Math 124B — January 19, 2012 (©®Viktor Grigoryan

4 Orthogonality, generalized Fourier series

In the last two lectures we saw how various boundary conditions for the eigenvalues of the opera-
tor A = —d?/dz* gave rise to the sine, cosine, and the full Fourier series. This corresponded to the
Dirichlet, Neumann and periodic boundary conditions respectively. Today we would like to extend the
procedure of obtaining Fourier series to more general boundary conditions, which in turn will allow one
to solve a wider class of boundary value problems.
We will consider the ODE
- X" = \X, (1)

on the interval a < x < b, along with the pair of boundary conditions

a1 X (a) + B1X (b) + X' (a) + 0, X'(

b) =0,

2
OézX(CL) + 52X(b> + ’)/QX/(CL) + 52X (b) = 0. ( )
Suppose X,, denotes the eigenfunction for the eigenvalue problem (1)-(2). We would like to find a way of
expanding any reasonably nice function ¢(z) in terms of these eigenfunctions, and to find the coefficients

of the series
¢(z) = ZAan' (3)

Recall that for the classical Fourier series we relied on the pairwise orthogonality of the eigenfunc-
tions, which uniquely determined the coefficients in the expansion (3). This pairwise orthogonality was
simple to verify for the trigonometric functions, however for the general boundary conditions (2), one
cannot use explicit eigenfunctions. We thus need to find a condition for (2), that would guarantee the
orthogonality of the set of eigenfunctions {X,,}.

To do this, let us assume that X; and X, are two eigenfunctions corresponding to the distinct eigen-
values A, A\o. That is,

—X{/ == )\1X1,
—Xé/ = )\QXQ.

Taking the dot product of the first equation with X5, and the second equation with X, and then
subtracting the second equation from the first, and using commutativity of the dot product, we get

b
(Mt — o) (X1, X) = / (—XUXy + X, X2) d.

But notice that
— X7 Xo+ X1 XJ = (X1 X0+ X1 X3).

Plugging this into the previous identity, and using the Fundamental Theorem of Calculus gives

b b
O — o) (X1, Xy) = / (— XX, + X, X3) dz = (—X| X + X, X2)

a

Now, since the eigenvalues are distinct, and thus A\; — Ay # 0, we can deduce that the dot product of
the eigenfunctions X7, X, is zero, i.e. they are orthogonal, if the quantity on the right hand side is zero,

b
(—X1Xe + X1 X5)| =0. (4)
Notice that in the last identity all the terms are either the values of the functions X, X5, or their
derivatives at the endpoints of the interval (a,b). But these come from the boundary conditions (2),
prompting the following definition.



Definition 4.1. We say that the boundary conditions (2) are symmetric, if for any two functions X
and X, satisfying these boundary conditions identity (4) holds.

It is easy to check that all the boundary conditions that we have encountered so far are symmetric.

Indeed:
Dirichlet: X;(a) = X;(b) = 0 = Xs(a) = X5(b), and clearly (4) holds.
Neumann: Xj(a) = Xi(b) =0 = X}(a) = X}(b), and again (4) holds trivially.

Periodic: Xi(a) = X;(b), X{(a) = X{(b); Xs(a) = X3(b), X}(a) = X,(b). Then one also has that
<_X{X2 + XlXé)(a) = (_X{XQ + X1 )(b), and thus (4) holds.

It is not hard to show that mixed Dirichlet-Neumann, as well as Robin conditions are also symmetric.
It is then not surprising, that in all these cases the eigenvalues were found to be pairwise orthogonal.
For the general boundary conditions (2), the above computation established the following.

Theorem 4.2. If the boundary conditions (2) are symmeltric, then the eigenfunctions corresponding to
distinct eigenvalues of the eigenvalue problem (1)-(2) are orthogonal.

Using this fact, we can compute the coefficients in the expansion (3) following the same strategy that
we employed for the classical Fourier series. That is, to find a particular coefficient, we take the dot
product of the expansion with the corresponding eigenvalue.

/ d(x) X (2) d = /b (Z Aan,Xm> dr =) (AnXpn, Xin) = A(Xn, X)),

n

since due to the pairwise orthogonality only the term with n = m survives. We can then solve for the
coefficient, obtaining
(¢7 Xm)

This is the coefficients formula for the generalized Fourier series (3). The procedure of finding the coef-
ficients, of course, again resembles finding the components of a vector in terms of the orthogonal basis
elements. The question of convergence of such expansions will be addressed later on.

We should remark that in proving pairwise orthogonality of the eigenfunctions we ignored the case of
having more than one linearly independent eigenfunction corresponding to the same eigenvalue. In the
above proof we relied on the fact that X; and X, corresponded to distinct eigenvalues. However, this is
not always so, and the set { X, } may contain linearly independent eigenfunctions corresponding to the
same eigenvalue. This was the case for the periodic boundary conditions, for which we had two linearly
independent eigenfunctions corresponding to each of the eigenvalues A\, = (n7/l)?, namely, cos(nmx/l),
and sin(nmz/l). These happened to be mutually orthogonal, as was shown explicitly, however, if we
instead chose the pair of eigenfunctions sin(nwz/l) and sin(nmx/l) 4 cos(nmx /1) for the same eigenvalue,
we would not have the pairwise orthogonality required for the derivation of the coefficients formula (5).

We thus need a way of extracting pairwise orthogonal sets from the eigenfunctions corresponding to
the same eigenvalue. And such a way out is provided by the Gram-Schmidt orthogonalization procedure.
We demonstrate this on a set of two eigenfunctions, but it can be trivially generalized to any number
of them. If X; and X5 correspond to the same eigenvalue A, then take the pair

(X1, Xo)
(X1, X1)

Ay =

X, Xy = Xy — X,.

the new function X, will be an eigenfunction corresponding to the eigenvalue A, and it is essentially the

projection of X5 onto the “direction orthogonal to X;”. It is not hard to check that (X, )?2) =0, i.e.
they are orthogonal.



4.1 Complex eigenvalues

So far we have completely ignored the question of complex eigenvalues and eigenfunctions, however

the complex form of the full Fourier series discussed last time hints at the usefulness of considering

such eigenfunctions. Notice that the complex valued function e/l = cos(nmx/l) + isin(nmz/l) is

an eigenvalue corresponding to \, = (nw/l)? for the eigenvalue problem associated with the periodic

boundary conditions. We thus would like to find all such eigenfunctions, for which we also need to

consider the question of having complex eigenvalues associated with the general boundary conditions (2).
First, recall that for complex valued functions the dot product was defined to be

(f.9) = / f(2)g(x) d,

where the upper bar denotes the complex conjugate. In this case one has (f, g) = (g, f), and two func-
tions will be orthogonal if their dot product is zero. This is similar to how the dot product for complex
vectors is defined. The reason for having the complex conjugation in the definition is to guarantee that
the dot product of a function (vector) with itself is a real positive number.

We now consider the general boundary conditions (2) with real coefficients oy 9, 81.2,71.2,012. We say
that the boundary conditions are hermitian, if for any two functions Xy, X, satisfying them the following

identity holds
b

(—X| X5+ X, X5)| =0. (6)
a
Notice that for real functions X, X5 this definition coincides with the definition of symmetric boundary
conditions. Also, under this condition Theorem 4.2 is true for complex valued functions with no change.
In addition, the hermitian symmetry of the boundary conditions guarantees that there are no complex
eigenvalues.

Theorem 4.3. If the boundary conditions (2) are hermitian, then all the eigenvalues of the eigenvalue
problem (1)-(2) are real. Moreover, all the eigenfunctions can be chosen to be real valued.

The proof of the above Theorem relies on the observation that, if X is an eigenfunction corresponding
to the eigenvalue A, then its complex conjugate X will be an eigenfunction corresponding to the eigen-
value \. Indeed, taking the complex conjugate of both sides of the equation —X” = A\ X gives ~X"=)X.
The boundary conditions will be also satisfied, since the coefficients are real, and do not change under
complex conjugation. But then taking the (complex) dot product of the first equation with X and the sec-

ond equation with X, and subtracting them using the facts that X = X and (X, X) = (X, X), we have

_ b _ _ _ b
A=) (X, X) = / (—X"X + XX )de = (—X'X +XX)| =0,

by the hermitian property. So
b
(A —X)/ XX dr =0.

But XX = |X|> > 0, and the function X(x) # 0, so the above integral cannot be zero, and hence,
A\ = ), which means that \ is real. o

Now, if X is a complex eigenfunction corresponding to the eigenvalue A, then so is X, since \ is real.
But then any (complex) linear combination of these will be an eigenfunction as well, and will satisfy the
same boundary conditions (2). Taking

1

Y(m>:%(x+7), and  Z(z) = (X - X),

we will have two real eigenfunctions. These are, of course, the real and imaginary parts of X(z), i.e.
X(z) =Y (z)+iZ(z).



4.2 Conclusion

In this lecture we explored the eigenvalue problem for the operator —d?/dx? with the general boundary
conditions (2), and showed that if the BC’s are symmetric, then the eigenfunctions are pairwise orthog-
onal, and one can determine Fourier expansions in terms of these eigenfunctions. These generalized
Fourier expansions are similar to the expansions in terms of a basis in linear algebra, where the basis is
formed by the eigenvectors of a linear symmetric transformation given by a real symmetric matrix. So
the operator —d?/dx? acts on the set of functions satisfying the symmetric boundary conditions like a
symmetric linear transformation. The difference, as we pointed out several times before, is in the fact
that the space of functions is infinite dimensional, and the expansion takes the form of a series, rather
than a finite linear combination.

We also showed that if the boundary conditions are hermitian, then all the eigenvalues are real and
one can work exclusively with real eigenfunctions. In the coming lectures we will show that these eigen-
functions form a true basis, in the sense that any (L?) function can be uniquely expanded into a series
in terms of these functions.



