PERIODIC FLAT MODULES, AND FLAT MODULES FOR FINITE GROUPS

D. J. BENSON AND K. R. GOODEARL

Abstract. If R is a ring of coefficients and G a finite group, then a flat RG-module which is projective as an R-module is necessarily projective as an RG-module. More generally, if H is a subgroup of finite index in an arbitrary group Γ, then a flat RΓ-module which is projective as an RH-module is necessarily projective as an RΓ-module. This follows from a generalization of the first theorem to modules over strongly G-graded rings. These results are proved using the following theorem about flat modules over an arbitrary ring S: If a flat S-module M sits in a short exact sequence 0 ! M ! P ! M ! 0 with P projective, then M is projective. Some other properties of flat and projective modules over group rings of finite groups, involving reduction modulo primes, are also proved.

1. Introduction

In the representation theory of finite groups, a great deal of attention has been given to the problem of determining whether a module over a group ring is projective. For example, a well known theorem of Chouinard [13] states that a module is projective if and only if its restriction to each elementary abelian subgroup is projective. A theorem of Dade [16] states that over an algebraically closed field of characteristic p, a finitely generated module for an elementary abelian p-group is projective if and only if its restriction to each cyclic shifted subgroup is projective, where a cyclic shifted subgroup is a certain kind of cyclic subgroup of the group algebra. For an infinitely generated module, the statement is no longer valid, but in [8] it is proved that an infinitely generated module is projective if and only if its restriction to each cyclic shifted subgroup defined over each extension field is projective. These theorems have formed the basis for the development of the theory of varieties for modules [2, 7, 8, 10].

The purpose of this paper is to develop further ways of recognizing projective and flat modules over group rings. We begin with a general theorem about flat modules over an arbitrary ring.

Theorem 1.1 (= Theorem 2.5). Let R be a ring and M a flat R-module. If there exists a short exact sequence 0 → M → P → M → 0 with P a projective R-module, then M itself is projective.

Date: Version 1.52; 4 December 99.

Both authors were partly supported by grants from the NSF. 1

We then concentrate on flat modules over a group ring. Our main theorem on this subject is the following characterization of when a flat module over a group ring of a finite group is projective. This answers the main question posed in [6].

Theorem 1.2. [= Theorem 3.4] Let R be a ring of coefficients (not necessarily commutative) and G a finite group. If M is a flat RG-module which is projective as an R-module, then M is projective as an RG-module.

The proof is relatively short, using Theorem 2.5, and can be found in Section 3. The proof in fact gives rather more, and generalizes naturally to strongly group graded rings, as follows.

Theorem 1.3 (= Theorem 4.5). Let G be a finite group, S a strongly G-graded ring, and R the identity component of S. If M is a flat S-module which is projective as an R-module, then M is projective as an S-module.

A particular class of strongly G-graded rings consists of the crossed products R ∗ G, so the theorem applies in that case. The case of crossed products applies in particular when G is a finite quotient of another group, which allows us to deduce the following result.

Corollary 1.4 (= Corollary 4.8). Let R be a ring of coefficients (not necessarily commutative) and H a subgroup of finite index in a group Γ (not necessarily finite). If M is a flat RΓ-module which is projective as an RH-module, then M is projective as an RΓ-module.

The proof of Theorem 1.2 also generalizes to infinite groups, to give a theorem which is most easily stated in the terminology of [4, 5].

Theorem 1.5 (= Theorem 5.2). Let R be a ring of coefficients (not necessarily commutative) and Γ a group (not necessarily finite). If M is a flat cofibrant RΓ-module, then M is projective.

A secondary purpose of this paper is to collect various other facts about flat and projective modules over group rings of finite groups. The following two theorems occupy Sections 6 and 7. In fact, the proofs we give work in the context of subgroups of finite index in arbitrary groups, but we only state the restricted forms here.

Theorem 1.6 (See Theorems 6.1 and 7.3). Let R be a ring of coefficients and G a finite group. An RG-module M is projective (respectively, flat) if and only if

(i) M is projective (respectively, flat) as an R-module, and (ii) M/pM is projective (respectively, flat) as an (R/pR)G-module for each prime number p dividing |G|.

On the basis of this, it is tempting to suppose that it might be true that an RG-module M is projective if and only if it is projective as an R-module, and K ⊗_R M is projective as a KG-module for every field K containing R/p for some prime ideal p ⊆ R. In Section 8, we give an example to show that this is false in general, even if R is a discrete valuation ring. In Section 9, on the other hand, we show that the statement is true if R is a Dedekind domain whose field of fractions has characteristic prime to |G|, such as a ring of algebraic integers, or p-local integers, or p-adic integers.

We use the notation p.dim_RM to denote the projective dimension of a module M over a ring R, and w.dim_RM to denote the weak dimension, namely the smallest length of a resolution of M by flat modules.

2. Periodic flat modules

The purpose of this section is to prove that periodic flat modules do not exist, over any ring. Throughout this section, all modules are modules over a ring R which has an identity element, but which is not necessarily commutative.

Lemma 2.1 (Villamayor). Let M be a submodule of a projective R-module P . The following conditions are equivalent:

(a) P/M is flat.

(b) For each x ∈ M, there exists f ∈ Hom_R(P, M) such that f(x) = x.

(c) For each x_1, . . . , x_n ∈ M, there exists f ∈ Hom_R(P, M) such that f(x_i) = x_i for i = 1, . . . , n.

Proof. See Chase [12], Proposition 2.2 (where the result first appeared), or Rotman [27], Theorem 3.57.

The following proposition and lemma are, with slight modifications, special cases of a result of Osofsky [26], Theorem 1.3; we provide direct proofs for the reader’s convenience. In particular, the proposition implies the well known fact that countably related flat modules have projective dimension at most one ([19], Lemma 2).

Proposition 2.2. Let M be a countably generated submodule of a projective R-module P . If P/M is flat, then M is projective.

Proof. Let x_1, x_2, . . . be a countable sequence of generators for M. By induction and Lemma 2.1, there exist f_1, f_2, . . . in Hom_R(P, M) such that

(1 − f_n)(1 − f_{n−1}) · · · (1 − f_1)(x_i) = 0 for n ≥ i. It follows that the union of the kernels of the homomorphisms g_n = (1 − f_n)(1 − f_{n−1}) · · · (1 − f_1)|_M equals M. Hence, there is a homomorphism g : M → P^{(ω)} = P ⊕ P ⊕ · · · given by the rule g(x) = (x, g_1(x), g_2(x), . . . ). Let f : P^{(ω)} → M be the homomorphism given by f(a_1, a_2, . . . ) = f_1(a_1) + f_2(a_2) + · · · .

For all n, we have g_n = (1 − f_n)g_{n−1} (where g_0 = 1), and so f_ng_{n−1} = g_{n−1} − g_n. Hence, for x ∈ M we see that fg(x) = f_1(x) + f_2g_1(x) + f_3g_2(x) + . . .

= x − g_1(x) + g_1(x) − g_2(x) + g_2(x) − g_3(x) + · · · = x. Thus fg = id_M , and therefore M is projective.

Lemma 2.3. Let M be a submodule of a projective R-module P , and suppose that P/M is flat. Then any countably generated submodule of M is contained in a countably generated submodule K of M such that P/K is flat.

Proof. Since it is harmless to replace M and P by M ⊕ 0 and P ⊕ Q for any projective module Q, there is no loss of generality in assuming that P is free, say with basis X.

Given a countably generated submodule K_0 ⊆ M, choose a countable subset Y ⊆ X such that K_0 is contained in the submodule P_0 of P generated by Y . Then P_0 is a direct summand of P . Let π : P → P_0 be a projection, so that π is an idempotent endomorphism of P with countably generated image containing K_0.

We claim that M has a countably generated submodule K_1 ⊇ K_0 such that for each x ∈ K_0, there exists f ∈ Hom_R(P, K_1) with f(x) = x.

Let x_1, x_2, . . . be a countable sequence of generators for K_0. By Lemma 2.1, there exist f_1, f_2, . . . in Hom_R(P, M) such that f_n(x_i) = x_i for n ≥ i. Since π(x_i) = x_i for all i, we may replace f_n by f_nπ. Now each f_nP is countably generated, and so the module

K_1 = K_0 + ∞∑ n=1 f_nP is a countably generated submodule of M. Any x ∈ K_0 lies in the submodule generated by x_1, . . . , x_n for some n, whence f_n(x) = x. Since f_nP ⊆ K_1, this establishes the claim.

Now repeat this process ω times, obtaining countably generated submodules K_0 ⊆ K_1 ⊆ . . . of M such that for each x ∈ K_t, there is some f ∈ Hom_R(P, K_{t+1}) with f(x) = x. Then K = ⋃_∞ t=0 K_t is a countably generated submodule of M, and P/K is flat by Lemma 2.1.

Lemma 2.4. Let 0 → M^⊆−→ ⨁ i∈I P_i^g−→ M → 0 be a short exact sequence with M flat and the P_i countably generated projective. Given any countable subset J_0 ⊆ I and any countably generated submodule K_0 ⊆ M, there exists a countable subset J ⊆ I such that J_0 ⊆ J, the submodule P_J = ⨁ j∈J P_j contains K_0, the image gP_J equals M ∩ P_J , and gP_J is projective.

Proof. Set P_J = ⨁ j∈J P_j and M_J = M ∩ P_J for all subsets J ⊆ I.

We first show that given J_0 and K_0, there exists a countable subset J ⊆ I, containing J_0, such that K_0 ⊆ gP_J and gP_J is projective.

In view of Lemma 2.3, after enlarging K_0 we may assume that P_I /K_0 is flat. Then, after enlarging J_0, we may also assume that K_0 ⊆ gP_{J0} . Now apply Lemma 2.3 again to obtain a countably generated submodule K_1 ⊆ M such that gP_{J0} ⊆ K_1 and P_I /K_1 is flat. Continuing in this manner, we obtain countable subsets J_0 ⊆ J_1 ⊆ . . . in I and countably generated submodules K_0 ⊆ K_1 ⊆ . . . in M such that K_i ⊆ gP_{Ji} ⊆ K_{i+1} and P_I /K_i is flat for all i. Then J = ⋃_∞ i=0 J_i is a countable subset of I, and K_0 ⊆ gP_J = ⋃_∞ i=0 K_i. Since the P_I /K_i are flat, so is P_I /gP_J , and thus gP_J is projective by Proposition 2.2. This establishes the first claim.

We next observe that any countable subset J_0 of I is contained in a countable subset J such that M_J is countably generated. To see this, use the first claim to find a countable subset J of I such that J_0 ⊆ J and gP_J is projective. Hence, the short exact sequence 0 → M_J → P_J → gP_J → 0 splits, and so M_J is countably generated.

Now return to arbitrary J_0 and K_0 as in the hypotheses of the lemma. After enlarging J_0, we may assume that K_0 ⊆ P_{J0} . By the second claim above, there exists a countable subset J_1 ⊆ I such that J_0 ⊆ J_1 and M_{J1} is countably generated. By the first claim, there exists a countable subset J_2 ⊆ J, containing J_1, such that M_{J1} ⊆ gP_{J2} and gP_{J2} is projective. Since gP_{J2} is countably generated, it is contained in P_{J3} for some countable subset J_3 ⊆ I, and thus gP_{J2} ⊆ M_{J3} . It is harmless to enlarge J_3 enough to contain J_2, and the second claim allows us, after a further enlargement, to assume that M_{J3} is countably generated.

Continuing in this manner, we obtain countable subsets J_0 ⊆ J_1 ⊆ . . . in I such that M_{J2i−1} ⊆ gP_{J2i} ⊆ M_{J2i+1} and gP_{J2i} is projective for all i. Then J = ⋃_∞ i=1 J_i is a countable subset of I such that K_0 ⊆ P_J and gP_J = M_J . Since M_J is the ascending union of the projectives gP_{J2i} , it must be flat. In view of the short exact sequence 0 → M_J → P_J → M_J → 0, we conclude from Proposition 2.2 that M_J is projective.

We are now ready to prove the main theorem. In case M is ℵ_n-generated for some nonnegative integer n, the conclusion follows immediately from the theorem of Osofsky quoted above ([26], Theorem 1.3), which in this case implies that p.dim M ≤ n. D. Simson has pointed out that this case also follows from his Theorem 1.5 in [28], and that it is possible to base a proof of the general case on a transfinite induction argument involving [28], Proposition 1.4.

Theorem 2.5. If 0 → M → P → M → 0 is a short exact sequence of R-modules with M flat and P projective, then M must be projective.

Proof. We may assume that the homomorphism M → P is an inclusion map, and we let g denote the homomorphism P → M.

By a theorem of Kaplansky [20], the projective module P is a direct sum of countably generated submodules, say P = ⨁ i∈I P_i. Set P_J = ⨁ j∈J P_j and M_J = M ∩ P_J for all subsets J ⊆ I.

Consider the set P of all pairs (J, L) where J is a subset of I such that gP_J = M_J and L is a submodule of P_J such that P_J = M_J ⊕ L. In particular, (∅, 0) ∈ P. Order P by componentwise inclusion:

(J_1, L_1) ≤ (J_2, L_2) ⇐⇒ J_1 ⊆ J_2 and L_1 ⊆ L_2.

If {(J_α, L_α)} is any nonempty chain in P, then ( ⋃ α J_α, ⋃ α L_α) clearly belongs to P. Therefore Zorn’s Lemma gives us a maximal element of P, say (J, L).

If J = I, then P = M ⊕ L and we are done. Hence, assume that J ≠ I.

Since gP_J = M_J , it follows from the Nine Lemma or the Snake Lemma that there is a short exact sequence 0 → M/M_J^f−→ P/P_J^g−→ M/M_J → 0 where f is induced by the inclusion map M → P and g is induced by g. Then f maps M/M_J isomorphically onto the submodule M = (M + P_J )/P_J ⊆ P/P_J , and we obtain a short exact sequence 0 → M^⊆−→ P/P_J^h−→ M → 0 where h = fg. Note that P/P_J ∼= P_{I\J} ; in particular, P/P_J is projective, and is a direct sum of countably generated submodules (P_i + P_J )/P_J for i ∈ I \ J. Since M_J is a direct summand of P_J , it is also a direct summand of P . Then from M_J ⊆ M ⊆ P it follows that M_J is a direct summand of M. Hence, M/M_J , and thus M, is flat.

Now apply Lemma 2.4 to the situation above, with initial data corresponding to a nonempty subset of I \ J. The lemma then gives us a subset K ⊆ I, properly containing J, such that h(P_K /P_J ) = M ∩ (P_K /P_J ) and h(P_K /P_J ) is projective. Since h(P_K /P_J ) = f(gP_K /M_J ) = (gP_K + P_J )/P_J M ∩ (P_K /P_J ) = [(M + P_J ) ∩ P_K ]/P_J = (M_K + P_J )/P_J , we obtain gP_K + P_J = M_K + P_J . Intersecting with M and using the modular law, we see that gP_K = M_K.

Since the kernel of h|_{PK /PJ} is the submodule M ∩ (P_K /P_J ) = (M_K + P_J )/P_J , we find that h(P_K /P_J ) ∼= P_K/(M_K + P_J ). The latter quotient is thus projective, and so P_K = (M_K + P_J ) ⊕ T for some T . Since P_J = M_J ⊕ L and M_K ∩ L = M_K ∩ P_J ∩ L = M_J ∩ L = 0, we have M_K + P_J = M_K ⊕ L and so P_K = M_K ⊕ L ⊕ T . But then (K, L ⊕ T ) ∈ P, contradicting the maximality of (J, L).

Therefore J = I and P = M ⊕ L.

3. R-projective and RG-flat implies RG-projective

We present the most basic version of our main theorem – for modules over group rings of finite groups – in this section. The additional results needed to develop versions for modules over group rings of infinite groups are worked out in the following two sections.

Let R be a ring of coefficients and G a group. If M is a left RG-module and N an RG-R-bimodule, we can make N ⊗_R M into a left RG-module via r(n ⊗ m) = (rn) ⊗ m and g(n ⊗ m) = (gn) ⊗ (gm) for r ∈ R, n ∈ N, m ∈ M, g ∈ G. This is called the diagonal RG-module structure on N ⊗_R M. There is also the basic RG-module structure, where s(n ⊗ m) = (sn) ⊗ m for s ∈ RG, n ∈ N, m ∈ M. We shall assume that N ⊗_R M is equipped with the diagonal structure unless otherwise specified.

In our first lemma, G can be arbitrary, but later in the section we shall assume that G is finite.

Lemma 3.1. (a) If M is a left RG-module which is projective as an R-module, then RG ⊗_R M is a projective left RG-module.

(b) Let M be a projective left RG-module and N an RG-R-bimodule. If N is a free right Rmodule with a basis of elements centralized by R, then N ⊗_R M is a projective left RG-module.

(c) Let M be a flat left RG-module and N an RG-R-bimodule. If N is a free right R-module with a basis of elements centralized by R, then N ⊗_R M is a flat left RG-module.

Proof. (a) It is clear that with respect to the basic RG-module structure, RG ⊗_R M is a projective left RG-module. Hence, it suffices to show that the diagonal structure is isomorphic to the basic structure.

As an R-module, RG ⊗_R M = ⨁ x∈G(x ⊗ M). There is an R-module automorphism ϕ on RG ⊗_R M such that ϕ(x ⊗ m) = x ⊗ x^{−1}m for x ∈ G, m ∈ M. Since ϕ(gx ⊗ gm) = gx ⊗ x^{−1}m for g, x ∈ G and m ∈ M, we see that ϕ maps RG ⊗_R M with the diagonal structure isomorphically onto the same tensor product with the basic structure.

(b) There is a left RG-module M^′ such that M ⊕ M^′ is free, and N ⊗_R M is isomorphic to a direct summand of N ⊗_R (M ⊕ M^′). Hence, we may assume that M is a free left RG-module. Now M is isomorphic to a direct sum of copies of RG, and so N ⊗_R M is isomorphic to a direct sum of copies of N ⊗_R RG. Thus, we need only consider the case when M = RG.

Let {n_i | i ∈ I} be an R-centralizing basis for N_R. Then there is an R-module decomposition N ⊗_R RG = ⨁ i(n_i ⊗ RG). There is a nonstandard left RG-module structure on N ⊗_R RG, under which r(n ⊗ s) = rn ⊗ s but g(n ⊗ s) = n ⊗ (gs) for r ∈ R, n ∈ N, s ∈ RG, g ∈ G. With respect to this structure, each n_i ⊗RG is an RG-submodule of N ⊗_R RG, isomorphic to RG. Hence, N ⊗_R RG with the nonstandard structure is a free left RG-module. Thus, it suffices to show that the diagonal structure on N ⊗_R RG is isomorphic to this nonstandard structure.

As an R-module, N ⊗_R RG = ⨁ x∈G(N ⊗x). There is an R-module automorphism ψ on N ⊗_R RG such that ψ(n ⊗ x) = x^{−1}n ⊗ x for n ∈ N and x ∈ G. Since ψ(gn ⊗ gx) = x^{−1}n ⊗ gx for g, x ∈ G and n ∈ N, we see that ψ maps the diagonal structure of N ⊗_R RG isomorphically onto the nonstandard structure.

(c) Since M is flat, it can be written as a filtered colimit of finitely generated projective modules, by the Lazard–Govorov theorem [18, 22]. Since N ⊗_R − commutes with filtered colimits, the statement follows from (b).

For the rest of this section, we suppose that the group G is finite. In Section 5, we shall show how to generalize the techniques to infinite groups. View R as the trivial RG-RG-bimodule. There is a bimodule isomorphism R ∼= Ru, where u = ∑ g∈G g ∈ RG, and so we get a short exact sequence 0 → R → RG → B → 0 of RG-RG-bimodules, where B = RG/Ru. Note that this sequence splits when viewed as a short exact sequence of right or left R-modules.

Lemma 3.2. (a) If M is a left RG-module with finite projective dimension, and M is projective as an R-module, then M is projective as an RG-module.

(b) If M is a left RG-module with finite weak dimension, and M is projective as an R-module, then M is flat as an RG-module.

Proof. (a) For R commutative, this can be found in Corollary 5.5 of [4] or Lemma 2.3 of [9]. The proof we give for R not necessarily commutative follows the same lines, but more care is needed in the details.

There is a short exact sequence 0 → R ⊗_R M → RG ⊗_R M → B ⊗_R M → 0 of left RG-modules. Note that R ⊗_R M ∼= M as RG-modules, and that RG ⊗_R M is a projective left RG-module by Lemma 3.1(a).

Since RG is a free right R-module with a basis {u}∪(G\{1}) that centralizes R, it follows that B is a free right R-module with an R-centralizing basis. Hence, Lemma 3.1(b) shows that B ⊗_R P is a projective left RG-module for any projective left RG-module P . On tensoring B with a projective RG-resolution for M, we thus see that p.dim_{RG}(B ⊗_R M) ≤ p.dim_{RG}M. If p.dim_{RG}(B ⊗_R M) were positive, it would follow from the above short exact sequence that p.dim_{RG}M < p.dim_{RG}(B ⊗_R M), which is impossible. Therefore B ⊗_R M is a projective RG-module, and thus M is also.

(b) This follows in the same way, using Lemma 3.1(c) instead of 3.1(b).

Lemma 3.3. If M is a flat left RG-module which is projective as an R-module, then there exists a short exact sequence 0 → M → P → N → 0 of left RG-modules such that P is projective, N is flat, and also N is projective as an R-module.

Proof. Consider the short exact sequence 0 → R ⊗_R M → RG ⊗_R M → B ⊗_R M → 0 of left RG-modules, from the proof of Lemma 3.2. Then R ⊗_R M ∼= M as RG-modules, and RG ⊗_R M is a projective RG-module. Further, B is a free right R-module with an R-centralizing basis. Hence, Lemma 3.1(c) shows that B ⊗_R M is a flat RG-module. If {b_i | i ∈ I} is an Rcentralizing basis for B_R, then B ⊗_R M = ⨁ i(b_i ⊗ M) where each b_i ⊗ M is an R-submodule of B ⊗_R M isomorphic to M. Thus, B ⊗_R M is projective as an R-module.

Theorem 3.4. Let R be a ring of coefficients (not necessarily commutative) and G a finite group. If M is a flat RG-module which is projective as an R-module, then M is projective as an RGmodule.

Proof. Let us consider the case of left modules. Set M_0 = M, and for i = 0, −1, −2, . . . choose short exact sequences 0 → M_{i−1} → P_i → M_i → 0 of left RG-modules with P_i projective. Note that these M_i are all flat. In view of Lemma 3.3, there exist short exact sequences

0 → M_i → P_{i+1} → M_{i+1} → 0

of left RG-modules for i = 0, 1, 2, . . . such that P_{i+1} is projective, M_{i+1} is flat, and also M_{i+1} is projective as an R-module.

Taking the direct sum of all these short exact sequences, we obtain a short exact sequence 0 → ⨁ i∈Z^{Mi →} ⨁ i∈Z^{Pi →} ⨁ i∈Z^{Mi → 0} of left RG-modules with projective middle term and flat end term. By Theorem 2.5, ⨁ i∈Z^{Mi is a}

projective RG-module, and therefore so is M.

4. Strongly G-graded rings

Easy examples show that Theorem 3.4 does not remain valid as stated if G is allowed to be infinite – e.g., take R to be a field and G an infinite cyclic group. It is, however, natural to ask for a version of the theorem in which projectivity over R is replaced by projectivity over RH where H is a subgroup of finite index in G. This context reduces easily to the case that H is normal in G, and then we can express RG as a crossed product (RH) ∗ (G/H). Thus, what is needed is a generalization of Theorem 3.4 in which RG is replaced by a crossed product R ∗ G. In fact, we can replace R ∗ G by any strongly G-graded ring with identity component R, and the theorem is proved in that generality in this section.

Throughout the section, let G be a group, S a G-graded ring, and R = S_1 (the identity component of S). Some of our proofs are adapted from Hopf algebra methods, which apply in the following way. If we view ZG as a Hopf algebra over Z, then S is a left ZG-comodule algebra, which means that it is simultaneously a ZG-comodule and a Z-algebra, in such a way that the comodule structure map is a Z-algebra homomorphism. The structure map here is the map λ : S → ZG ⊗Z S given by s → ∑ g∈G g ⊗ s_g. The statement that λ is a Z-algebra homomorphism is equivalent to the statement that S_gS_h ⊆ S_{gh} for g, h ∈ G. The subring of ZG-coinvariants, namely the elements s ∈ S such that λ(s) = 1 ⊗ s, is just R.

Given any left ZG-module N and any left S-module M, one can make N ⊗Z M into a left Smodule so that s · (n ⊗ m) = ∑ g∈G gn ⊗ s_gm. This S-module action is called the semi-diagonal action (Cornick and Kropholler [14], p. 44).

Lemma 4.1. Let S be a G-graded ring, N a left ZG-module, and M a left S-module. Assume that N is free as a Z-module. If M is free, or projective, or flat as an S-module, then so is N ⊗Z M.

Remark. The free and projective cases are done in Cornick and Kropholler [14], Corollary 3.3 with a different proof.

Proof. We claim that it suffices to consider the case M =_SS. First of all, the free and projective conclusions follow directly from this case and the fact that the functor N ⊗Z − commutes with direct sums. Secondly, if M is flat, then by the Lazard–Govorov Theorem [18, 22], it is a filtered colimit of free modules. Since the functor N ⊗Z − also commutes with filtered colimits, it then follows from the previous cases that N ⊗Z M is flat.

Thus, we restrict attention to N ⊗Z S. Observe that S ⊗Z N, made into a left S-module in the usual way, is a free left S-module. Hence, it suffices to show that N ⊗Z S ∼= S ⊗Z N as left S-modules.

Define ϕ : S ⊗ZN → N ⊗ZS as the unique group homomorphism such that s⊗n → ∑ g∈G gn⊗s_g for s ∈ S, n ∈ N. Observe that ϕ ( t · (s ⊗ n) ) = ϕ(ts ⊗ n) = ∑ g∈G gn ⊗ (ts)_g = ∑ g,h∈G ghn ⊗ t_gs_h = t · ∑ h∈G hn ⊗ s_h = t · ϕ(s ⊗ n) for s, t ∈ S and n ∈ N. Thus, ϕ is an S-module homomorphism.

Similarly, define ψ : N ⊗Z S → S ⊗Z N so that n ⊗ s → ∑ g∈G s_g ⊗ g^{−1}n for n ∈ N, s ∈ S, and observe that ψ ( t · (n ⊗ s) ) = ∑ h∈G ψ(hn ⊗ t_hs) = ∑ g,h∈G (t_hs)_g ⊗ g^{−1}hn = ∑ g,h∈G t_hs_h−1_g ⊗ g^{−1}hn = ∑ g,h∈G t_hs_g ⊗ g^{−1}n = t · ψ(n ⊗ s) for s, t ∈ S and n ∈ N. Thus, ψ is an S-module homomorphism.

Finally, we compute that ϕψ(n ⊗ s) = ∑ g∈G ϕ(s_g ⊗ g^{−1}n) = ∑ g,h∈G hg^{−1}n ⊗ (s_g)_h = ∑ g∈G n ⊗ s_g = n ⊗ s ψϕ(s ⊗ n) = ∑ g∈G ψ(gn ⊗ s_g) = ∑ g,h∈G (s_g)_h ⊗ h^{−1}gn = ∑ g∈G s_g ⊗ n = s ⊗ n for s ∈ S and n ∈ N. Therefore ϕψ and ψϕ are identity maps.

Now assume that S is strongly G-graded. This means that for g, h ∈ G we have S_gS_h = S_{gh}, and not just S_gS_h ⊆ S_{gh}.

Lemma 4.2. If S is a strongly G-graded ring and R = S_1, then S is a projective left (or right) R-module.

Proof. This is well known (see for example Lemma 2.1 of Yi [29] or Remark 2 on pages 1035–1036 of Nastasescu [24]), but the proof is short, so we include it. If g ∈ G, then there exist elements x_i ∈ S_g−1 and y_i ∈ S_g (for 1 ≤ i ≤ n) such that ∑_n i=1 x_iy_i = 1. The elements x_i and y_i then give left R-module homomorphisms from S_g to R and R to S_g displaying S_g as a direct summand of a direct sum of n copies of_RR. Thus each S_g is a projective left R-module, and hence so is S.

Lemma 4.3. Let S be a strongly G-graded ring and M a left S-module. If M is projective as a left R-module, then ZG ⊗Z M is projective as a left S-module.

Proof. First consider ZG ⊗Z S, made into a left S-module with the semi-diagonal action. This is also a right S-module in the standard way, and the two module actions commute, so it is an S-S-bimodule. We claim that ZG ⊗Z S ∼= S ⊗_R S as S-S-bimodules. (This is a special case of Cornick and Kropholler [14], Lemma 5.1.) We can argue as in Montgomery [23], Theorem 8.1.7, as follows.

There is a “Hopf-Galois map” β : S ⊗_R S → ZG ⊗ZS such that s ⊗ t → ∑ g∈G g ⊗ s_gt for s, t ∈ S; observe that β is an S-S-bimodule map. Since S is strongly graded, for each g ∈ G there exist finitely many elements x_{g,i} ∈ S_g and y_{g,i} ∈ S_g−1 such that ∑ i x_{g,i}y_{g,i} = 1. We can define a right S-module homomorphism α : ZG ⊗Z S → S ⊗_R S such that g ⊗ u → ∑ i x_{g,i} ⊗ y_{g,i}u for g ∈ G, u ∈ S. It can be checked that α is a bimodule homomorphism, but that falls out of proving that α = β^{−1}. Now βα(g ⊗ u) = ∑ i β(x_{g,i} ⊗ y_{g,i}u) = ∑ i ∑ h∈G h ⊗ (x_{g,i})_hy_{g,i}u = ∑ i g ⊗ x_{g,i}y_{g,i}u = g ⊗ u for g ∈ G, u ∈ S, and so βα is an identity map. Also, αβ(s ⊗ t) = ∑ g∈G α(g ⊗ s_gt) = ∑ g∈G ∑ i x_{g,i} ⊗ y_{g,i}s_gt = ∑ g∈G ∑ i x_{g,i}y_{g,i}s_g ⊗ t = s ⊗ t for s, t ∈ S (because y_{g,i}s_g ∈ R), and so αβ is an identity map. Therefore β is a bimodule isomorphism, establishing the claim.

We now have left S-module isomorphisms S ⊗_R M ∼= (S ⊗_R S) ⊗_S M ∼= (ZG ⊗Z S) ⊗_S M ∼= ZG ⊗Z M. (One must observe that the standard abelian group isomorphism in the last step is in fact an S-module map.) Since_RM is projective, so is_S(S ⊗_R M), and the proof is complete.

Continue to assume that S is strongly G-graded, where now G is assumed to be finite. Set u = ∑ g∈G g ∈ ZG. Then Zu is an ideal of ZG, and Zu is isomorphic to the trivial ZG-ZG-bimodule Z. We have a short exact sequence 0 → Zu → ZG → ZG/Zu → 0 of ZG-ZG-bimodules, and we note that all three of these bimodules are free as Z-modules. In

particular, the sequence splits as a Z-module sequence, and so it remains exact after tensoring over

Z with any Z-module. We write B for the ZG-ZG-bimodule ZG/Zu.

Lemma 4.4. Let S be a strongly G-graded ring, where G is a finite group, and let M be a left S-module.

(a) If_RM is projective and p.dim_SM < ∞, then_SM is projective. (b) If p.dim_SM < ∞, then p.dim_SM = p.dim_RM.

(c) Suppose that M is a flat left S-module such that_RM is projective. Then there exists a short exact sequence of left S-modules 0 → M → P → N → 0 such that P is projective, N is flat, and_RN is projective.

Proof. We have the short exact sequence of left S-modules 0 → Zu ⊗Z M → ZG ⊗Z M → B ⊗Z M → 0. Since Zu is the trivial ZG-module, Zu ⊗ZM ∼= M. If_RM is projective, then so is_S(ZG ⊗ZM) by Lemma 4.3.

(a) Apply B ⊗Z − to a projective resolution of_SM. In view of Lemma 4.1 and the exactness of

B ⊗Z^{−, we obtain a projective resolution of} S^{(B ⊗}Z^{M). Thus, p.dim}S^{(B ⊗}Z^{M) ≤ p.dim}S^{M, and}

we conclude that the short exact sequence above must split.

(b) Since_RS is projective by Lemma 4.2, p.dim_RM ≤ p.dim_SM, and so p.dim_RM = n < ∞. Choose an exact sequence of S-modules 0 → K → P_{n−1} → · · · → P_0 → M → 0 where the P_i are projective. Since the P_i are also projective R-modules,_RK must be projective. Further, p.dim_SK < ∞ because p.dim_SM < ∞, and so_SK is projective by part (a). Thus p.dim_SM ≤ n.

(c) The S-module ZG⊗ZM is projective by Lemma 4.3, and N := B ⊗ZM is a flat left S-module by Lemma 4.1. Finally, observe that the semi-diagonal S-module action on N, when restricted to R, is given by r · (b ⊗ m) = b ⊗ rm for r ∈ R, b ∈ B, m ∈ M. Since B is a free Z-module, it follows that N as an R-module is isomorphic to a direct sum of copies of M and thus is projective.

Theorem 4.5. Let S be a strongly G-graded ring, where G is a finite group, and let R = S_1. If M is a flat S-module which is projective as an R-module, then M is projective as an S-module.

Proof. In the proof of Theorem 3.4, replace Lemma 3.3 by Lemma 4.4(c).

Corollary 4.6. Let S be a strongly G-graded ring, where G is a finite group, and let R = S_1. If M is any S-module, then p.dim_SM = max{p.dim_RM, w.dim_SM}.

Proof. Suppose that M is a left module. Obviously neither p.dim_RM nor w.dim_SM is greater than p.dim_SM. Now suppose that max{p.dim_RM, w.dim_SM} = n < ∞. Choose an exact sequence of S-modules 0 → K → P_{n−1} → · · · → P_0 → M → 0 where the P_i are projective. Since the P_i are also projective R-modules,_RK must be projective and_SK must be flat. Hence,_SK is projective by Theorem 4.5, and therefore p.dim_SM ≤ n.

Suppose now that S is a ring (strongly) graded by an arbitrary group Γ. If H is a subgroup of Γ, we set S_H = ∑ h∈H S_h, which is a subring of S, (strongly) graded by H.

Corollary 4.7. Let S be a strongly Γ-graded ring, where Γ is an arbitrary group, and let H be a subgroup of finite index in Γ. If M is a left S-module which is projective as an S_H -module, then it is projective as an S-module.

Proof. There is a normal subgroup N C Γ of finite index contained in H, and we may view S_H as an (H/N)-graded ring, where (S_H )_{hN} = ∑ x∈hN Sx for hN ∈ H/N. Observe that since S is

strongly Γ-graded, S_H is strongly (H/N)-graded. Hence, it follows from Lemma 4.2 that S_H is projective as a left or right S_N -module, and so M is projective as an S_N -module. We now view S as a strongly (Γ/N)-graded ring and apply Theorem 4.5 to obtain the desired conclusion.

Since group rings are examples of strongly graded rings, Corollary 4.7 specializes to the following result.

Corollary 4.8. Let R be a coefficient ring and H a subgroup of finite index in a group Γ. If M is a flat RΓ-module which is projective as an RH-module, then it is projective as an RΓ-module.

5. Group rings of infinite groups

Another direction in which Theorem 3.4 can be extended is to allow G to be infinite but to strengthen the assumption of projectivity over R. In order to use the methods of Section 3, then, the main point is to find a replacement for the short exact sequence 0 → R → RG → B → 0. For this purpose, we use the module B introduced by Kropholler [21], see also Cornick and Kropholler [15], Benson [4].

Given any set Σ, and any coefficient ring R, we denote by B(Σ, R) the set of functions from Σ to R which take only finitely many different values in R. We make this into a ring with pointwise operations. If R is commutative, then so is B(Σ, R). Since R may be identified with the subring of constant functions in B(Σ, R), the latter naturally obtains the structure of an R-R-bimodule.

Let Γ be a group, and write B for B(Γ, R). This is an RΓ-RΓ-bimodule in a standard way via left and right multiplication in Γ. Namely, for g, h ∈ Γ, and f ∈ B, the function gfh is defined by the rule (gfh)(x) = f(hxg). The image of R in B is an RΓ-RΓ-subbimodule, on which Γ acts trivially. We write B for the quotient B/R, so that there is a short exact sequence of RΓ-RΓ-bimodules 0 → R → B → B → 0. This is what we use as a replacement for the short exact sequence used in Section 3. Note that this sequence splits as a short exact sequence of right or left R-modules.

The following lemma is essentially due to Kropholler.

Lemma 5.1. The bimodule B is a free right R-module with an R-centralizing basis. This basis may be chosen to include the constant function 1 as one element. Hence, B is also a free right R-module with an R-centralizing basis.

Proof. It follows from a result of Nöbeling [25] (see Fuchs [17], Lemma 97.2 for the simplified proof due to G. Bergman) that B(Σ, Z) is a free abelian group for any set Σ. The inclusion of Z into B(Σ, Z) (as constant functions) is a pure monomorphism, and therefore splits. Any complementary direct summand, being a subgroup of a free abelian group, is itself free abelian. Hence, the constant function 1 may be chosen as part of a free basis for B(Σ, Z). Tensoring with R, and using the fact that B(Σ, Z) ⊗ZR ∼= B(Σ, R) as R-R-bimodules, we obtain an R-centralizing right R-module basis for B(Σ, R). Now apply this in the case Σ = Γ.

A left RΓ-module M is said to be cofibrant if B ⊗_R M is a projective left RΓ-module. (As in Section 3, we assume that tensor products of RΓ-R-bimodules with RΓ-modules are equipped with the diagonal RΓ-module structure.) The motivation for this definition may be found in [4, 5]. If Γ happens to be finite, this is the same as saying that M is projective as an R-module.

Theorem 5.2. Let R be a ring of coefficients (not necessarily commutative) and Γ a group (not necessarily finite). If M is a flat cofibrant RΓ-module then M is projective.

Proof. Set M_0 = M. As in the proof of Theorem 3.4, it suffices to find short exact sequences

0 → M_i → P_{i+1} → M_{i+1} → 0

of left RΓ-modules for i = 0, 1, 2, . . . such that P_{i+1} is projective and M_{i+1} is flat.

First, we have a short exact sequence 0 → R ⊗_R M → B ⊗_R M → B ⊗_R M → 0 of left RΓ-modules where R ⊗_R M ∼= M, and where B ⊗_R M is projective because M is cofibrant. By Lemmas 5.1 and 3.1(c), B ⊗_R M is flat. Thus, we obtain a short exact sequence 0 → M_0 → P_1 → M_1 → 0 of the desired form, where additionally M_1 ∼= B ⊗_R M_0.

Since B_R is free, there is a short exact sequence 0 → B ⊗_R M_0 → B ⊗_R P_1 → B ⊗_R M_1 → 0 of left RΓ-modules, where B ⊗_R M_0 ∼= M_1 is given, B ⊗_R P_1 is projective by Lemmas 5.1 and 3.1(b), and B ⊗_R M_1 is flat by Lemmas 5.1 and 3.1(c). This provides us with a short exact sequence 0 → M_1 → P_2 → M_2 → 0 of the desired form, where additionally M_2 ∼= B ⊗_R M_1.

An obvious induction now completes the proof. 6. Reduction modulo p and projectivity In this section, we prove that projectivity for modules over a group ring is determined by the reduction modulo each prime dividing the group order. The proof works in the context of a group and a subgroup of finite index, so this is the context in which we present it. Theorem 6.1. Let R be a ring of coefficients and H a subgroup of finite index in a group G. An RG-module M is projective if and only if

(i) M is projective as an RH-module, and (ii) M/pM is projective as an (R/pR)G-module for each prime number p dividing [G : H].

Proof. It is easy to see that a projective RG-module satisfies (i) and (ii). Conversely, we suppose that M is an RG-module satisfying (i) and (ii), and we shall prove that M is projective. Since M is projective as an RH-module, it suffices to prove that M is projective relative to H. By D. G. Higman’s criterion (see for example Proposition 3.6.4 of [3]), this amounts to showing that the identity endomorphism can be written as 1_M = Tr_{H,G}(α) for some α ∈ End_{RH} (M), where Tr_{H,G}(α) is the RG-endomorphism defined by Tr_{H,G}(α)(m) = ∑ g∈G/H g(α(g^{−1}(m))).

The sum runs over a set of left coset representatives of H in G.

Let [G : H] = ∏ i p^{γi}_i where the p_i are distinct primes. Since M is projective as an RH-module, for each p_i, the natural map End_{RH} (M) → End_{(R/piR)H} (M/p_iM) given by reduction modulo p_i is surjective, and the kernel of this map equals p_iEnd_{RH} (M). Since M/p_iM is a projective (R/p_iR)G-module, its identity endomorphism can be written as Tr_{H,G}(α_i) for some α_i ∈ End_{(R/piR)H} (M/p_iM). In view of the observations above, this implies that there exist elements α_i, β_i ∈ End_{RH} (M) such that 1_M = Tr_{H,G}(α_i) + p_iβ_i.

Note that p_iβ_i = 1_M − Tr_{H,G}(α_i) is an RG-homomorphism. Multiplying the above expressions, we get 1_M = ∏ i (Tr_{H,G}(α_i) + p_iβ_i)^{γi} = Tr_{H,G}(α^′) + [G : H]β^′ for some α^′, β^′ ∈ End_{RH} (M). (Here, we have used the fact that if a ∈ End_{RH} (M) and b ∈ End_{RG}(M), then Tr_{H,G}(a)b = Tr_{H,G}(ab) and bTr_{H,G}(a) = Tr_{H,G}(ba).) Now the map [G : H]β^′ = 1_M − Tr_{H,G}(α^′) is an RG-homomorphism, so applying Tr_{H,G} we get [G : H]Tr_{H,G}(β^′) = [G : H]^2β^′, and hence δ = Tr_{H,G}(β^′) − [G : H]β^′ satisfies [G : H]δ = 0. Hence, δ = δ.1_M = δ(Tr_{H,G}(α^′) + [G : H]β^′) = Tr_{H,G}(δα^′), and so [G : H]β^′ = Tr_{H,G}(β^′) − δ = Tr_{H,G}(β^′ − δα^′).

Finally, 1_M = Tr_{H,G}(α^′) + [G : H]β^′ = Tr_{H,G}(α^′ + β^′ − δα^′).

7. Reduction modulo p and flatness In this section, we prove that flatness for modules over a group ring is determined by the reduction modulo each prime dividing the group order. Again, we prove the theorem in the generality of a subgroup of finite index.

Lemma 7.1. Let R be a ring of coefficients and H a subgroup of finite index in a group G. If M is a left RG-module and N a right RG-module with M flat as a left RH-module, then [G : H] annihilates Tor^{RG}_n (N, M) for all n > 0.

Proof. Let g_1, . . . , g_l be a set of left coset representatives of H in G, and let 0 → M^{′ ϕ}−→ F → M → 0 be a short exact sequence with F a free left RG-module. Then we have the long exact sequence 0 → Tor^{RG}_1 (N, M) → N ⊗_{RG} M^{′ ϕ∗}−→ N ⊗_{RG} F → N ⊗_{RG} M → 0. Consider an element ∑_k i=1 n_i⊗m^′_i in the kernel of ϕ_∗. By Lemma 2.1, there is an RH-homomorphism ρ : F → M^′ such that ρϕ(g^{−1}_j m^′_i) = g^{−1}_j m^′_i for 1 ≤ j ≤ l and 1 ≤ i ≤ k. Let θ = Tr_{H,G}(ρ). Then θ : F → M^′ is an RG-homomorphism such that θϕ(m^′_i) = [G : H]m^′_i for 1 ≤ i ≤ k. So we have 0 = θ_∗ϕ_∗ (_k∑ i=1 n_i ⊗ m^′_i ) = k∑ i=1 n_i ⊗ θϕ(m^′_i) = [G : H] k∑ i=1 n_i ⊗ m^′_i. This proves that [G : H] annihilates Tor^{RG}_1 (N, M). Since M^′ is also flat as an RH-module and Tor^{RG}_n (N, M^′) ∼= Tor^{RG}_{n+1}(N, M) for n ≥ 1, an induction on n (i.e., dimension shifting) shows that [G : H]Tor^{RG}_n (N, M) = 0 for n ≥ 1.

Lemma 7.2. Let S be a ring, p ∈ S a central element, and M a left S-module. Assume that M/pM is flat as a left S/pS-module, and that Tor^S_n(S/pS, M) = 0 for all n > 0. If N is any right S-module, then Tor^S_n(N, M) is p-torsionfree for all n > 0 and p-divisible for all n > 1. Proof. For any right S/pS-module L, we have Tor^S_n(L, M) ∼= Tor^{S/pS}_n (L, M/pM) = 0 for all n > 0 by [11], Proposition VI.4.1.2. In particular, Tor^S_n(N/pN, M) = Tor^S_n(N[p], M) = 0 for all n > 0, where N[p] = ann_N (p). Consider the short exact sequences 0 → pN^ϕ−→ N → N/pN → 0 0 → N[p] → N^π−→ pN → 0 where ϕ is the inclusion map and π is multiplication by p. From the long exact sequences for Tor^S_∗ (−, M), we see that Tor^S_n(ϕ, M) is an isomorphism for all n > 0, while Tor^S_n(π, M) is an isomorphism for all n > 1 and a monomorphism for n = 1.

Therefore Tor^S_n(ϕπ, M) is an isomorphism for all n > 1 and a monomorphism for n = 1. Since ϕπ : N → N is just multiplication by p, so is Tor^S_n(ϕπ, M) (e.g., [27], Theorem 8.13), and the lemma follows.

Theorem 7.3. Let R be a ring of coefficients and H a subgroup of finite index in a group G. An RG-module M is flat if and only if

(i) M is flat as an RH-module, and (ii) M/pM is flat as an (R/pR)G-module for each prime p dividing [G : H].

Proof. That flatness of M as an RG-module implies (i) and (ii) is well known and easy to see. Condition (i) holds because (−) ⊗_{RH} M is naturally equivalent to the composition of the exact functors (−) ⊗_{RH} RG and (−) ⊗_{RG} M. Condition (ii) holds because (−) ⊗_{(R/pR)G} (M/pM) is naturally equivalent to the restruction of (−) ⊗_{RG} M to the category of right (R/pR)G-modules.

For the converse, we begin by observing that (i) implies that M is flat as an R-module. Since RG is a flat R-module, it now follows from [11], Proposition VI.4.1.1 that Tor^{RG}_n (RG/pRG, M) = Tor^{RG}_n ((R/pR) ⊗_R RG, M) ∼= Tor^R_n (R/pR, M) = 0 for all n > 0 and any prime p.

Now let N be an arbitrary right RG-module. By (ii) and Lemma 7.2, Tor^{RG}_n (N, M) is p-torsion-free for all n > 0 and any prime p dividing [G : H]. On the other hand, Lemma 7.1 shows that [G : H] annihilates Tor^{RG}_n (N, M), and therefore Tor^{RG}_n (N, M) = 0 for all n > 0.

8. Passage to fields of coefficients

Let R be a commutative ring of coefficients and G a finite group. On the basis of what we have proved, it is tempting to suppose that it might be true that an RG-module M is projective if and only if (i) M is projective as an R-module, and (ii) K ⊗_R M is projective as a KG-module for every field K containing R/p for some prime ideal p ⊆ R. In this section, we give an example to show that this is false, and in the next section we show that it is true if R is a Dedekind domain of characteristic zero.

Let k be an algebraically closed field of characteristic 2 and let G = Z/2 = ⟨g | g^2 = 1⟩. Let R = k[[t]] be the ring of formal power series over k in a variable t. Then X = k[t^{−1}] can be considered as an R-module in an obvious way. In fact, X is the injective hull of k as an R-module. Since R has global dimension one, there is an R-module projective resolution of X of the form 0 → Q_1^ρ−→ Q_0 → X → 0.

Let M be the RG-module whose underlying R-module is Q_0 ⊕ Q_1, with the group element g acting as the matrix

(_{1 ρ} 0 1 ) . Then M is not even flat, let alone projective, since the image of 1 − g does not coincide with the kernel of 1 + g (see Theorem 2.1 of [6]). Since Q_0 and Q_1 are projective as

R-modules, so is M, and so (i) is satisfied. To check condition (ii), we note that any candidate for the field K is an extension of either k = R/(t) or of k((t)), the field of fractions of R, so it suffices to examine these two fields. Now k ⊗_R X = 0 because every element of X is in the image of multiplication by t, so k ⊗_R M is a projective kG-module. (Here we use the criterion of [6], Theorem 2.1 again.) Similarly, k((t)) ⊗_R X = 0 because every element is killed by a suitably high power of t, so k((t)) ⊗_R M is a projective k((t))G-module.

9. Dedekind domains of coefficients

In this section, we examine what happens if R is a Dedekind domain of coefficients whose characteristic (i.e., the characteristic of the field of fractions of R) is prime to the order of the group. In this case, if n is a nonzero integer prime to the characteristic of R, then the principal ideal nR is nonzero, and so it can be written as a finite product of maximal ideals (cf. Atiyah and Macdonald [1]). All that we actually need is that nR contain a finite product of maximal ideals, and for this to hold it suffices that R be a commutative noetherian domain of Krull dimension one whose characteristic is prime to n.

Theorem 9.1. Let H be a subgroup of finite index in a group G and R a commutative noetherian ring of coefficients such that the principal ideal generated by [G : H] (times the identity element) contains a finite product of maximal ideals that contain [G : H]. Then an RG-module M is projective if and only if (i) M is projective as an RH-module, and (ii) (R/m) ⊗_R M is projective as an (R/m)G-module for each maximal ideal m ⊆ R containing [G : H].

Proof. We modify the proof of Theorem 6.1 as follows.

Let M be an R-module satisfying (i) and (ii), and let m_1, . . . , m_t be maximal ideals of R, containing [G : H], such that ∏ i mi is contained in the ideal [G : H]R. Since R is noetherian, each mi is finitely generated. Thus, since M/miM is a projective (R/mi)G-module, it follows as in the

previous proof that 1_M = Tr_{H,G}(α_i) + β_i for some α_i ∈ End_{RH} (M) and some β_i ∈ m_iEnd_{RH} (M). Multiplying these expressions, and noting that β_i is an RG-homomorphism, we get 1_M = Tr_{H,G}(α^′) + ∏ i β_i for some α^′ ∈ End_{RH} (M). Since R is commutative and ∏ i mi ⊆ [G : H]R, we get^∏_i βi = [G : H]β^′

for some β^′ ∈ End_{RH} (M).

The remainder of the proof now proceeds as before.

Theorem 9.2. Let R be a commutative noetherian domain of coefficients of Krull dimension one, and G a finite group whose order is relatively prime to the characteristic of R. Then an RG-module M is projective if and only if

(i) M is projective as an R-module, and

(ii) M/mM is projective as an (R/m)G-module for each maximal ideal m ⊆ R containing |G|.

Proof. The ideal I = |G|R is nonzero by hypothesis. Well known results then imply that I contains a finite product of maximal ideals that contain I. For instance, R/I has Krull dimension zero and so is artinian (e.g., [1], Theorem 8.5), whence R/I has only finitely many prime ideals, all of which are maximal (e.g., [1], Propositions 8.1 and 8.3). Thus the prime radical (nilradical) of R/I contains a finite product of maximal ideals. Since this radical is nilpotent (e.g., [1], Proposition 8.4), the desired conditions on I hold. Therefore the theorem follows from Theorem 9.1.

Remark This theorem seems to be well known for finitely generated ZG-modules, but does not seem to be well known in the generality described here.

Acknowledgement

We thank Martin Lorenz for helpful comments and Daniel Simson for useful references.

References

1. M. F. Atiyah and I. G. Macdonald, Introduction to commutative algebra, Addison-Wesley, 1969. 2. G. S. Avrunin and L. L. Scott, Quillen stratification for modules, Invent. Math. 66 (1982), 277–286. 3. D. J. Benson, Representations and Cohomology I: Basic representation theory of finite groups and associative algebras, Cambridge Studies in Advanced Mathematics, vol. 30, Cambridge University Press, 1991.

4. , Complexity and varieties for infinite groups, I, J. Algebra 193 (1997), 260–287. 5. , Complexity and varieties for infinite groups, II, J. Algebra 193 (1997), 288–317. 6. , Flat modules over group rings of finite groups, Algebras and Representation Theory, to appear. 7. D. J. Benson, J. F. Carlson, and J. Rickard, Complexity and varieties for infinitely generated modules, I, Math.

Proc. Camb. Phil. Soc. 118 (1995), 223–243.

8. , Complexity and varieties for infinitely generated modules, II, Math. Proc. Camb. Phil. Soc. 120 (1996), 597–615.

9. D. J. Benson and J. P. C. Greenlees, Commutative algebra for cohomology rings of virtual duality groups, J. Algebra 192 (1997), 678–700.

10. J. F. Carlson, The varieties and cohomology ring of a module, J. Algebra 85 (1983), 104–143. 11. H. Cartan and S. Eilenberg, Homological algebra, Princeton Mathematical Series, no. 19, Princeton Univ. Press, 1956.

12. S. U. Chase, Direct products of modules, Trans. Amer. Math. Soc. 97 (1960), 457–473. 13. L. Chouinard, Projectivity and relative projectivity over group rings, J. Pure & Applied Algebra 7 (1976), 278–302. 14. J. Cornick and P. H. Kropholler, Homological finiteness conditions for modules over strongly group-graded rings, Math. Proc. Camb. Phil. Soc. 120 (1996), 43–54.

15. , Homological finiteness conditions for modules over group algebras, J. London Math. Soc. (2) 58 (1998), 49–62.

16. E. C. Dade, Endo-permutation modules over p-groups, II, Ann. of Math. 108 (1978), 317–346.

17. L. Fuchs, Infinite abelian groups, vol. II, Academic Press, New York/London, 1973. 18. V. E. Govorov, On flat modules, Sibirsk. Mat. Ž. 6 (1965), 300–304.

19. C. U. Jensen, On homological dimensions of rings with countably generated ideals, Math. Scand. 18 (1966), 97–105.

20. I. Kaplansky, Projective modules, Ann. of Math. 68 (1958), 372–377. 21. P. H. Kropholler, On groups of type (F P )∞, J. Pure & Applied Algebra 90 (1993), 55–67. 22. D. Lazard, Sur les modules plats, Comptes Rendus Acad. Sci. Paris, Série I 258 (1964), 6313–6316. 23. S. Montgomery, Hopf algebras and their actions on rings, CBMS Regional Conf. Series, vol. 82, American Math.

Society, 1993.

24. C. Nastasescu, Strongly graded rings of finite groups, Commun. in Algebra 11 (1983), 1033–1071. 25. G. Nöbeling, Verallgemeinerung eines Satzes von Herrn E. Specker, Invent. Math. 6 (1968), 41–55. 26. B. L. Osofsky, Upper bounds on homological dimensions, Nagoya Math. J. 32 (1968), 315–322. 27. J. J. Rotman, An introduction to homological algebra, Academic Press, New York/London, 1979. 28. D. Simson, On projective resolutions of flat modules, Colloq. Math. 29 (1974), 209–218. 29. Z. Yi, Homological dimension of skew group rings and crossed products, J. Algebra 164 (1994), 101–123.

Department of Mathematics, University of Georgia, Athens, GA 30602, USA E-mail address: djb@byrd.math.uga.edu

Department of Mathematics, University of California, Santa Barbara, CA 93106, USA E-mail address: goodearl@math.ucsb.edu