¢ =2, |k; — k;| > 4 for
all 3 # 4,1+ 1 and 1 + ;6,41 = 26,6 mod 8.

(4) If ¢ # 0, either there exist i, j with i # j and |k; — k;| < 4,
or there exist i and j with k; = k; mod 2 and ¢; = (20 +
1)e; mod 8.
In this case, ST (L) = {(1,1), (1,2¢+1)}. Moreover, X" (L)/%* (L)
is either trivial or generated by (1,2e,e_).
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PRrROOF. We first show that if X7 (L) # I'y 1, then the desired ¢, ¢,
and e_ exist, and that for such an L, (1,20 + 1) € X7 (L); we will use
induction on the rank at one step.

First note then that if L has rank one, we may take ¢ = 0, and
YH(L) =Xt (L) = {(1,1)}; in particular, the theorem holds.

Consider next S = {e; | k;is even}. Then for any &',¢” € S,
(1,e'¢") € ¥t7(L) (using a product of reflections in the appropriate
generators). In particular, if S contains more than two classes mod 8,
then ¥t (L) = I'y;, which is a contradiction. Since any one or two
classes may be written as 4 and (2¢+ 1)e for some ¢ mod 4, we may
assume that there is an ¢ and an e, with ¢; = e, or (2( + 1)e; mod 8
whenever k; is even. Note that we have in this case that (1,2¢ + 1) €
YHH(L).

Similarly, by considering the set S = {¢; | k; is odd }, we see that
if X**(L) # I'yy, there is an ¢ and an e_ with ¢; = e_ or (20 +
1)e_ mod 8 whenever k; is odd. In this case we also have that (1,2¢ +
1) e ZT(L).

If ¢' # ¢, and if neither one is 0, then ¥+t (L) = I'y4; thus, either
¢ = or one of £,/ is 0. If one is 0 and the other is not, we may
replace the 0 value by the other value and assume that ¢ = ¢’ without
loss of generality. (The ¢ = 0 case is subsumed in any ¢ # 0 case for
(1).) Hence we have shown at this point that if ¥t7(L) # I'y 1, then
an ¢ and e, e_ exist satisfying (1) and with (1,20 + 1) € XTF(L).

Note that if £ # 0 then there is still some freedom left in the choices
of e, and €_; they can be multiplied by 2¢ 4 1, independently, and we
still have (1). Moreover if S (respectively S’) is empty, then we need
not choose €, (respectively €_) just yet.

Next, suppose there exist ¢, j with i # j and 0 < m = |k; — k;| <
4. If m = 0 (respectively 2, 4), then (1,5) € X*(L) by Lemma
10.4.2 (respectively Lemma 10.4.3, Lemma 11.5.2). Thus, if £ # 0 or
2, ¥tT(L) = I'y4, since in this case (1,5) and (1,2¢ + 1) will generate
I'y1. Therefore if m is even we conclude ¢ is 0 or 2.

If m = 1 (resp. 3) then by Lemma 10.4.4 (respectively Lemma
11.5.1), we see that (1,1 + 2e;¢;) € XTF(L). If g,6; # ¢ mod 4, and
¢ # 0, then we would again have X% (L) = I'y;. Therefore if m is odd
we conclude that either £ =0 or ¢ = e,e_ mod 4.

We claim that it cannot happen that both m even and m odd occur
(with different 4, j pairs). If m even occurs, then we have seen above
that (1,5) € X+ (L); if m odd occurs, then we have seen that (1,1 +
2¢,e_) € ¥TT(L). Since e, and e_ are both odd, 14+2¢,¢_ = 3 mod 4;
hence we would have X7+ (L) = I'y4, violating our assumption.
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Now if m even is the case that occurs, we have that ¢ = 0 or 2; if
¢ =0, we may change to £ = 2 without spoiling the previous results.

If m odd is the case that occurs, then ¢ = 0 or £ = ¢;¢;; again we
may change if necessary and assume ¢ = g;¢;.

At this point we have ¢, e, and e_ satisfying (1) and (2), and in
addition (1,204 1) € ¥T1(L).

Next note that the only reason so far to have needed an ¢ # 0 is in
case either the set S or the set S’ has two classes, (so that there is a
pair ¢ # j with k; = k; mod 2 and ¢; = (20 + 1)¢;) or if there is a pair
i # j with |k; — k;] < 4. Therefore in addition to (1) and (2) we see
that (4) is also satisfied.

Finally, suppose there is some i with k; = k; 41 and assume 271 (L) #
I's1. As we saw above, (1,5) € X1 (L) (this is an m even case) so that
we must have ¢ = 2, and Xt (L) = {(1,1),(1,5)} = Taa.

If there is some j # 4,7+ 1 such that |k; —k;| < 4, then |k; —k;| = 2
since ¢ = 2 and no 3 of the k’s are equal. Since ¢ = 2, (1) implies
then that e; = €41 = ¢; mod 4; but in this case, by Lemma 11.5.4
and 11.5.5, ¥t7(L) = I'y4, a contradiction. Thus, |k; — k;| > 4 for all
[EERERY

Let L' = D, W;ka

Suppose that X7(L") = XT+(L"); this can only happen if all k;’s
(for j # i) have the same parity (else the product of two reflections
in generators of summands with opposite k parity will give an element
in ¥*(L) — £*7(L)). Since k; = ki1, we see that all k; (including
k;) have the same parity. If all the k’s are even, then £_ has not
yet been determined; if all the k’s are odd, then €, has not yet been
determined. In either case we may choose the undetermined one so
that 1+ ;6,41 = 2¢,e_ mod 8.

Suppose that X1 (L") # 3T+ (L'). Since ¥TT(L’) # 'y (it is not for
the larger lattice L), we see that (1,2e,¢_) € ¥T(L’) by the inductive
hypothesis, and hence (1,2e,¢_) € Lt(L) — XtT(L) also. Now by
Lemma 11.5.3, (1,1 + g;g;41) € T (L) — S*H(L). Thus, (1, 3e4e_(1+
gi€ir1)) € LTT(L). But since X7(L) = {(1,1),(1,5)}, this implies
%&re,(l +eigiy1) = 1mod 4, or 1+ g;6;41 = 2e,6_ mod 8.

This finishes the first part of the proof.

Conversely, suppose that L satisfies (1)—(4). We will proceed by
induction on the rank of L, and write L = Wy} @ L'. Since the
statement of the theorem is invariant under scaling by Proposition 8.1,
we may assume that scale(L) = 0, i.e., that k& = 0.

By Theorem 4.8, 3(L) is generated by ¥(L’) and by

{(-1,Q(2)) | z € L,41Q(z) and if 2 | Q(z) then 2| (z,¢) for all t € L}.
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Thus, since the reflection with respect to the generator of the first sum-
mand gives the class (—1,¢;/2) in 3(L) — X1 (L), X1(L) is generated
by X*(L') and by

{(1,1Q(2)/2) | z € L,41 Q(z and if 2 | Q(2) then 2 | (z,t) for all t € L}.

Since we know that (1,2¢+1) € X1t (L), and that Xt (L) = {(1,1), (1, 20+
1)} by the inductive hypothesis, and in addition that X7 (L’) is either
equal to X7 (L) or can be generated over X1 (L') by (1,2e.e_), we
must only show that these extra generators do not give any more el-
ements, i.e., that whenever z satisfies the conditions above, we have
that £1Q(2)/2 = 1 or 20 4+ 1 or 2ee_ or (20 + 1)2e,e_ in Q5/(Q%)>.
This is equivalent to the following:

(i) if Q(z) € 3U,, then 2Q(2) = e, or (20 + 1)e; mod 8,
(ii) if Q(z) € Uy, then Q(z) =e_ or (20 + 1)e_ mod 8, and
(iii) if Q(z) € 2U; and (z,t) € 2Z, for all t € L, then

%Q(z) =¢e, or (20 + 1)e; mod 8.

(All these statements come from noting that since k; = 0 is even,
g1 = €4 or (20+1)e; mod §; statements (i) and (iii) follow since in these
cases we must have €1Q(z)/2 =1 or 2¢ + 1, and statement (ii) follows
since in this case we must have €,Q(2)/2 = 2e,e_ or (20 + 1)2e,¢_.)

First suppose that scale(L’) > 5, and let o span W5 with Q(x) =
£1/2. Write z = azx + ¢ with ¢t € L'. then Q(z) = a%1/2 4+ Q(t) =
a*e1/2mod 16. If Q(z) € iU, then 2Q(z) = a%e; = €4 or (20 +
l)ey mod 8. If Q(z) € Zy then a = 2ay and 2 | Q(z). If Q(z) €
2U,, then 1Q(z) = afe; mod 8 = &y mod 8 = £ or (20 + 1)e; mod 8,
proving the theorem in this case.

Now suppose that scale(L') < 4, and write L' = W53 & L", with
scale(L”) = s +1 > ky. Let x, y span W5j, W53 , respectively, with
Q(r) = €1/2 and Q(y) = 2k 1ey. Write z = ax + by +t with t € L”,
so that Q(z) = a’s1/2 + 2% 1h%; mod 2°. We consider several cases.

Case 1: ks = 0. Then by (3), £ = 2 and we have s > 3. Hence
we have Q(z) = a’e1/2 + b*e2/2 mod 8. In this case, statement (i) is
Lemma 10.5.1. For (ii), in order that Q(z) € Uy, we must have a and
b both odd; then Q(z) = a*e1/2 + b?c3/2 mod 8 = (g1 + €2)/2 mod 4
so that Q(z) = e mod 4 using (3) since e = €9 = ¢, mod 4. But this
means Q(z) = e_ or 5e_ mod 8 as required since ¢ = 2.

For (iii), since Q(z) € 2U, we must have a = 2ag, b = 2by so that
1Q(z) = ajer + bles mod 4. Since 1Q(z) € U, exactly one of ag, b
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is odd; thus 1Q(z) = &; or e mod 4. Since these are both equal to

€, mod 4, we have that % (2) = €4 or bey mod 8 as required since
(=2

Case 2: ky =1. Then by (2), ¢ is odd and we have s > 5. Hence we
have Q(z) = a®e1/2 + b%*s5 mod 32. Here, (i) is Lemma 10.5.3. For (ii),
a = 2ap and b is odd, so that Q(z) = 2a2e; +b*ey mod 32; thus, Q(z) =
€9 O €9 + 2¢1 mod 8. Since e9(eg + 261) = 1 + 26169 = 20 + 1 mod 8,
and since e = e_ or (20+1)e_ mod 8, Q(z) = e_ or (2/+ 1)e_ mod 8.

For (iii), we must have a = 2ay with ag odd and b = 2by. Then
%Q(z) = ale; + 2b3e; mod 16 so that %Q(z) = g1 or €1 + 2¢5 mod 8.
Again, £1(g142¢5) = 1422165 = 2(+1 mod 8 by (3) so that 3Q(z) = &4
or (2¢ 4 1)e; mod 8.

Case 3: kg = 2. Then by (2), ¢ = 2 and we have s > 3. Hence
we have Q(z) = a®c;/2 + 2b%*c5 mod 8. Then (i) is Lemma 10.5.2, and
(ii) does not occur. For (iii), we must have a = 2ao. Then 1Q(z) =
age1 + b*; mod 4. Exactly one of ag and b is even, so that 3Q(z) = ¢
or €9 mod 4, which implies that %Q(z) = e, or be, mod 8.

Case 4: ky = 3. Then by (2), £ is odd and we have s > 5. Hence we
have Q(z2) = a%e1/2 + 4b*c5 mod 32. Statement (i) is Lemma 10.5.4,
and again (ii) does not occur. For (iii), we must have a = 2aq with
ap odd. Then 1Q(z) = ade; + 2b%, mod 16 so that 1Q(z) = & or
€1+ 29 mod 8. Since e1(g1+2¢1) = 20+ 1 mod 8, we see that %Q(z) =
gy or (20+ 1)ey mod 8.

Case 5: kg = 4. Then by (2), £ = 2 and we have s > 3. Hence we
have Q(z) = a’¢;1/2 mod 8. Then again (i) is Lemma 10.5.4, and (ii)
does not occur. For (iii), we must have a = 2a¢ with ay odd. Then
1Q(z) = afey = &y mod 4 so that $Q(z) = e or be; mod 8.

This completes the proof of the theorem. Q.E.D.

12. (L), ¥#(L) and ¥ (L) in Terms of the
Discriminant-Form

In this section, we will express our computations of (L) and X# (L)
for quadratic Z,-modules (i.e., for even inner product Z,-modules) in
terms of the rank, discriminant and discriminant-form group alone.
(We will also compute a subgroup %7 (L) of ¥#(L), defined below.)
We assume as given an integer rk(L), a “discriminant” disc(L) € Z, —
{0}/U2 and a finite p-primary torsion quadratic form (G, q) € 7,.

Let us first recall the conditions for the existence of a quadratic
Zy,-module with this rank, discriminant, and discriminant-form. To
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fix notation, we may write the element disc(L) as disc(L) = p*u for
some u € U, mod [Ui. The length of the discriminant-form (G, q),
which is the minimum number of generators of G, is denoted by ¢(q).
If p is odd, and if G has order p* and first invariant p', then the
discriminant disc(q) takes values in p=*(Z/p°)" /((Z/p®*)™ )2; it may be
written as p~*v, where v comes from the above group of order two, and
x(v) = £1. If p = 2 and if G has order 2 and first invariant 2¢!, then

the discriminant disc(q) takes values in 2_k(Z/pel+1)X/((Z/pel+1)X)2;
it may be written as 27%v, where v is odd and is well-defined modulo
4; it is well-defined modulo 8 if e; > 2. Finally, if p = 2 and ¢ has no
summand of the form w3 ; (i.e., ¢ is good and special), then the mod 8
discriminant discs(q) is well-defined.

Now we assume that the three quantities rank(L), disc(L), and
(G, q) satisfy the following conditions

(1) rk(L) > ¢(q), and if p = 2 then rk(L) = ¢(¢q) mod 2;

(2) if disc(L) = p*u mod U2 with u € U,, then |G| =

(3) if p> 2 and r = {(q) then x(disc(L)) = x(disc(q)).

(4) 1fp = 2and r = {(q)+2n then x(disc(L)) = (—1)"x(disc(q)) mod

(5) if p =2 and r = {(q) and if G has no summand of the form
w3, (i.e., G is good and special), then x(disc(L)) = discs(q).

These conditions guarantee the existence of a unique quadratic Z,-
module L with rank rk(L), discriminant disc(L) and discriminant-form
(G, q), by Propositions 1V.2.12 and IV.5.7. In this section it is 3% (L)
and (L) which we will compute; however, our conditions will not
involve L itself in any way, simply these three invariants.

For each odd p, we fix once and for all a non-square u, € U,. Then
the groups we are computing are subgroups of {£1} x Q) /(Q))?, which
we denote by I',. We will also have occasion to consider

7 ={(ds)el,|d=1}
Lt ={(d,s)el,|d=1,5 € U, mod (Q;)*}
and the I',;’s which we defined in Section 4. For p odd, I'} " is gen-
erated by (1,u,), 'y by (1,u,) and (1,p) and ') by (1,u,), (1,p) and
(—1,1). Similar statements hold for p = 2 if we allow u, to range

over (Z/8Z)*. Note that I'y5t = Ty;. Also note that for any p,
Ipo={£1} x U,/U%
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We will compute the groups ¥# (L) and (L), which are both a pri-
ori subgroups of T',. (In fact, X#(L) C ', always.) For this purpose,
it is convenient to consider the auxiliary groups

L) =%(L)NT}
and THH(L) =X(L)NTH

which were defined in Section 8. We will also compute a new group
S (L), defined as follows. Let

To={(1,1),(1,-1),(=1,1), (=1, = 1)} € {+1} x Q% /(Q*)*.
The natural map Q* /(Q*)* — Q;/((@;)Q induces a map
Pp: F0 - 1—‘p,O

which to be completely explicit has the following values:
p ‘ ep(1,1) ‘ pp(1, —1) ‘ op(—1,1) ‘ op(—1,—1)

2 (1,1) (1,7) (—-1,1) (—=1,7)
Tmod4| (L,1) | (L1) | (=L,1) | (=11
3mod4| (1,1) (1, up,) (—1,1) (—1,up)

We define

ST(L) = ¢, (SH(L) = {(d.5) € To | pp(d, s) € T#(L)}

The usefulness of knowing Z# (L) will become apparent in the next
chapter; for now, we simply remark that it is completely a function of
¥#(L) (and p), and we are merely recording its values below for later
reference.

In the statements which follow, we assume that ¢ is in partial normal
form (whenever p = 2). We begin with the computations of ¥#(L) and

=5 (L).
THEOREM 12.1. Let p # 2.

(12.1.1) If rk(L) = £(q) then % (L) = {(1,1)} and
B 1, if p=3mod 4
{1, 1—1} if p=1mod 4

(12.1.2) If tk(L) = £(q) + 1, let 6 = disc(L) disc(q) € U,/U>. Then
SH(L) = {(1,1),(~1,20)}
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and
(T if p=1mod 8 and x(J) =1
or p=>5mod 8 and x(J) = —1
{(1,1),(=1,-1)} if p=3mod8 and x(0) =1
orp=T7mod8 and x(§) = —1
SH(L) = o)

{(1,1),(1,-1)} if p=>5mod 8 and x(J) =1
orp=1mod 8 and x(J) = —1

{(1,1),(-1,1)} if p="T7Tmod 8 and x(§) =1

L or p=3mod8 and x(J) = —1

(12.1.8) If tk(L) > £(q) + 2 then S#(L) = T and X} (L) = Ty.

ProoOF. Statement (12.1.1) is Theorem 9.3.1, which applies since
if rk(L) = £(q) then scale(L) > 1. The other two statements (12.1.2,3)
follow exactly from Theorem 9.3.2,3.

The reader is advised that the well-known facts y(—1) = (_71) =

p— p2_
(_1)71 and x(2) = (%) = (—1)Tl when p is odd (cf. Serre (1970),
Chap. I, §3) are invaluable in verifying the results above. Q.E.D.

THEOREM 12.2. Let p = 2, and write q in partial normal form as

=y Ve ewl)ew® e ow?) eq

with scale(q’) > 3. Then S#(L) and S (L) are given by the following
table, and by Theorems 12.3 and 12.4 below.

k(L) —€(g) [ N(D) +e(1) | (w(D) [N2) +e(2) [ (w(2) | Z#(L) | SF(L) |

>0 [0 Iy

0 >0 >0 1—‘270 Ty

0 0 2 see Thm. 12.3
0 0 1 see Thm. 12.4
0 0 0 >0 F272 {(1, 1)}
0 0 0 0 2 I'y0 {(1,1)}
0 0 0 0 <1 [{(1,D)}] {(0,1)}

Proo¥r. This is the content of Theorem 10.2. Q.E.D.

THEOREM 12.3. Suppose that p = 2, rk(L) = ¢(q) and

q=w5; Dwy, ® UQV(Q) S 05(2) S weg) O ¢
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with scale(¢') > 3. Then Y#(L) and X (L) are given by the following

table:
e mod 4 |£(w(2)) »#(L) e mod 4 ¥ (L)
3 s Ty
>0 Y0 o
(1,1), (1,5) 1 {(1,1), (=1,1)}
! 0 { (_17 )7(_1 55) } 3 {(171)’(_1a_1)}

PROOF. Theorem 10.8 computes X% F (L) in these cases; then we
use Lemma 10.6 to compute $#(L).

THEOREM 12.4. Suppose that p = 2, tk(L)

with

={(q) and

Q.E.D.
q=w5,®q

qJ = ug( )GBI@( )6910(2)691u3( )Equig)GBzu(S) Dq"

with scale(q") > 4. Let § =

x(disc(L))/ discs(q"), which is well-defined

(given this partial normal form) since ¢ € Go. Then S#(L) and X (L)
are given by the following table:

N(28+e(2) w(2) »#(L) 6 mod 8 (L)
+(w(3))
>0 £ 0 [0 Lo
(1,1),(1,5) L5 [ {(11),(=1,1)}
>0 0 {( 1,8), (=1 55)} 3.7 (LD, (—L-1)}
0 rank 2 Iy Ly
0 w§27 { (171>7(177) } 1’7 FO
ep =3 mod 4[| (—1,0),(—1,76) 3,5 {(1,1),(1,-1)}
w?y (1,1),(1,3) 1,3 [ {(11),(-1,1)}
¥ ep = 1mod4{ (—=1,6), (—1,30) } 57 |{(1,1),(—=1,-1)}
1 {(1,1), (-1, 1)}
0 0 {(171)7(_175)} 7 {(171)7( 1_1)}
3,5 {(1,1)}

PROOF. Let us remark that the definition of § implies that L may

be written as L = W26,1 @ L', with g = ¢.

Then Theorem 10.7
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computes % (L) in these cases, and we use Lemma 10.6 to compute
»#(L).

Note that since the partial normal form is not unique, the form
¢’ and hence also the value of ¢ are not determined solely by ¢ and
disc(L), but by the partial normal form. However it is an exercise to
check that the answers in the table above do not depend on the specific
partial normal form decomposition. Q.E.D.

We next turn to the computation of 3(L). We will compute this
in three stages: first, we compute L1 (L) and a group whose order
is twice that of £77(L) which contains X" (L) (so that X*(L) is that
group if and only if ¥T(L) # XTT(L)). Second, we give conditions
which decide whether X1 (L) = £*F(L) or (L) # X7+(L). Third,
we describe a generator for the group ¥(L)/3% (L) of order 2.

THEOREM 12.5. Let p # 2. We have, of course, ¥ (L) C I'J*
and ¥+ (L) CTF.
Then XHH(L) # TS if and only if there exist e4,e_ € {1} such

that if we write g =w,} & --- ®w, then

(1) ky <kg<--- <k, and tk(L) — {(q) < 1,

(2) e, = ey if k; is even and ; = e_ if k; is odd; moreover if
tk(L) = 4(q) + 1 and we let 6 = x(disc(L))/x(disc(q)) then
() =e+
In this latter case, X7T(L) = {(1,1)} and 7 (L) C {(1,1), (1,pa)}
where o satisfies (%) =c€4€e_.

PRrOOF. The condition that rk(L) < ¢(q) + 1 implies that L may
be written as

L=W(0)o W

p,k1

@...@W;ZT

where W(0) has rank at most one; if it has rank one the W (0) = W2,
In this form we see that the hypotheses of Theorem 9.6 hold and this
theorem gives the results stated above. Q.E.D.

THEOREM 12.6. Let p = 2. Again, X7 (L) C T3+ and ¥+ (L) C
[y. Then XYT(L) # T35 if and only if tk(L) = €(q), q has the form

p— 61 .« o o ET
q =Wy D D Wy,

with ky < -+ < k. and k; < ki o for each i, and there exist n € Z/AZ
and ey, e_ € (Z/8Z)* with the following properties:
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(1) e, = €4 or 2n+ 1)ey mod 8 if k; is even, g, = e_ or (2n +
e_mod 8 if k; > 3 is odd, and if 1 = k; < ko then

x(disc(L))
[1e

j>1

o = =c_ or (2n+ 1)e_ modS8.

(2) Suppose there exist i # j such that |k; — k;| < 4. Then n # 0
and |k; — k;| = nmod 2. If in addition n is odd, then c;e; =
n mod 4.

(3) If there exists an i with k; = k41 > 2, thenn =2, |k;—k;| > 4
forallj #i,i+1 and 1+€;6;01 = 2e,e_mod 8. Ifky =ky =1,
thenn =2, |k; — ki| >4 for all j > 3, 1 = 3 mod 4 and

x(disc(L))
[1e

§>2

1+ =2¢,e_mod 8.

(4) If n # 0, either there exist i, j with i # j and |k; — k;| < 4,
or there exist i and j with ki, k; > 2, k; = k;j mod 2 and
gi = (2n+1)g; mod 8, or 1 = ki < ky and there exists i > 1
with k; = 1 mod 2 and
x(disc(L))
Il ¢;
j>1

In this latter case, X7 (L) = {(1,1),(1,2n 4+ 1)} (which has order 1 if
n=0)and 3T (L) C {(1,1),(1,2n+1),(1,2e:2_),(1,2e,6_(2n+1))}.

= (2n + 1) mod 8.

Proor. This is a re-statement of Theorems 11.4 and 11.6. The
only variation in the statements occurs in case L has scale 1; then
L = Wi y} © L' and ¢ = wy)} © ¢ and since ¢; is only defined modulo
4 we must resort to describing d; in terms of the discriminant as in
(1) and (4). In (3), we use the discriminant to write the product 6,99
where in this case L = Will @ WQ‘S”"l @ L".

In verifying the hypotheses the relation (I) of Proposition IV.3.1 is
needed at a couple of stages. Q.E.D.

At this point we have computed 271 (L) in all cases. We now turn to
computing X7 (L). As noted above, we have in every case given a group
which contains X7 (L) and has order at most twice that of L (L).
Therefore ¥ (L) is determined if we know whether 37 (L) = X7 (L)
or not, and it is this to which we now turn.
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THEOREM 12.7. Let p # 2. Then X (L) = X1 (L) if and only if,
writing
=Wy, & Dwy,
(1) k; = kj mod 2 for each i, j
(2) if tk(L) # £(q) then k; =0 mod 2 for all i.
Proor. This is Theorem 9.5. Q.E.D.
THEOREM 12.8. Let p = 2. Then Y1 (L) = ST (L) if and only if
there exists an n € Z/27 such that, writing q in partial normal form
g=-ouP e ouwk) e -
we have
(1) k=nmod 2= w(k) =0
(2) k Znmod 2 = N(k) = e(k) =0. If in addition l(w(k)) = 2,
then w(k) = ws ;, ® wy, with € + ¢ = 0 mod 4.
(3) if tk(L) # £(q) then n =0 mod 2.
Proor. This follows from Theorem 11.4. Q.E.D.

At this point we have determined both ¥ (L) and "% (L) from
the rank, discriminant, and discriminant-form data. To finish the de-
scription of (L), we note that [X(L) : ¥*(L)] = 2 by Lemma 8.2;
hence if we give an element in (L) — X1 (L), this element will gener-
ate X(L)/XT(L), and we will be done.

THEOREM 12.9. Let p # 2.

(12.9.1) If ¢(q) = 0 then X(L)/XT(L) is generated by (—1,2disc(L)).

(12.9.2) If £(q) # 0 and q = w5 o, © ¢’ then X(L)/X7(L) is generated
by (—1,2«), where (%) =e.

(12.9.3) If £(q) # 0 and q = w; .., © ¢ then X(L)/X* (L) is generated
by (—1,2ap), where (%) =ec.

ProoFr. To see (12.9.1), we note that in this case L is unimodular,
of the form
L=w;,

In this case by Theorem 9.6 X**(L) = I';™ unless rk(L) = 1, in
which case X*7(L) = {(1,1)}. Moreover by Theorem 12.7 we have
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YH(L) = XT(L). Therefore (L) is generated over X7 (L) by the
determinant and spinor norm of any reflection, and in this case there are
such giving a class of the form (—1, u) for some unit u. If (L) = I'}*,
then any unit « will generate the same group, namely {+1} x U,/U2;
we might as well take u = 2disc(L). If tk(L) = 1, then L = W, and
letting = be a generator of L with Q(x) = «/2, where x(«) = ¢, so that
7, = —identity is defined, we see that (det(7,),spin(7,)) = (—=1,a/2) =
(—1,2«); Since in this case disc(L) = «, the result follows.

The last two statement follow in the same way, by considering the

reflection 7, through a generator of the corresponding summand of
L. Q.E.D.

THEOREM 12.10. Let p = 2.

(12.10.1) If k(L) # €(q), or ¢ = ug ® ¢' or vo, @ ¢’ then X(L)/E1(L)
is generated by (—1,1).

(12.10.2) If ¢ = ug+1 ® ¢ or vop1 & ¢ then X(L)/E1(L) is generated
by (—1,2).

(12.10.3) If ¢ = w5 o, © q', then X(L)/¥*(L) is generated by (—1,2¢).

(12.10.4) If ¢ = w591 © ¢ with 2k +1 > 1, then X(L)/X"(L) is
generated by (—1,¢).

-4V = = W2 2,1 ', .

(12.10.5) If vk(L) = £(q) and q¢ = w5, © ws, © ¢, then X(L)/XT(L) is
generated by (—1,8) where § is either of the elements of Uy /U2
such that § = € mod 4.

(12.10.6) Ifrk(L) = £(q) and ¢ = w5 ,®q, with ¢’ € Gy, then $(L)/¥X* (L)
is generated by (—1,9), where 6 = x(disc(L))/ discs(q').

PROOF. Again this is just a matter of identifying spinor norms
of appropriate reflections; we simply need to identify @Q(z) for an
appropriate reflecting element z, and then (—1,Q(x)) will generate
Y(L)/XT(L).

For (12.10.1), we have either a summand Uy, or Vo, of L. In ei-
ther case there is a reflecting element x such that Q(z) = 22*. Then
(—1,2%) = (—1,1) in the group %(L).

For (12.10.2), we have either a summand Usyyq or Voryq of L, and
again there is a reflecting element x such that Q(z) = 22**1. Then
(—1,22¢*1) = (—1,2) in the group X(L).
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For (12.10.3), we have a summand W,, of L, and again there is
a reflecting element z such that Q(x) = 2%~ 'e. Then (—1,2%1¢) =
(—1,2¢) in the group X(L).

Similarly, for (12.10.4), we have that ¢ is defined modulo 8 (since
2k+1 > 3) so there is a summand W5, ., of L, and there is a reflecting
element = such that Q(z) = 2%*e. Then (—1,2%%¢) = (—1,¢) in the
group X(L).

To see (12.10.5), note that W, is a summand of L, for some § =
e mod 4. Letting = be a generator of this summand with Q(z) = §, we
see that (—1,9) € 3(L). However by Theorem 12.6, we also have that
the element (1,5) € X7+ (L). Therefore (—1,56) is also in X(L), which
gives the result.

Finally the definition of § given in (12.10.6) ensures that Wi Lisa
summand of L; considering the reflection through a generator x with

Q(x) = § now finishes the proof. Q.E.D.

COROLLARY 12.11. Let L be an quadratic Z,-module.

(12.11.1) If rk(L) > l(qr) + 2, then X#(L) =T, 0.
(12.11.2) Iftk(L) > 2 and L is unimodular, then 3% (L) = X(L) = T[pp.

PROOF. Statement (12.11.1) follows from Theorem 12.1.3 if p # 2,
and the first line of the table in Theorem 12.2 if p = 2.

The statement in (12.11.2) about X#(L) follows from (12.11.1).
Since rk(L) > 2 and £(q) = 0, we get X7 (L) = I'}* by Theorem 12.5
if p # 2 and by Theorem 12.6 if p = 2. Moreover, (L) = XtH(L)
by Theorem 12.7 if p # 2 and Theorem 12.8 if p = 2. Since I';* has
index 2 in I', o, we only need to show that the generator of ¥ (L)/X1(L)
lies in '), i.e., is of the form (—1,u) for some unit w. If p # 2, by
Theorem 12.9.1 this generator is (—1,2disc(L)) which is in I'yo since
2disc(L) is a unit. If p = 2, by Theorem 12.10.1, this generator is
(—1,1) € Ty Q.E.D.

Bibliographical note for Chapter VII

The spinor norm and the Eichler isometries were first introduced
in Eichler (1952). The analogue of the Cartan-Dieudonné Theorem for
O(L) (our 7.7) is fairly standard when p is odd (cf. O’Meara (1963)
92:4, for example) and is due to O’Meara and Pollak (1965) when p = 2.
The corresponding theorem for O# (L) (7.5) is new. The calculations
is Sections 4, 5, and 6 were directly inspired by O’Meara and Pollak’s
proof.
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The computation of (L) is due to Kneser (1956) when p is odd,
and Earnest and Hsia (1975) when p = 2 (in slightly different form).
The computations of ¥#(L) and X7 (L) are new.



CHAPTER VIII

Uniqueness of Integral Quadratic Forms

1. Discriminant Forms and Rational Quadratic Forms

If L is an integral quadratic form, we let G denote the discriminant

quadratic form of L and sign(L) = (sy,s_) denote the signature of
L®R.

THEOREM 1.1. Let L and A be integral quadratic forms. Suppose
that G ~ G and sign(L) = sign(A). Then there is an isometry
0:L®Q— A®Q of quadratic form spaces over Q.

PROOF. First note that since sign(L) = sign(A), by Corollary 1.7.13
there is an isometry oo : L ® Qy — A ® Q4, where Q, denotes R.

Now recall that for an integral quadratic form L, disc(L) = (—1)*~|GL|.
Thus, disc(L ® Z,) = disc(A ® Z,) for all p < co. Moreover, Grgz, ~
G awz, since each is the p-part of the corresponding group. By Theorem
II1.5.8, there exist isometries 0, : L ® Z, x A ® Z, for each p < oo.

But now we have isometries 0, : L ® Q, — A ® Q, for each p < oo.
By the weak Hasse principle (Theorem V.4.2), there is then an isometry
c:LQ—-AxQ. Q.E.D.

COROLLARY 1.2. Let L be an integral quadratic form with signature
(sy,s_). Then any integral quadratic form whose signature is (sy,s_)
and whose discriminant form is isomorphic to G is isometric to an
integral quadratic form A such that

(1) ACL®Q
(2) for each p < oo, there exists 0, € O(L®Q),) such that o,(L ®
Qp) =AR®Z,.

PROOF. (1) is immediate. For (2), note that we constructed isome-
tries 0, : L&®Z, — A®Z, in the proof of Theorem 1.1. Then o, induces
an isometry 0, : L®Q, - A®Q,; since A®Q, = L®Q,, and 0, may
be regarded as an element of O(L @ Q,). Q.E.D.

The following is immediate from Theorem VI.4.1.

THEOREM 1.3. Let L be an integral quadratic form.
197
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(1) Suppose A C L @ Q is a Z-lattice such that there exist o, €
O(L®Q,) with 0,(LRZ,) = ARZ, for all p. Then for almost
all p,o, € O(L ® Zy,).

(2) Suppose one is given o, € O(L @ Q,) for all p such that o, €
O(L®Z,) for almost all p. Then there is a Z-lattice A C L&Q
such that 0,(L ® Z,) = A ® Z,, for all p.

Let us define

O(Ly) ={{op}| 0, € O(L®Q,) for all p,
o, € O(L ® Z,) for almost all p}.

For {o,} € O(Ls) we denote the Z-lattice whose existence is guaran-

teed by Theorem 1.3(2) by {0, }(L).
If {o,} € O(Ly) and A = {0,}(L), there are induced maps

o, N QZ,— L*Q7,
which combine to define a map G — G, which we denote by
Gyt Gioppr) = G

Since each 0, : L&Z, — A®Z, is an isometry, G, } is an isomorphism.
Summarizing, we get:

COROLLARY 1.4. Let L be an integral quadratic form.

(1) Every integral quadratic form with the same signature and
discriminant-form as L is isometric to a lattice of the form
{op}(L) for some {o,} € O(Ly).

(2) For every {o,} € O(Ly), the lattice {o,}(L) has the same
signature and discriminant form as L.

2. A consequence of the strong approximation theorem

Let L be an integral quadratic form. Recall that the homomorphism
(det,spin) on O(L ® Q,) takes values in the group

L, = {£1} x Q;/(Q})*.
We also recall that we defined
po={(1,1),(1,u,),(—1,1),(=1,u,)} for p odd, and some non-square u, € U,
and
Fo0 ={(1,1),(1,3),(1,5),(1,7),(=1,1),(=1,3), (=1,5), (=1,7)}

as subgroups of I,
Define

L ={((dy.5,)) € [[Tp | (dp.5,) € Tyo for almost all p}

p
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and
Loy =[] Tpo-
p

LEMMA 2.1. Let L be an integral quadratic form of rank at least 2.

The homomorphisms
(det,spin) : O(L®Q,) — T,
combine to give a homomorphism
(det,spin) : O(Ly) — 'y

and this homomorphism is surjective if rank(L) > 3.

Proor. If {0,} € O(Ly), then o, € O(L ® Z,) for almost all
p. Also, L ® Z is unimodular for almost all p. But by Corollary
VII.12.11(2), if L ® Z, is unimodular of rank at least two, then the

image (L) of (det,spin) equals I',o. Thus, (deto,,spino,) € I, for
almost all p, so that

(det, spin)(O(Ly)) C T'y.

For the surjectivity, it is enough to show that if rank(L) > 3, then
for each p, (det,spin) : O(L ® Q,) — I', is surjective. But this is the
content of Proposition V.6.1(1). Q.E.D.

Recall that for a quadratic form L over an integral domain R with
quotient field K, the kernel of (det, spin) : O(L) — {£1} x K*/(K*)?
is denoted by O(L).

We let ©(Ly) denote the kernel of

(det,spin) . O(LA) — FA
so that

O(La) = {{op} | 0p € O(L ® Q) for all p,
o, € O(L ®Z,) for almost all p}.

The strong approximation theorem for the spin group (Theorem
V.7.2) tells us that elements of ©(L,) are closely related to elements
of (L ® Q), if L is indefinite and rank(L) > 3. To make this more
precise, if L is an integral quadratic form and ¢ € O(L ® Q), then

o(L) = A is another (isometric) Z-lattice. Mimicking the construction
in Section 1, we consider the induced map

o: N — L7

which induces an isomorphism on discriminant-forms G, : Gy — G,
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THEOREM 2.2. Let L be an indefinite integral quadratic form with
rank(L) > 3. For any {o,} € ©(La) there is a 0 € O(L® Q) such that
o(L) ={o,}(L) and G, = G,

PRrROOF. Let A = {0,}(L), and for each p define

Vo ={pp €O(LRQ) | pp(L ®Zy) = AR Ly,
and for all z € (A ® Z,)*, py(v) —o,(z) € L®7Z,}

so that for all p, € V), G, and G, coincide as maps Grgz, — Grez,-

V, is clearly a non-empty open subset of ©(L ® Q,). Moreover,
for almost all p, L ® Z, = A ® Z,, (by Theorem 1.3(1)), and L ® Z,
is unimodular. But in this case, the condition on V, merely says that
Vp = O(L ® Zyp).

Thus, by the strong approximation theorem for the spin group (The-
orem V.7.2), there is a 0 € ©(L ® Q) such that o € V, for each p. But

this means that o(L) = A, and that G, and Gy, coincide as maps
GA — GL. QED

We wish to recast this theorem in terms of the groups we introduced
in Chapter VII. For an integral quadratic form L, let
S#(L) = [[S*(L ©Z,) C Tay,
p

where we recall that
Y#(L ® Z,) = Im((det, spin) : O (L ® Z,) — T, 0)
and

O#(L ® Z,) = Ker(O(L ® Z,) — O(Grgz,)).
We also let
Tg = {+1} x Q*/(Q*)",
and regard I'g C I'y in a natural way.
THEOREM 2.3. Let L be an indefinite integral quadratic form with
rank(L) > 3, and let {o,} € O(La). Then the following are equivalent:
(1) there is a 0 € O(L ® Q) such that o(L) = {o,}(L) and G, =
Glop)
(2) T1,(det oy, spinay,) € Ig - X#(L) C Ty
PROOF. First suppose that o exists. Then since G, = G4,}, We
see that
(0®Q,) oo, € OH(LBZ,)
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for each p. Thus,
(det 0,,spina,) € (det o, spin o) Y# (L ® Z,)
for each p, so that
H(det 0p,spino,) € (det o, spino) H Y*(L®Z,

p p

C Io¥#(L).

Conversely, suppose that (2) holds. Then there exists a (d, s) € I'g
and for each p a p, € O (L ® Z,) such that

(det o, spinoy,) = (d, s) - (det pp, spin py)
for each p. Moreover, by Proposition V.6.1(2), thereis a ¢ € O(L®Q)
such that (det,spinv) = (d, ).

Let ¢, = 1p~" 00, 0 p;', so that (det ¢, spin ) = (1,1), ie., that
{¢,} € ©(Ly). By Theorem 2.2, there is a ¢ € O(L ® Q) such that
¢(L) = {dp}(L) and Gy = G-

Let 0 = 1) o ¢. Then for each p,

0(L®Zy) =1 o¢p(L®Zy) =0,0 pyjl(L ® Zp) = 0p(L @ Zp)
since p, € O(L ® Z,,), while

GU@ZP = GW@ZP)W’? =G - Gp_pl © fop = fop

-1
TpOPp

since G, is the identity (because p, € O%(L ® Z,,)). Q.E.D.

3. Uniqueness of even Z-lattices

Let L be an integral quadratic form with rank L > 2, and let

(L) =[] ez,
P
where ¥(L ® Z,) = Im((det, spin) : O(L ® Z,) — I',). Since L ® Z,, is
unimodular for almost all p, and ¥(L ® Z,) C ',y whenever L ® Z,, is
unimodular (Corollary VII.12.11(2)), we see that X(L) C I's.

THEOREM 3.1. Let L be an indefinite integral quadratic form with
rank(L) > 3. Let A;,Ay C L ® Q be Z-lattices with Ay = {o,}(L)
and Ny = {p,}(L) for appropriate {o,},{p,} € O(La). Then Ay is
isometric to Ny if and only if

H(det 0p,Spino,) = H(det pp,spin p,) mod I'g - X(L).

p p
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PROOF. If ¢ : Ay — Ay is an isometry, then ¢ € O(L ® Q) and
bp=0," 0 (W ®L) " 0p € O(LOL)
for every p. Thus,
H(det o,,8pino,) ' (det p,,spinp,) = (det),spin)) H(det ®p,Spin ¢,)

p p

€ Ty -3(L).
Conversely, if
H(det 0,,spina,) ' (det p,, spin p,) € Tg - (L)
p

then there exist (d, s) € I'g and ¢, € O(L ® Z,) for all p such that

(det o, spin a,) " (det p,, spin p,) = (d, s)(det ¢,, spin ¢,,)
for all p. Let
@bp:ppo@;locrp_l.
Then 9,(A; ® Z,) = Ay ® Z,,, and
[](det ¢, spines,) = (d, s) € Tg C Tg - S#(Ay).

p
By Theorem 2.3, there is a ¥ € O(A; ® Q) = O(L ® Q) such that
B(A1) = As. Q.E.D.

For an integral quadratic form L, let

g(L) = { isometry classes of integral quadratic forms A such that

G = G, and sign(L) = sign(A)}.

COROLLARY 3.2. Let L be an indefinite integral quadratic form with

rank(L) > 3. Then the set g(L) is in one-to-one correspondence with
T/To-S(L).

Proor. This follows from Corollary 1.4, the surjectivity of the ho-
momorphism (det,spin) : O(Ly) — T'x (Lemma 2.1), and Theorem
3.1. Q.E.D.

COROLLARY 3.3. Let L be an indefinite integral quadratic form
with rank(L) > 3. Then L is uniquely determined up to isometry by
its signature and discriminant-form if and only if

I'g-S(L) =Ty
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4. Milnor’s theorem and stable classes

We will derive some corollaries of the uniqueness criterion stated in
Corollary 3.3.

LEMMA 4.1. I'y =g - I'p x.

PROOF. Let [] (dp, sp) € T'a, so that (dy, s,) € T, for every p and
(dp, sp) € T'po for almost all p. Let S be the set of primes p such that
(dp, sp) & I'po; this is the set of primes such that s, is not a represented
by a unit, i.e., the set of primes such that s, is divisible by p. Let

§ = Hpes .
Then (d,, ss,) € I', for all p, so that

11, sp) = (1,1/5) [ [(dp, 55,) € Tq - Tare

p p

Q.E.D.

COROLLARY 4.2. Let L be an indefinite integral quadratic form with
rank(L) > 3 and rank(L) > ((qr) + 2. Then L is uniquely determined
up to isometry by its signature and discriminant form.

PROOF. By Corollary VII.12.11(1), X#(L) = 'y . Thus,
[y DTy -B(L)DTg-S#(L) =Tg-Tap =Ty

which forces I'y = I'g - £(L); now the statement follows from Corollary
3.3. Q.E.D.

THEOREM 4.3. Let L be an indefinite unimodular integral quadratic
form. Then there exist a,b such that

L2U®EY or L=U"® Eg(—1)°

where U s the lattice whose form has matrix ( ? é >, Ey is the lattice

whose form has matriz

2 0 0 -1
0 2 -1 0
0 -1 2 -1
-1 0 -1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1
-1 2

and Eg(—1) is the lattice whose form has the matriz above with all signs
changed.
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REMARK 4.4. The proof we give here is much too deep; a more
elementary proof can be found in [Serre 73, Chapter V, Section 2.2,
Theorem 5.

PROOF. We leave the case rank(L) = 2 to the reader, and assume
rank(L) > 3. Let sign(L) = (s4,s_); since L is unimodular, ¢, = 0
and we have s, — s_ = 0 mod 8 by Milgram’s Theorem III.5.1. If
sy > s, let a=s_,and b = §(sy —s_). Since sign(U) = (1,1) and
sign(FEs) = (8,0), we see that

U* o E;
has signature (s;,s_). But now rank(L) > ¢(qr) + 2 = 2, so that by
Corollary 4.2 there is at most one unimodular integral quadratic form
with signature (s;,s_). Hence, L = U*® E}.
The case s, < s_ is similar. Q.E.D.

Let us say that two integral quadratic forms L, and L, are stably equivalent
if there exist unimodular integral quadratic forms A; and A, with

Li ®A = Ly @ Ao

THEOREM 4.5. Two integral quadratic forms Ly and Lo are stably
equivalent if and only if qr, = qr,.

REMARK 4.6. Once again our proof is too deep; a more elementary
proof is in [Wall 72].

Proor. If L; and Ly are stably equivalent, then

qr, = qr, D qn, = qr, D qn, = qr,-

Conversely, if ¢, = qr,, let sign(L;) = (s4,s_) and sign(Ls) = (t4,t_);
we may suppose that s, > t,. By Milgram’s Theorem III.5.1 we have
s —s_=t, —t_ mod 8. Consider the lattices

Li®U and Ly® U™+ @ By(—1)sl- -t
ifs. >t +s, —ty;

L1 ® U & Eg(—1)s0+ =54 and L, @ U+ t++!
if s_ <t_+8+—t+.

In the first case, both have signature (s, + 1,s_ + 1); they have
isomorphic discriminant-forms and

rank(L; @ U) = rank(Ly) +2 > l(qr,) + 2

so that by Corollary 4.2, they must be isometric. In particular, L; and
L, are stably equivalent.
The second case is similar. Q.E.D.
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5. Surjectivity of the map between orthogonal groups

We turn now to the study of the natural map O(L) — O(Gy) for
an integral quadratic form L.

THEOREM 5.1. Let L be an indefinite integral quadratic form with
rank(L) > 3. Then there is an exact sequence

O(L) — O(GL) — S(L)/(Lg N (L)) - T#(L) — 0.
Proor. By Corollaries IV.2.14 and IV.5.9, for each p the map
O(L ® Zp) — O<GL®ZP)

is surjective. Thus, there is a commutative diagram with exact rows
and columns

1 — 0#L®Z,) — OL®L,) — OCLs) — 1

! l

0 — XH(L®Z,) — Z(L®Z)
l !
0 0

which induces a surjective map y, : O(Grez,) — S(LQZ,)/S# (LRZ,)
for each p. These combine to give a surjective map

1 O(Gr) — (L) /S#(L).

Given an element v € O(Gy), for each p there exists 0, € O(L®Z,)
such that o, and 7 induce the same transformation in O(Grgz,), by the
surjectivity of O(L®Z,) — O(Grgz,). We consider the collection {o,}
to be in O(Ly); then by construction G,y = v € O(GL). Moreover,
for any such {,}, we have u(v) = [[,(det 0, spino,) mod X#(L).

By Theorem 2.3, G,,} is in the image of O(L) — O(Gy) if and
only if [] (det g, spino,) € Tg - ¥#(L); this is equivalent to having

u(7) € (Tg - S#(L) N (L) mod TH(L).

Since
(T - X*(L)) N (L) = (Tg N X(L)) - #(L),

we see that the image of O(L) — O(GL) coincides with the kernel of
the composite map

O(Gr) & X(L)/S#(L) — (L) /(Tg N (L)) - B#(L).
Q.E.D.
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COROLLARY 5.2. Let L be an indefinite integral quadratic form with
rank(L) > 3. Then the natural map O(L) — O(GyL) is surjective if and

only if
(ToNX(L)) - E#(L) = B(L).
6. Computations in terms of the discriminant-form

We wish to indicate how the results of Chapter VII enable one to
compute the finite groups introduced in Corollary 3.2 and Theorem 5.1
in terms of the discriminant-form. The computation requires consulting
the tables in Section 12 of Chapter VII, and then computing a finite
number of Legendre symbols.

Let S be the (finite) set of square-free integers dividing 2 disc(L),
and let

I's = {(d,S) € PQ | S € S}

Let T be the (infinite) set of square-free integers relatively prime

to 2disc(L), and let

I'r={(d,s) eTg|seT}.
Clearly, g =T's - I'r and T's N I'p = {£1, £1}.
PROPOSITION 6.1. Let L be an indefinite integral quadratic form
with rank(L) > 3.
(1) The genus group of L is isomorphic to the cokernel of

foo | [[ T -Sen)) s
p|2disc(L)
where {(£1,+1)}s is the projection of {(£1,£1)} C T'g to

Hp|2 disc(L) FP'
(2) The cokernel of O(L) — O(GYL) is isomorphic to the cokernel
of
LsNY(L) — X(L)/S#(L).

Note that in both cases, the map generally fails to be injective, so
that one must compute the image (or the kernel) as well as the two
finite groups involved.

PRrROOF. The genus group coincides with I'y /T'g - 3 (L) by Corollary
3.2. We have the exact sequence

and since I'g = I'g - 'y we have
I'g-S(L)/Tr- (L) =Ts - Ip-£(L)/Tr- $(L) 2 Ts/Ts NI - S(L).
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Therefore the genus group ¢(L) is isomorphic to the cokernel of the
natural map

FS — FA/PT . Z(L)
and to prove (1) we must identify the quotient I'y /T'r - X(L)

Fix an element v = ((d,, s,)) € ', so that (d,, s,) € [, for every p
and is in I', o for almost all p. Let X denote the (finite) set of primes
which do not divide 2disc(L) such that (d,,s,) € I',o. This means
that for each p € X, the spin value s, has a p factor. Let n be the
product of the primes of X. Then (1,n) € I'y and (1,n) - (dp, s,) € [0
for every p.

For the primes p which do not divide 2 disc(L), L®Z, is unimodular,
and so by Corollary VII.12.11(2), ¥(L ® Z,) = I'yo. Therefore the

element
v = H (dp, nsp) € X(L).
p [ 2disc(L)
Consider the element

V' = H (dp, sp/n) € H Iy
p|2disc(L) p|2disc(L)
Then v = (1,n) -4 - +”, and shows that
yel I Tl-Tr-2(L).
p|2disc(L)
Since v was arbitrary in I'y this proves that

Fa=[ [[ T-Tr-%(1)

p|2disc(L)

I[[ tocta

p|2disc(L)

and therefore the inclusion

induces an onto homomorphism
¢: ] Tp—Ta/Tr-2(L).
p|2disc(L)
The kernel of ¢ is [[ ] gise(zy [p] N [I'r - 2(L)]; suppose that
H (dp> 5P> = (d7 TL) ’ H(d;/m 51/9)
p|2 disc(L) P

is in this kernel, with (d,n) € I'r and (d,, s)) € %(L ® Zj,) for each
p. If n is divisible by a prime ¢ which does not divide 2disc(L), then
(since £(L ® Z,) =TI', 0 in this case) we have a contradiction: in the ¢
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part of the above equation, the left side is 1 and the right side is not.
Therefore since n € T" we must have n = 41, so that the kernel of ¢ is

[ ]I winre-z@l=0 ][] GInHEL£D}- (L)
p|2disc(L) p|2 disc(L)

Recall that {(£1,+1)}s denotes the projection of the subgroup {(£1,+1)}
into [, qise(z) I'p- We claim that the above intersection is equal to

(6.2)
[ 1] mInHELED)-S@) ={=L+D))s- [ =2 ez,).
p|2disc(L) p|2disc(L)

Clearly the right-hand side is contained in Hp\z disc(L) I',; to show it
is contained in {(£1,£1)}-3(L), fix an element (d',s") € {(£1,£1)}s
and elements (dp, s,) € (L ® Z,) for each p dividing 2disc(L). Lift
(d',s") to (d,s) € {(£1,£1)}, and for each p not dividing 2 disc(L), set
d, = d and s, = s. Then these are not divisible by p, so that for these
p, we have (d,, s,) € X(L®Z,) since X(L®Z,) = I',( in this case. Now
the product (d, s) [[,(dy, sp) € {(£1,£1)} - X(L), and is equal to the
original product (d', ') [T, gisc(z) (dp» 5p) since for the other primes the
(d, s) factor cancels the (d,, s,) term. This proves that the right-hand
side of (6.2) is contained in the left-hand side.

That the left-hand side is contained in the right is clear. This
identifies the kernel of the map ¢ and proves that

Lo/Tr-S(L) = | I T/ 2(Lez) | HELED)s

p|2 disc(L)

which finishes the proof of (1).
To see (2), since X(L ® Z,) = I'yp when p ) 2disc(L) we have
I'oNX(L) C I's so that

FoNX(L) =TsNX(L).
Now there is a natural exact sequence
0 — TeNX(L)/TeNX# (L) — %(L)/X#(L) — %(L)/(ToNX(L))-X#(L) — 0
which gives rise to an exact sequence
IsNY(L) — X(L)/S#(L) — %(L)/(Tg N (L)) - ¥#(L) — 0.

Since the cokernel of O(L) — O(Gy) is X(L)/(To NX(L)) - ¥#(L) by
Theorem 5.1, the proposition is proved. Q.E.D.
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Now Section 12 of Chapter VII enables us to compute X(L @ Q)
and X(L ® Z,) /Y% (L ® Z,) immediately given the discriminant-form;
the Proposition above enables us to find both the genus group and the
cokernel of O(L) — O(G) with a finite amount of computation.

7. A criterion for uniqueness and surjectivity

In this section, we find a group which is an extension of the cokernel
of O(L) — O(GL) by the genus group. This group has the advantage
of being more readily computable than either of its constituents; it
can be essentially read off of the tables in Section 12 of Chapter V.
Moreover, in many applications, one only needs to know the product
of the orders of the cokernel of O(L) — O(G) and the genus group;
this is easily found by computing the group below.

By Lemma 4.1, the natural map I'y o — I's /T'g is surjective; we let
Iy denote the kernel of this map, which coincides with I'y o N g. It is
easy to see that

I'o={(1,1),(1,-1),(—1,1),(—-1,—-1)} C g,
so that this agrees with the notation of Chapter VII Section 12. In
that section, we defined
S eZ,) =¢,"EHL©Z))
where ¢, : I'g — I'p ¢ is the natural map; we now define, for an integral
quadratic form L,

SE(L) =S*(L)NTo=N,2H (L ® Zy).

LEMMA 7.1. Let L be an integral quadratic form. Then there is an
exact sequence
0 — X(L)/(TeN(L))-£#(L) — (Tao/E#(L))/(To/EF (L)) — Ta/To-B(L) — 0

PrROOF. The exact sequence

0—-Tg—=Tao—=Ts/Tg—0
induces an exact sequence
0 — Do/SE(L) — Tao/SH(L) — /T - SH(L) — 0

by the definition of ¥ (L) = L#(L) N Ty. Thus, the middle term of
the exact sequence in the statement is isomorphic to

I'y/To-S#(L).

But now, since (L) N (Tg - ¥#(L)) = (g N X(L)) - X#(L), there is a
canonical exact sequence

0— (L) /(ToNX(L))-S#(L) — Ty/Tq-X#(L) — I'y/Tg-B(L) — 0.
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Q.E.D.

THEOREM 7.2. Let L be an indefinite integral quadratic form with
rank(L) > 3. Then there is an exact sequence

0 — coker (O(L) — O(GL)) — (Tao/S*(L))/(To/S (L)) — g(L) — 0
where g(L) is the genus group of L.

The proof is immediate from Corollary 3.2, Theorem 5.1 and Lemma
7.1. From Corollaries 3.3 and 5.2, using Lemma 7.1 we also get:

COROLLARY 7.3. Let L be an indefinite integral quadratic form with
rank(L) > 3. Then the following are equivalent:
(1) L is uniquely determined by its signature and discriminant-
form
and O(L) — O(GL) is surjective.
(2) To/SH(L) 2 Tpo/S#(L).

Computing the group

(Pao/S*(L))/(To/T (L))
is even easier than computing its constituents, the cokernel of O(L) —
O(GL) and the genus group g(L). For

Tao/S*(L) = [] Th/Z*(LeZ,)
p|disc(L)

and

To/SH(L) = To/ Npjaiser) i (L ® Zy)
(since ©#(L®Z,) = T} and hence ¥ (L®Z,) = Ty, whenever LQZ, is
unimodular, by Corollary VII.12.11(2)). Since one can read the groups
S#(L® 7Z,) and X (L ® Z,) from the tables in Section 12 of Chapter
VII, the computation is immediate.

Due to its importance in applications, we want to make this com-
putation explicit in one particular case; namely, we wish to translate
Corollary 7.3 into information about the discriminant form, and so
get a criterion for uniqueness and surjectivity solely in terms of the
discriminant-form.

DEFINITION 7.4. Let L be an integral quadratic form.
(1) L is p-regular if X#(L ® Z,) = T'py.
(2) L isp-semiregular of type (a,b) where (a,b) € {(1,-1),(-1,1),(—=1,—-1)}
if [[po: Y#(L®Z,)] =2 and S (L®Z,) = {(1,1), (a,b)}.
(3) L is p-pseudoregular if [0 : $#(L ® Z,)] = 4 and ¥¥ (L ®
Zp) = {(1, 1)},
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(4) We say that L is p-nonregular if it is neither p-regular, p-
semiregular, nor p-pseudoregular.

THEOREM 7.5. Let L be an indefinite integral quadratic form with
rank(L) > 3. Then L is uniquely determined by its signature and
discriminant-form and O(L) — O(Gy) is surjective if and only if one
of the following holds:

(1) L is p-regular for all p.

(2) There is one prime p such that L is p-semiregular; for all
primes q # p, L is q-reqular.

(3) There are two primes py,ps such that L is pi-semireqular of
type (aq,b1) and L is pa-semiregular of type (as, by) with (a1, by) #
(ag,by); for all primes q # p1,p2, L is q-regular.

(4) There is one prime p such that L is p-pseudoregular; for all
primes q # p, L is q-reqular.

Proor. By Corollary 7.3, we must find the conditions under which
(*) Lo/S5 (L) = Tyjaise(ry Too/ EH(L @ Zy).

Note that the left-hand side maps injectively to the right-hand side,
and since [y is a group of order 4, the left-hand side has order at most
4.

First we note that it is easy to see that any one of the conditions
(1)-(4) are sufficient. If (1) holds, then ¥#(L ® Z,) = T, for all p,
so that the right-hand side of (*) has order one, forcing an equality. If
(2) holds, then both sides of (*) have order two, and if either (3) or (4)
hold then both sides of (*) have order four.

To see that one of the conditions is necessary, we assume that (*)
holds, and suppose first that the right-hand side of (*) has order 1.
Then E# (L) =T for all p, so that L is p-regular for all p, and we have

1).

W If the right hand side of (*) has order 2, then there is exactly one
prime p such that [, : #(L ® Z,)] = 2. Since for all ¢ # p we have
SH(L @ Z,) = Ty, we see that 3¥ (L) = ¥¥(L ® Z,). Thus, equality
holding in (*) implies that |X# (L ®Z,)| = 2, that is, L is p-semiregular
and we have case (2).

If the right hand side of (*) has order 4 and (*) holds, we must have
¥ (L) = {(1,1)}. Either there are primes p;, py with [[},0 : S#(L ®
Zy,)] = 2 for each 4, or there is a prime p with [, : X% (L ® Z,)] = 4;
all other primes ¢ are such that X#(L®Z,) = ', , and hence for these
q we have Xff (L®7Z,) = I'y. Note that by Theorems VII.12.1-VII.12.4,
we have that ¥ (L ® Z,,) has order at least 2 for each 1.
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Hence in the first case with the two primes, in order that Z# (L) =
{(1,1)} we must have that these groups %f (L ®Z,,) have order exactly
2 with the two groups being distinct; this is (3). In the second case,
SH(L) = ¥ (L ® Z,) so we must have ¥ (L ® Z,) = {(1,1)}, ie., L
is p-pseudoregular and we have case (4). Q.E.D.

In order to make Theorem 7.5 effective, we need explicit descrip-
tions of the p-regular, p-semiregular and p-pseudoregular forms. We
give these descriptions below; as they follow directly from Theorems
VII.12.1-VII.12.4 we omit the proofs.

LEMMA 7.6. Let L be an integral quadratic form, let p be an odd
prime, and let § = disc(L)/ disc(qrez,)-

(1) L is p-regular if and only if tk(L) > {(qrez,) + 2.

(2) L is p-semiregular if and only if rk(L) > {(qrez,) + 1 and
either
(a) p=3 mod 4, or

p2-1
(b) p=1 mod 4 and x(6) # (=1) 5 where x(v) = (3) =
+1 is the Legendre symbol mod p.
p2—1

In case (a), the type is (—1,(—1) & x(9)), while in case (b),
the type is (1,—1).

(3) L is p-pseudoregular if and only if rk(L) = l(qrgz,) and p =3
mod 4.

(4) L is p-nonregular if and only if p=1 mod 4 and either

(a) k(L) = l(qrez,); or 2
(b) rk(L) = £(grez,) + 1 and x(8) = (-1)"5 .

LEMMA 7.7. Let L be an integral quadratic form, and write qrez,
in partial normal form as

Irez, = 0 H @ S 43 @ & ¢
where
g = u'? @ o @ w(i)
for each i =1,2,3 and scale (¢") > 4. Then:
(1) If rank(L) > l(qrez,) then L is 2-regular.
(2) Ifrank(L) = l(qrez,) and N(1) 4+ e(1) > 0 then
(a) if L(w(1)) > O then L is 2-reqular;
(b) if L(w(1)) =0 then L is 2-semiregular of type (1,—1).
(3) Ifrank(L) = l(qrez,), N(1) +e(1) =0, and {(w(1)) = 2 then
if we write ¢ = w§, ®wy,, we have:
(a) ifep =3 mod 4 then L is 2-reqular;
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(b) ifep =1 mod 4 and {(w(2)) > 0 then L is 2-reqular;
(c) ifep =1 mod 4 and ((w(2)) = 0 then L is 2-semiregular,
of type (—1,1) if e = ¢ =1 mod 4 and of type (—1,—1)
ife =¢ =3 mod 4.
(4) If rank(L) = l(qrez,), N(1) +e(1) =0, and {(w(1)) =1 then
if we write qu = w5, and define 6 = x(disc(L))/ discs(q2 D g3 D
q"), then the 2-reqularity of L is determined by the following

table:
N(2)+e(2) w(2) 9 mod 8 2-regularity
+l(w(3))

>0 #0 reqular

>0 0 1,5 semi-, type (—1,1)

>0 0 3,7 semi-, type (—1,—1)
0 length 2 reqular
0 wiz, ep =3 mod 4 1,7 non-
0 wiz, ep =3 mod 4 3,5 semi-, type (1,—1)
0 wg’jz, ep=1 mod 4 1,3 semi-, type (—1,1)
0 wg’g, ep=1 mod 4 5,7 semi-, type (—1,—1)
0 0 1,7 non-
0 0 3,5 pseudo-

(5) rank(L) = l(qrez,), ¢ = 0, and N(2) + e(2) > 0 then L is
2-pseudoreqular;

(6) rank(L) = l(qrez,), ¢1 = 0, N(2) +e(2) =0, and {(w(2)) =2
then L is 2-pseudoreqular;

(7) rank(L) = l(qrez,), (1 =0, N(2) +€(2) =0, and {(w(2)) <1
then L s 2-nonregular.

COROLLARY 7.8. Let L be an indefinite integral quadratic form such
that r = rank(L) > 3. Write
GL=Z/d\Z&--- DL/, 7

with d; > 1 and d;|d; 1. Suppose that one of the following holds:
(1) For some prime p =3 mod 4, dy = p* (with k > 0).
(2) For some prime p =3 mod 4, d; = 2,dy = 2p* (with k > 0),
and dz3 = 2 mod 4.

(3) dl = dQ - 2
(4) dl = 2, d2 = 4, and dg =4 mod 8.
(5) d1 == dz =4,

Then L is uniquely determined by its signature and discriminant-
form, and the map O(L) — O(G}) is surjective.
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PrRoOF. We check that the hypotheses of Theorem 7.5 holds in each
case. Write qrgz, in partial normal form, as in Lemma 7.7.

In case (1), for all primes ¢ # p, we have rk(L) — rk(qrez,) > 2
so that L is f-regular by Lemma 7.6(1). If £ = 0, then L is also p-
regular, and we have hypothesis (1) of Theorem 7.5. Since d; + ds, also
dy = p™ for some m < k. If m =0 and k£ > 1, then since p =3 mod 4
and rk(L) = rk(qrgz,) + 1, we have that L is p-semiregular by Lemma
7.6(2)(a); therefore hypothesis (2) of Theorem 7.5 holds. If m > 1 then
k(L) = 1k(qrez,) so that L is p-pseudoregular by Lemma 7.6(3), and
we have hypothesis (4) of Theorem 7.5.

In case (2), L is l-regular for all ¢ # 2,p. In addition, rk(L) —
l(qrez,) > 1 and p =3 mod 4 so that L is either p-regular (if k£ = 0),
or p-semiregular of type (—1,41), by Lemma 7.6(2). Also note that
since d; = 2, k(L) = {(qrez,)- Finally, since d3 = equiv2 mod 4, we
have £(ul ™ @ v?™ @ w(1)) > 3; this forces N(1) + e(1) > 0, so that L
is either 2-regular, or 2-semiregular of type (1, —1) by Lemma 7.7(2).
Thus, hypothesis (1), (2) or (3) of Theorem 7.5 applies.

In cases (3), (4) and (5), L is ¢-regular for all ¢ # 2. Moreover
tk(L) = ¢(qrez,) in these cases. We may assume in case (3) that 4|ds
(otherwise case (2) applies). It is then easy to see that the following
are the only possibilities for the invariants of qrgz,:

Case | N(1) 4+ e(1) | L(w(1)) | L(w(2)) | N(2) + e(2)
(3) 1
0 2
@) 0 1 5
<1 >0
B) 0 0 5
<1 >0

We see that in case (3), Lemma 7.7(2)-(3) applies and we may conclude
that L is 2-regular or 2-semiregular. In case (4), Lemma 7.7(4) applies,
in particular we have the hypotheses of one of the first four rows of the
table there; again we see that L is either 2-regular or 2-semiregular.
Finally in case (5) we use Lemma 7.7(5)-(6) to conclude that L is 2-
pseudoregular.

Therefore in any of the cases (3), (4), or (5) we conclude that L
is l-regular for all ¢ # 2, and is either 2-regular, 2-semiregular, or
2-pseudoregular, so that part (1), (2) or (4) of Theorem 7.5 applies.

Q.E.D.
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8. Bibliographical Note for Chapter VIII

The use of the strong approximation theorem to compute the genus
group goes back to [Eichler 52] and [Kneser 56|. Theorem 3.1 and
Corollary 3.2 are essentially due to them, although they did not have
sufficient techniques to compute I'y /T'g - (L) in all cases; these were
provided by Earnest and Hsia [E-H 75].

The use of the same techniques to study the map O(L) — O(Gy)
was begun in [Nikulin 80a] and refined in [Nikulin 80b]. Theorem
5.1 is essentially contained in these papers, although again, the group
Y(L)/(Tg NX(L)) - £#(L) could not be computed in all cases at that
time. Nikulin in [Nikulin 80b] gave sufficient conditions for the si-
multaneous uniqueness of L and surjectivity of O(L) — O(G) which,
although more restrictive than those in Theorem 7.5, do imply Corol-
lary 7.8. The discussion of computational techniques in Section 6 is
modelled on [Cassels 78, Section 3 of Chapter 11].

Milnor’s Theorem (4.3) was first proved in [Milnor 58]. The char-
acterization of stable equivalence classes (Theorem 4.5) was first proved
by Durfee [Durfee 71] along the lines of the proof given here. A more
elementary proof was given in [Wall 72|, and a simplification of Wall’s
proof, due to Kneser, is presented in [Durfee 77].
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(L> <_7 _>>
Ad

Ker( , )

L

(L, Q)
Adg

Ker(Q)
P:{adq(L, Q)

List of Notation

Section Description

I.1 F-valued symmetric bilinear form over R
I.1 the adjoint map from L to Hompg(L, F)
I.1 the kernel of Ad

I.1 L/Ker(, )

[.2 F-valued quadratic form over R
[.2 the adjoint map to the associated bilinear form
[.2 the kernel of the associated bilinear form

1.2 the g-radical of @, = {z € Ker(L, Q)|Q(z) = 0}
L2 L/Rad,(L)

1.2 the integers

[.2 the p-adic integers

I.3 the group of units of a ring R

[.3 the discriminant of a quadratic R-module
L3 R*/(R*)?

1.3 the rationals

1.3 the reals

I.3 the complexes

1.3 the p-adic rationals

L3 the ring of integers modulo n

1.3 the units Z; of Z,

I.3 isomorphisms from D(R) to standard groups
L3 the Legendre symbol

1.4 the dual of a torsion R-module G: Hompg(G, K/R)
[4 principal ideal domain

14 rationals with denominator a power of p
L5 direct sum of quadratic forms

L5 perpendicular module

1.6 isomorphism

1.6 stable isomorphism

L7 quadratic R-module of rank 1

L7 R with squaring as the quadratic form
1.7 <(I>Z
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L7
L7
L7
L7
L7
L7
L7
I8
L8
1.9
1.9
1.9
L.9
1.9
[.10
[.10
[.10
[.10
[.10
[.10
[L11
[L11
I1.1
I1.1
I1.1
I1.1

LIST OF NOTATION

rank one form over Z,

the hyperbolic plane over R

integral rank N form defined by path graph

integral rank N form defined by Dy Dynkin diagram
integral rank N form defined by En Dynkin diagram
integral form defined by graph with single cubic vertex

rank N + 1 form defined by cycle graph
rank N + 1 form defined by extended Dy Dynkin Diagram

rank N + 1 form defined by extended Ey Dynkin diagram
indecomposable rank 2 form over Zs
indecomposable rank 2 form over Z,

bilinear form on Z/¢

bilinear form on Z/p*

quadratic form on Z /¢

quadratic form on Z/p*

quadratic form on Z/2% x 7 /2%

quadratic form on Z/2% x Z /2F

bilinear form on Z/2* x 7Z/2*

bilinear form on Z /2% x 7 /2F

negative of quadratic form L

signature of a real quadratic vector space

expansion of the form A by the element r

change of rings to S

change of rings to Z,

the orthogonal group of (L, Q)

the determinant of an isometry

2-element value group for determinants of isometries
the kernel of det

reflection

the spinor norm

the kernel of (det, spin)

the kernel of det

the kernel of spin

the kernel of det - spin)

O(L) N Oup(L @z R)

{ry-dimensional oriented subspace W C V| Q|w is positive defin
{r4-dimensional oriented subspace W C V| Q|w is positive defin
length of a f.g. module over a P.I.D.

the order of GG, the product of the invariants

{z € G|p*x =0 for some k > 0}

the dual module Homg(G, K/R)
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(k)
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cp(V, Q)
o(L)

Q

T

Oref(L)
O#,ref<L)
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I1.2
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I1.3
I1.4
I1.5
I1.5
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I1.8
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II.1
II.1
II.1
I11.2
I11.4
V.1
V.1
V.1
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V.1

V.1
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V4
V4
V4
IV.5
V.2
V.2
V.7
VI.1
VI.1
VIIL.2
VIIL.2
VIIL.2
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{x € G|pFfz =0}

Gpi/(Gpr—1 + PGp i)

bilinear form on px(G)

the discriminant of a torsion bilinear form

the discriminant of a torsion quadratic form

G /G

torsion quadratic form on G’ for special G

the mod 8 discriminant of better extraspecial G
the mod 8 discriminant of good special quadratic form
dual lattice to L

R-dual Hompg(L, R) to a lattice L

the discriminant-form module L# /L

torsion quadratic form on G,

bilinear form on Gy,

the kernel of O(L) — O(GY)

{O € MNXN(R> | C+CT+CTAC = 0}

the Gauss sum invariant from Homy(Q/Z,Q/Z) to C
multiplication by N on Q/Z

Ve (on)

the Gauss sum

Gauss invariant of integral form on L (= v¢,)
dojeed it sl

the /" signature invariant of G

isom. classes of nondeg. quadratic Z-modules

isom. classes of nondegenerate torsion quadratic forms over Z,
isom. classes of good special nondegenerate torsion quadratic for

isom. classes of inner product Z-modules
discriminant-form map

homogenous part of scale 2* in a partial normal form
ws . part of G(k)

v and w(k) part of G(k)

expanded discriminant-form map

Hilbert Norm Residue Symbol

Hasse invariant

the kernel of (det, spin)

isom. classes of integral quadratic forms

isom. classes of torsion quadratic forms over Z
subgroup of O(L) generated by reflections
subgroup of O# (L) generated by reflections
scale of an inner product Z,-module
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Ey VII.3  generalized Eichler isometry
Y(L) VIL.4  image of (det,spin) on O(L)
Y#(L) VII.4  image of (det,spin) on O%(L)
| VIL4  subgroups of {1} x QX/(Q))?
kE; VII.7  rescaled Eichler isometry
Yt (L) VII.8  {(d,s) € ¥(L) |d=1}
YHH(L) VIL.8  {(d,s) e X(L) |d=1,s€U,}
¥#H(L) VIL10 {(d,s) € X#(L) | d =1}
x x\2

o VILD %zli)xe% /y(gi) 1}

P ) ’ P
e VIL12 {(d,s) €T} |s€U,}
Ty VIL12  {&1} x {£1}
©p VIL.12 natural map from I'y to I'y
>7 (L) VIL12 ¢, }(S#(L))
O(Ly) VIII.1 adelic construction for orthogonal groups
{o,}(L) VIII.1 integral quadratic form defined by {o,} € O(L,)
Giopy VIIL.1  isomorphism Gs,yr) — G
'y VIIL.2  adelic construction for I', groups
I VIII.2  subgroup of 'y
O(Ly) VIIL.2  kernel of (det, spin) : O(Ly) — I'a
Y# (L) VIIL2 ], Y#(L® Zy,)
Ty VIIL2  {+1} x Q% /(Q)?
Y(L) VIIL3  [[,2(L®Zp)
g(L) VIII.3 genus group of the integral quadratic form L
Is VIIL.6 {(d,s) € I'g | s divides 2disc(L)}
I'r VIIL.6  {(d,s) € I'g | (s,2disc(L)) = 1}

SH(L) VIIL7 S#(L)NT,
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