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1. Sobolev spaces

In this chapter we define the Sobolev spaces H® and W*P and give their main properties that
will be used in subsequent chapters without proof. The proofs of these properties can be found in
Evans’s“PDE”.
1.1 H? spaces via the Fourier transform
Below all the derivatives are understood to be in the distributional sense.
Definition 1.1. Let k be a non-negative integer. The Sobolev space H*(R") is defined as
HFR™) = {f e L*(R™) : 0*f € L? for all |a| < k}.

Theorem 1.2. f € H¥(R") if and only if (1 + |§|2)§f e L3(R"), and the following norms are
equivalent

N
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Using the equivalent definition provided by the above theorem, one can extend the notion of
H*(R™) Sobolev spaces to non-integer exponents. Here we use the notation 8§ for the space of
tempered distributions on R™ (the dual space to the Schwartz space 8).

Definition 1.3. Let s € R, we define the Sobolev space H*(R"™) as follows

1
~ 2

H®) = {f €8+ Fisa function, and |l = | [ 1FOPQ+ 1Py ] < oh

The previous theorem along with the Fourier inversion theorem imply that for non-negative
integers s this definition agrees with the previous one. Also, observe that H® = L2.
The following theorem illustrates the expected differentiation properties of Sobolev functions

Theorem 1.4. Let ke N,s€ R, and f € 8. Then f € H*(R"), if and only if 0*f € H*~*(R") for
all multiindeces |a| < k, and the following norms are equivalent
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|a|<k

Remark 1.5. The above theorem trivially implies that the differentiation operator ¢¢ is a bounded
map from H® to H*~* for each multiindex o with |o| < k.

As we will see later, one can define general Sobolev spaces in which weak derivatives up to non-
negative integer order k are bounded in any LP space for 1 < p < 00, which will be denoted by WP,
The reason for using the letter H for the L? based Sobolev spaces is to signify that H* spaces are
Hilbert spaces. Indeed, one can show that



Theorem 1.6. The space H® is a Hilbert space with the inner product

ogpme = | FOFEQ + |e[)® de.

R"L
Moreover, the Fourier transform F : H® — L?>(R™, p) is a unitary isomorphism, from H® to L>

equipped with the measure du = (1 + |€|?)2 d€.

1.2 Weak derivatives

In what follows Q will always denote an open subset of R™. Recall that the space of test functions
on Qis D(Q) = CF ().

Definition 1.7. Let u,v € L}, (), and o be a multiindex. We call v the o'* weak derivative of u,
for which we use the usual notation v = D%u, if

J u(z)0“p(x) de = (—1)“[ v(x)p(z)dx, VoeD.
Q Q

Remark 1.8. The weak derivative, if it exists, obviously coincides with the distributional derivative.
The only difference is that the weak derivative must be an Llloc function, while the distributional
derivative is in general only a distribution.

Remark 1.9. If the weak derivative exists, it must be unique almost everywhere.

Example 1.10. Let n = 1, and © = (0,2). Consider the functions

u(z) = r O0<ax<l, and o(z) = 1 O0<z<1,
11 1<z<?2, 10 1<z<.

We claim that v = v’ in the weak sense.

Example 1.11. Let n =1, and Q = (0,2). Then the function

() = r O0<ax<l,
Tl 2 1<z<?,

doesn’t have a weak derivative.
As expected, weak derivatives behave like ordinary derivatives in many ways, and we will state

the actual properties later on in the context of general Sobolev spaces.

1.3 Sobolev spaces WH?

Definition 1.12. Let 1 < p < 0, and k € Z,. We define the space W*?(€), and the associated
norm as follows.

WHhP(Q) = {ue L. (Q) : D*u e LP(Q) for all multiindeces |a| < k},

lulwen@y = | D5 ID%ulfpq) | » forl<p<oo,
lee| <k

”U’HW"D(Q) = Z ||Dau||Lf(Q)

|| <k

The defined norms provide a natural metric structure on the space W2,



Definition 1.13. Let {u,,}%_;,u € W*P?(Q). We say that

(i) um converges to u in W*?(€), provided lim [[tm — ulyrso) =0
m—x0

i) up, converges to u in W/P(Q), if u,, — u in W*P(A) for all open subsets A € €.
loc
We also make the following useful definition.

Definition 1.14. The space Wéf’p(Q) is the closure of the space C*(Q) in W*P(Q). That is

u € Wéc’p(Q), if and only if u € W*P(Q), and there exists a sequence {u,,} € CZ(f2), such that
U — w in WEP(Q).

Heuristically, the space WéC P(Q) consists of those functions in W¥*P?(Q) that “vanish” on the
boundary 092 with all their derivatives up to order & — 1. This will be made precise when we study
the trace operator for Sobolev spaces.

Example 1.15. Let Q@ = B(0,1) = {x € R™ : |z| < 1}, the open unit ball in R”. Consider the
function
u(z) = || forx e,z #0,

n—
for some positive real number a. We claim that u € WHP(Q), iff o < r=p
p

Example 1.16. Let n = 1,Q = (0,1). Consider the function u(x) = sin %, which is smooth in €.
Then u,u’ € L} (), but u ¢ WHP(Q) for any p.

loc
We collect the properties of weak derivatives in the following theorem.

Theorem 1.17. Let u,v € WkP(Q), and |a| < k. Then

(i) D e W 1el»(Q), and D?(D%u) = D*(DPu) = D**Pu, Yo, B such that |o+ 8] < k

(i) Y\, € R, Mu+ pv € WEP(Q), and D*(Au + pv) = AD%u + pD%

(iii) u € W*P(A) for all open subsets A < €

(iv) If € CF(Q), then yu € WHP(Q), and the Leibniz rule holds,

D(fu) = ) ( 3 )D%Daﬁu,

B<a

( ; ) B 5!(07i B

The second statement in the above theorem implies that W*P(Q) is a vector space. We also
have that.

where

Theorem 1.18. W*P(Q) is a Banach space for all k€ Z, and 1 < p < 0.

1.4 Smooth approximations of Sobolev functions

We first state the local approximation property of Sobolev functions, for which we make use of the
subset
Qe ={xeQ : dist(z, ) > €}.

Theorem 1.19. Let u € W*P(Q) for some 1 <p < 0. Let u® = 1. +u be the standard mollification
of u in Q. Then

(i) uc e C*(Q) for alle >0



(ii) u¢ — u in WP(Q) as e — 0.

Definition 1.20. We call v the strong LP derivative of order «, if for all compact subsets K <
there exists a sequence {¢;} = C1*/(Q), such that

L{|¢j—u|pdas—>0, and JK |D*¢; —v[Pdz — 0 as j — oo.

It’s not hard to see that Theorem 1.19 implies that the strong LP derivative coincides with the
weak derivative.

Theorem 1.21 (Global approximation by smooth functions). Let  be bounded, u € W*P(Q) for
some 1 < p < w. Then there exists a sequence {uy,} € C*(Q) n WkEP(Q), such that u,, — u in
Whe ().

Remark 1.22. Notice that the above theorem makes no assumption about the regularity of the
boundary 02. The trade-of is that we cannot in general expect the approximating sequence to
consist of functions smooth up to the boundary.

Remark 1.23. If 0 = R™, then one can always choose an approximating sequence that consists of
compactly supported smooth functions. This can be achieved by considering ;,, = ¢;u,, where ¢;
is a smooth bump function supported in the ball of radius [, and selecting a subsequence of @, via
a diagonal argument. As a corollary of the above theorem and this observation, we see that C°(R™)
is dense in WHP(R™).

Let us introduce the following notation:
ﬁ\/k’p(Q) = closure of C*(Q) n W*P(Q) in WHP(Q),
W P(Q) = closure of C*(Q) n WFP(Q) in WFP(Q).
Obviously W*» < WkP, but Theorem 1.21 implies that for bounded €, Wk2(Q) = WkP(Q), and

hence, N .
WEP(Q) = WFP(Q) = WFP(Q).

For domains with smooth boundary, one can approximate Sobolev functions by smooth functions
up to the boundary.

Theorem 1.24. Assume Q is bounded, and 0Q is C'. Let ue W*P(Q) for some 1 < p < o0. Then

there exists a sequence {um,} € C*(Q), such that u,, — u in WEP(Q).

1.5 Extensions and traces of Sobolev functions

The question of extending a Sobolev function in some proper open subset 2 € R™ to the entire
space may be delicate, since the extended function must have integrable weak derivatives across the
boundary 0f). Fortunately, smooth approximation up to the boundary allows one to construct such
extensions, at least when 09 is C*.

Theorem 1.25. Let 1 < p < o, and assume 2 < R™ is bounded with C' boundary 0. Select an
open and bounded subset A € R™, such that Q @ A. Then there exists a bounded linear operator

E:WHP(Q) - WFP(R™),
such that for all u e W*P(Q)
(i) Bu=u a.e. in
(ii) Eu has support within A

(iil) |Eu|wer@ny < Cllullwerq), with C = C(p, 2, A) independent of u



Remark 1.26. One can chose a bounded domain ' c R"™, such that A € ', in which case it is clear
that Eu e WP ().

Since Sobolev spaces are defined as spaces of integrable functions with integrable weak derivatives,
in general it doesn’t make sense to talk about the value of a Sobolev function at a point, or on a
set of zero measure. In particular, values of a Sobolev function in 2 are not well-defined on the
boundary 0€). However, approximation by smooth functions up to the boundary provides a way of
“restricting” Sobolev functions to the boundary.

Theorem 1.27 (Trace theorem). Assume Q € R" is bounded and 0 is C'. Then there ezists a
bounded linear operator
T :WhP(Q) — LP(09),

such that

(i) Tu = ul|eq, if ue WHP(Q) n C(Q)

(ii) | Tu|Lr(092) < Cllullwr.r (), with C = C(p, ) independent of u
Tu is then called the trace of u on 0S).

It turns out that Sobolev functions with zero trace are exactly those that can be approximated
by smooth compactly supported functions in 2.

Theorem 1.28. Assume Q is bounded and 0 is C*. Let u € W'P(Q). Then u € Wy*(Q), iff
Tu =0 on 5.

1.6 Sobolev embeddings and compactness results

Below we state the general Sobolev embedding theorem, along with the compactness results for such
embeddings. We remark that typically embedding results about VV(;W (©) do not require smoothness
of the boundary 0§ of the domain . However, the results for W*P?(Q) are obtained from the
respective results for W*P(R") via the extension theorem. But the existence of the extension
operator E : WkP(R™) — W*P(R") only holds if 02 satisfies an appropriate regularity condition,
e.g. C' condition.

In the following theorem the inclusion X c Y denotes a continuous embedding, while the compact
inclusion X € Y denotes a compact continuous embedding.

Theorem 1.29. Let Q < R” be open, bounded with C' boundary, k,m € N with k > m, and
1<p<oo.

(1) If kp < n, then

WhP(Q) € LI(Q) for 1< g <np/(n—kp),
WHhP(Q) c LY(Q) for ¢ =np/(n — kp).
More generally, if (k —m)p < n, then

WEP(Q) € W™(Q)  for 1 < g <np/(n— (k—m)p),
WhP(Q) c W™(Q)  for g =np/(n — (k —m)p).

(2) If kp =n, then
WhP(Q) € L1() for1 < g < oo.

(3) If kp > n, then
wkr(Q) € " (Q)



forO<y<k—n/pifk—n/p<l, forO<~vy<lifk—n/p=1, and fory=1ifk—n/p>1;
and

WkP(Q) c C%(Q)

fory=k—n/pifk—n/p<l1.
More generally, if (k —m)p > n, then

Whr(Q) € ¢ (@)

forO<y<k—m-—-n/fpifk—m—-n/p<l, forO<y<lifk—m-—n/p=1, and for y =1
ifk—m—n/p>1; and -
WkP(Q) c C™7(Q)

fory=k—m—n/pifk—m—n/p<1.

Remark 1.30. As we remarked above, these results hold for arbitrary open bounded sets 2 < R™, if
Wk () is replaced by WP (€).
We say that an open set 2 € R™ is bounded in some direction, if there exists e € R™, and a,b € R

such that a < e-x < b for all x € , where ez is the usual Euclidean dot product. On such domains
we have the following result.

Theorem 1.31. Let Q be open and bounded in some direction, 1 < p < 0. Then there exists a
positive constant C = C(n, ), p) > 0, such that

[ul ey < CDul e (o), for allu e Wol’p(Q). (1.1)

Inequality (1.1) is called the Poincaré inequality. Its significance is that the LP norm of a function
is bounded by the LP norm of the weak derivative, which differs from the Sobolev embeddings,
where the bound is in terms of the full norm of W*?. The requirement that u € VVO1 P(Q) instead of
u € W*P(Q) is crucial, since for constant functions Poincaré’s inequality is trivially false. However,
the compactness of the embedding WO1 P € LP(Q) for bounded 2, along with the extension theorem
can be used to show an analogous result for W1?(Q) functions.

Theorem 1.32. Let Q € R™ be open, bounded, connected with C' boundary, 1 < p < 0. There
exists a positive constant C = C(n,Q,p) > 0, such that
[u —ua|Lro) < C|Du| e 0y, for all u e WhP(Q),
1

where ug = ] SQ udx is the average of u on €.

1.7 Difference quotients

A useful way of establishing weak differentiability of functions is via a uniform bound on difference
quotients. To illustrate this, let us first define the difference quotients.

Definition 1.33. Let u : R” — R be a function on R™, and h € R\{0}. The i*" difference quotient

of u of size h is the function
u(z + he;) — u(x)

h )

where e; is the unit vector in the i*" direction. The difference quotient vector is

Dlu(z) =

D"y = (D%, D}u, ..., D"u).

n

Notice that the difference quotient can be defined for any function uw. The next result, however,
shows that it behaves as a derivative.

Proposition 1.34. The difference quotient has the following properties:



(1) (commutativity with weak derivatives) If u,0;u € L} (R™), then

loc
h,, _ ph
6iDj u = Dj 6iu.
(2) (integration by parts) If u € LP(R™) and v € LP (R™), where 1 < p < o0, and % + ]% =1, then
J-(Dzhu)v de = — fu(D;hv) dx.
(3) (product rule)
D (uv) = u}'(Dj'v) + (Dju)v = u(Dj'v) + (Du)v},
where ul(z) = u(x + he;).

The following theorem is the main result connecting weak differentiability with the uniform
boundedness of the difference quotients.

Theorem 1.35. Let Q c R™ be open, bounded, and Q' € Q. Denote d = dist(',09Q) > 0.
(1) If Due LP(QQ), where 1 <p < 0, and 0 < |h| < d/2, then

| D"ull o0y < | D]l o).

(2) If ue LP(Q), where 1 < p < o0, and there exists a constant C, such that
HDhUHLp(Q/) < C, fOT all 0 < |h| < d/27

then w € WP (Q'), and
”DU/HLP(Q’) < C



2. Solvability of elliptic PDEs

2.1 Weak formulation

Let us first consider the Dirichlet problem for the Laplacian with homogeneous boundary conditions
in a bounded open domain 2 ¢ R” with C'' boundary,

—Au=f in ), (2.1)
u=0 on Q. (2.2)

Assuming that u, f : @ — R are smooth functions, and multiplying the equation by a test
function ¢ € CF(Q), we obtain

- L Aupdr = JQ foda.

Integrating by parts, and discarding the boundary terms due to the compact inclusion of the support
of ¢ in 2, we arrive at

Du-D¢dx = f fodx for all ¢ € CL(Q). (2.3)
Q Q

Conversely, if f and Q are smooth, then any smooth u satisfying (2.3) is necessarily a solution of
(2.1). However, notice that (2.3) makes sense under much weaker assumptions on 2, v and f. There
is a flexibility in how to weaken the assumptions on u, so for the added structure of Hilbert spaces,
we will consider the case of the derivatives of u in the weak sense being in L?(Q2). Then, if Du is
in L?, which will be the case if we assume that v € H(£2), then the right hand side of (2.3) is well
defined by the Cauchy-Schwartz inequality for all ¢ € C¥ (), and by extension, for all ¢ € H}(Q),
which is the closure of C(2) under the H! norm. The right hand side of (2.3) will be well defined
for all ¢ € H}, if f € L?, or more generally, for all f € H~* = (H}(2))*, in which case we understand
the right hand side of (2.3) as a dual pairing of f and ¢.

Notice that if we understand the solution u in the weaker sense that it only belongs to H*(£2), then
the Dirichlet condition (2.2) is not suited for such functions, since they are defined up to almost
everywhere, and 02 has n-dimensional Lebesgue measure zero. We thus weaken the boundary
condition to hold in the trace sense, i.e., by requiring that the solution u € H'(Q2) have trace zero
on the boundary 0. But these are exactly Hg () functions.

All of the above motivates the following definition.

Definition 2.1. Let Q < R™ be open, f € H (). A function u :  — R is called a weak solution
of (2.1)-(2.2), if

(i) we H(Q), and
(i)
f Du - Dodx ={f,¢) for all ¢ € HJ(9). (2.4)
Q
The right hand side of (2.4) is the dual pairing, and the weak solution is understood to be a

‘function’ in L? sense, i.e. it’s an equivalence class with respect to the almost everywhere pointwise
equality.



Remark 2.2. The boundary conditions (2.2) were assumed to be homogeneous for simplicity, however
the general case of non-homogeneous boundary conditions can be reduced to this case as follows.
Assume that g : 02 — R is in the range of the trace operator T': H*(Q) — L2?(09Q), say g = Tw,
then the weak formulation for the Dirichlet problem

—Au=f inQ,
u=g¢g onodf,

is obtained by replacing the first condition in Definition 2.1 by the condition (u — w) € H(Q).
Otherwise the definition is the same.

Remark 2.3. The roots of the weak formulation (2.4) lie in the variational approach to Dirichlet’s
problem, in which one looks for a solution to the Dirichlet problem as the minimizer to the energy

functional 1

J \Dul? dz — (f, u.
Q

By properly defining the (Fréchet) derivative of this functional, and considering the minimization
problem of J : H}(Q) — R, one can show that the minimizer must be a weak solution of (2.1) in
the sense of the Definition 2.1.

2.2 Existence of weak solutions of the Dirichlet problem

Using the weak formulation given by definition 2.1, the existence of weak solutions becomes an
immediate consequence of the Riesz representation theorem for a suitably defined Hilbert inner
product over Hg(£2), which induces an equivalent norm to the standard | - | H1(q) horm.

Theorem 2.4. Let Q € R™ be open, bounded in some direction, and f € H=*(2). Then there exists
a unique weak solution uw € H}(Q) of the Dirichlet problem (2.1)-(2.2) in the sense of Definition 2.1.

Proof. We define a binary operation on H}(Q2) as follows
(u,v)p = f Du - Dvdzx. (2.5)
Q

It’s easy to see that this binary operation is an inner product over Hg (), provided € is bounded
in some direction, and that the induced norm, | - |o, defined by |u]o = (u,u)o, is equivalent to the
standard norm [ - | 1 (q) by Poincaré’s inequality. This then implies that the space H(Q) equipped
with the (,)o inner product is a Hilbert space, and f € H~1(Q) is a bounded linear functional on
(HL(9),(,)0)- But then by Reisz representation theorem, there exists a unique function u € Hg (),
such that

(u, 0o =(f, ¢y  forall ¢ € Hy(Q), (2.6)

which is equivalent to u being a weak solution. O

This approach to weak solvability of the Dirichlet problem for Laplace’s equation can be gener-
alized to other elliptic operators. We consider several examples of such (symmetric) operators, and
will consider non-symmetric elliptic operators in the next section.

Example 2.5. Consider the Dirichlet problem for the operator L = —A + I,

—Au+u=f inQQ,
u=0 on of.

We call u € H}(2) a weak solution of this problem, if

J (Du - D¢ +up)dx = {f,v)  for all ¢ € Hy(Q).
Q

10



In analogy to (2.6) This is equivalent to the condition that

(u,0)1 =(f, ¢y  forall ¢ € Hy(Q), (2.7)

where (,); is the standard inner product on H{(f2). Hence, the Riesz representation theorem will
again imply the existence of a unique weak solution.

Remark 2.6. In this example Q2 € R™ is a general open set, and doesn’t have to be bounded in some
direction, since we used the standard inner product, and thus do not rely on Poincaré’s inequality
to prove equivalence of induced norms. Moreover, (2.7) implies that [u[g1 = [f[z-1, and hence,

the operator L = —A + I is an isometry of H}(Q2) onto H 1(1).

Example 2.7. We can slightly generalize the previous example, by considering the operator L =
—A+ ul, where 1 > 0 is a real number. Given an open domain 2 € R", and f € H~1(12), a function
u € H}(Q) is a weak solution of the Dirichlet problem

—Au+pu=f inQ,
u=0 ondf,

if (u,¢), = {f, ¢y for all p € H}(Q2), where
(u,v), = J (Du - Dv + puv) dx.
Q

It’s easy to see that the norm |||, induced by this inner product is again equivalent to the standard
norm, precisely because p > 0. Hence, Riesz representation theorem again will imply the existence
of a unique weak solution.

Example 2.8. To generalize the result of the previous example to the case of p < 0, we have to
guarantee that the resulting binary operation still defines an inner product, with the associated
norm being equivalent to the standard norm. If Poincaré’s inequality holds for the domain Q with
some constant C, i.e. Hu”iz(g) < C’HDuHQLQ(Q)7 then we will have

f pu? da > —C’|u|j |Dul? dz,
Q Q
and hence, also

1= Clul)
), = Dul? + pu®)dz = (1 - C JDde(i )
() = [ (DU + gy o > (1= Cll) | 1D do > S o
Thus, if —1/C < p < 0, then |uf, defines a norm on H}(f2) equivalent to the standard norm
(the other inequality is trivial). The existence of unique solution will then again follow from Riesz
representation theorem.

Remark 2.9. For bounded domains the Dirichlet Laplacian has an infinite sequence of real eigenvalues
{\ : n € N}, and it can be shown that the best constant (smallest constant, giving the sharpest
inequality) in the Poincaré inequality is exactly the principal eigenvalue A\;. Then the above method
won’t work for u < —1/XA;. Notice that when p = —\,, not only the solution may not exist for
an arbitrary f € H~1(£2), but even if a weak solution exists, it will not be unique, since adding an
eigenfunction to a solution will still be a solution. Hence, we do not expect existence of a unique
weak solution when p < —1/C', where C' is the best constant in the Poincaré inequality.

Example 2.10. As the last example before embarking on the study of solvability for general elliptic
operators, let as consider the operator

Lu=— zn: 6i(aij6ju), (28)

i,j=1

11



where the coefficients are assumed to be bounded, symmetric (a;; = a;;), and satisfy the uniform
ellipticity condition. That is, for some 6 > 0,

Z a;;(x)&:&5 = 6|¢)? for all z € 2, and all £ € R™.
ij=1

The function u € H}(Q2) will be a weak solution of the Dirichlet problem for this operator,

Lu=f inQ,
u=0 on df,
if
a(u, @) = {f, ¢y  forall g € H}(Q),

where a : H} () x H}(Q) — R is the symmetric bilinear form associated with the operator, and is
given by

n
a(u,v) = Z J a;;05u0;v da.
i,j=179

Now, if 2 is bounded in some direction, then boundedness of a;;, uniform ellipticity, and the
Poincaré inequality will imply that the symmetric bilinear form a defines an inner product on
H}(Q), with the induced norm being equivalent to the standard norm of H{(£2). This will again
imply that f € H=! is a bounded linear functional on the Hilbert space (H3(2),a), and hence the
Riesz representation theorem will once again imply the existence of a unique weak solution of the
Dirichlet problem for this operator.

Remark 2.11. The bilinear form a of course arises from integration by parts of the left hand side of
the equation after multiplying by the function v. Thus, having the derivative in front of the entire
term a;;0;u is crucial, since we are not assuming that the coefficients a;; are weakly differentiable.
In such cases we will say that the elliptic operator is in the divergence form.

2.3 General linear elliptic PDEs
As in the previous section, we are interested in solving the PDE
Lu=f in,

subject to homogeneous Dirichlet boundary conditions on 02. Here we generalize the linear operator
L, and consider an operator of the form

Lu=— Z 6i(aij6ju) + Z (%(blu) + cu. (29)
ij=1 i=1

Notice that the leading order terms, as well as the first order terms are in the divergence form,
which will be useful when studying the weak formulation of the problem. If a;;,b; € C*(£2), then an
operator in non-divergence form can be always written in the divergence form, by possibly modifying
the coefficient of first and zeroth order terms. However, we will assume only boundedness of the
coefficients, thus, for the weak formulation the divergence form (of the highest order terms) is
necessary.

Definition 2.12. The operator L given by (2.9) is called elliptic at the point zg € €2, if the matrix
(ai;(xo)) is positive definite. And the operator will be elliptic in all of €, if it is elliptic at every
point.

We will assume the stronger notion of ellipticity, that of uniform ellipticity, given by the next
definition.

12



Definition 2.13. The operator L given by (2.9) is called uniformly elliptic in €, if there exists a
constant 6 > 0, such that

D7 aii(@)&&5 = 0l (2.10)
1,7=1

for z almost everywhere in {2 and every £ € R™.

Remark 2.14. Uniform ellipticity means that the eigenvalues of the matrix (a;;(x)) are bounded
from below by € uniformly in x almost everywhere in 2. We will use the uniform ellipticity with the
vector £ = Du, which will in turn allow us to control the integral of |Du|? in terms of the integral
of ZZ]’:I aij(?iuéju.

Example 2.15. The Laplacian, L = —A is uniformly elliptic, since the matrix of coefficients of the
leading order terms is the unit matrix, and thus the uniform ellipticity condition (2.10) holds with
0=1.

Let u € R, and consider the Dirichlet problem for the operator L + ul,

Lu+pu=f in Q,

u=20 on 0f). (2.11)

In the sequel we will always make the following assumptions on the operator L given by (2.9):
(i) (boundedness) the coefficient functions a;j;, b;, ¢ : @ — R satisfy

aij, bi,c € L™ () (2.12)

(ii) (symmetry in the leading terms) the coefficients of the leading terms are symmetric: a;; = aj;
(iii) (uniform ellipticity) the operator is uniformly elliptic, i.e. (2.10) holds.

To obtain the weak formulation for the problem (2.11), we proceed as before: multiply the
equation by a test function ¢ € CZ(Q), integrate over €2, and integrate by parts, assuming all the
functions as well as the domain are smooth. This leads to the condition that u € Hj () is a weak
solution of (2.11), if

JQ l zn: aijaiu6j¢ — Zn: bzualqﬁ + cug

ij=1 i=1

dx—i—,ufﬂ updx = {f, ¢ (2.13)

for all ¢ € HE ().
We define the bilinear form a : H} () x H}(Q) — R associated with the operator L as

a(u,v) = f l Z a3 0;u0;v — Z biud;v + cuv] dz. (2.14)
Q

i,j=1 i=1

This form is well-defined on H{ (£2), and is bounded as we will see later. Notice, however, that it is
not symmetric, unless b; = 0. Using this bilinear form, we can write the weak formulation (2.13) in
a more concise form.

Definition 2.16. Let Q € R” be open, f € H=1(), and L is given by (2.9), whose coefficients are
bounded, symmetric in the leading terms, and satisfy uniform ellipticity. Then u : 2 — R is a weak
solution of (2.11), if:

(i) uwe H(Q), and
(i)
a(u7 ¢) + /J/(’U,, ¢)L2 = <f7 ¢> for all ¢ € Hol(Q)a (215)
where (, )2 is the standard inner product of L?((2).
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Since the form a given by (2.14) is not symmetric unless b; = 0, we have
a(v,u) = a*(u,v),
where
a*(u,v) = JQ l Zn: a;;0;udjv — Zn: bi(O;u)v + cuv | dx. (2.16)
ij=1 i=1

This is the bilinear form associated with the formal adjoint L* of L,

L¥u = — Z 6i(aij6ju) — Z bzazu + cu. (217)

i,j=1 i=1

Using the weak formulation (2.15) via the bilinear form associated with the uniformly elliptic
operator L, we would like to prove the existence of a unique weak solution by a method similar to
the analogous proof for the Dirichlet Laplacian. In this case, however, the bilinear form a is not
symmetric, and cannot be used to define an inner product. Fortunately, a similar result to the Riesz
representation theorem holds for non-symmetric bilinear forms as well, which is due to Lax and
Milgram.

2.4 Lax-Milgram theorem, solvability of general elliptic PDEs

We will state the Lax-Milgram theorem in the general setting of an abstract Hilbert space H, and
will subsequently apply it to the bilinear form associated with the uniformly elliptic operator in the
Hilbert space H} ().

Theorem 2.17. (Laz-Milgram) Let H be a Hilbert space with the inner product (-,-) : H x H — R,
and letb : HxH — R be a bilinear form on H. Further assume that there exist constants C1,Cy > 0,
such that

(i) Cilul?, < b(u,u) for allueH
(i) 1b(u,v)| < Coflull3 vl for all u,veH.
Then for every bounded linear functional f : H — R, there exists a unique element u € H, such that
{f,v)y = b(u,v) for allve™H.

Remark 2.18. By using v = u in the second condition in the above theorem, we can understand the
two conditions as the two inequalities of the equivalence b(u,u) ~ |u|?,. The first condition is the
positive definiteness of the bilinear form, while the second condition is the boundedness. Thus the
Lax-Milgram theorem states that every bounded functional on a Hilbert space can be represented by
the functional b(u, -), provided the bilinear form b is bounded and positive definite. Since the inner
product is bounded and positive definite, we can see that the Lax-Milgram theorem generalized the
Riesz representation theorem, and in general no symmetry is assumed for the bilinear form b.

Proof. Notice that for every fixed u € H, the mapping v — b(u,v) is a bounded linear functional on
‘H. By the Riesz representation theorem there exists a unique element w € H, such that

b(u,v) = (w,v) for allveH.

Denote the operator mapping u to w by B, i.e. w = Bu, and b(u,v) = (Bu,v) for all v € H.

Using the hypothesis of the theorem, one can show that the operator B is linear, one to one, and
that the range of B, ran(B), is closed in H. These would imply that ran(B) = H. But then every
element of H has a preimage under B, and from the Riesz representation theorem for f, we have

{f,v) = (w,v) = (Bu,v) = b(u,v) forallveH,
where u is the preimage of the element w € H under the operator B.

Uniqueness follows from linearity of b, and condition (7). O
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To use the Lax-Milgram theorem to prove the existence of a unique weak solution of (2.11), we
need to show that the associated bilinear form satisfies the hypothesis of the theorem. This will
depend on the following energy estimates.

Theorem 2.19. Let a be the bilinear form on H}(Q) given by (2.14), and the coefficients are
bounded, symmetric in the higher order terms, and satisfy the uniform ellipticity condition (2.10).
Then there exist constants C1,Co > 0 and v € R, such that for all u,v € H}(Q), the following
estimates hold:

Crlully ) < ol w) + a0 (2.18)
|a(u, v)| < Collull gy @) llvll a @) (2.19)

Remark 2.20. The constant 7 in inequality (2.18) can be taken to be v = 6 — ¢, if b; = 0, and
v= 53" |bil2s + & — co, if b; # 0. Here 6 is the constant in the uniform ellipticity condition,
and ¢y = ess infqge.

Proof. The second inequality, (2.19), is the boundedness of the bilinear form a, and follows directly
from the boundedness of the coefficients.
The estimate (2.18) is a consequence of the uniform ellipticity. Indeed, by the uniform ellipticity,

0|Dul3. = HJ |Dul? dz < Z a;j0;ud;udr
Q ij=1

< a(u,u) + Z . bjud;u dx — L cu? dx

n
< a(u,u) + Y [bill g ul 2 |95 2 = colullZs-
i=1
Inequality (2.18) would follow, if one uses Cauchy’s inequality with e for the middle term on the

right, and hides the ||d;u|7. term with an € coefficient on the left. O

Remark 2.21. The estimate (2.18) is called Garding’s inequality, and it is the crucial a priori esti-
mate, that establishes the bound for the H{ norm of the solution in terms of the bilinear form of
the elliptic operator.

Using Theorem 2.19, we can now apply the Lax-Milgram theorem to problem (2.11).

Theorem 2.22. Let Q € R™ be open, f € H™H(Q), and L be the differential operator (2.9). Suppose
the coefficients are bounded, symmetric in the highest order terms, and satisfy the uniform ellipticity
condition, and let v € R be the constant for which Theorem 2.19 holds. Then for every pu = v there
ezists a unique weak solution u € HE(Q) of the Dirichlet problem (2.11).

Proof. For p € R, we define the bilinear form a,, : H} (Q) x H} () - R by
a1, 0) = alu, 0) + pa(u, ) 12, (2.20)

where a is the bilinear form associated with the operator L and is given by (2.14).

It is easy to see that a, is bounded. It also satisfies condition (i) of the Lax-Milgram theorem
by Garding’s inequality (2.18), provided p > v. Hence, we can apply the Lax-Milgram theorem to
show that for every f € H1(£2), there exists a unique function u € H}(Q2), such that

(fov) = a,(u,v)  for allv e Hy,
which is equivalent to u being a weak solution. O

Remark 2.23. The above proof of existence of a unique weak solution applies to L* given by (2.17)
as well, with a replaced by a* from (2.16) in the proof, even though the first order term is not in
the divergence form.
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2.5 Fredholm operators on Hilbert spaces

The solvability of the problem (2.11) for y large enough implies that the operator K = (L + ul)~ ! :
H Q) - HE(Q) is well defined and, as we will later see, bounded. If we restrict K to L?(f2), and
think of it as a map into L?(£2), then, provided (2 is bounded, the operator K will be compact, since
ran(K) c H}(Q), which is compactly embedded into L?(Q2) for bounded Q by Relich’s theorem.
The operator (L — AI)~! is called the resolvent of L, thus the above property states that L has a
compact resolvent. As we will see in the next section, this fact leads to characterization of solvability
of the equation Lu — \u = f for for arbitrary A € R, f € L?(Q). In this section we give the formal
definitions of compact and Fredholm operators on a Hilbert space, and state some of the properties
of such operators without proof.

Let H be a Hilbert space equipped with the inner product (,), and the associated norm | -||. The
space of bounded linear operators T : H — H is denoted by L£(#). This space is a Banach space
with respect to the operator norm

T
T=sup{x:xe7{,x¢0}.
x

The adjoint of T'€ L(#H) is the linear operator T* € L(#), such that
(Tz,y) = (z, T*y) for all z,y € H.
An operator is self-adjoint, if T = T*. The kernel and range of T' € L(H) are the subspaces
ker(T) ={x e H : Tz =0}, ran(T)={ye H :y = Tx for some x € H}.

Definition 2.24. A linear operator T € L(H) is called compact, if it maps bounded sets to pre-
compact sets.

This is equivalent to the following: for every bounded sequence {z,} < H, there exists a con-
verging subsequence of the sequence {Tx,}.

Example 2.25. Any bounded linear map of finite rank, i.e. a linear operator whose range is finite
dimensional is compact. As a consequence, every linear operator on a finite-dimensional Hilbert
space is compact.

For compact self-adjoint operators the following spectral theorem holds.

Theorem 2.26. Let T € L(H) be a compact self-adjoint operator. T has at most countably many
distinct real eigenvalues. If there are infinitely many eigenvalues {\,, € R,n € N}, then necessarily
An — 0 as n — 0. The eigenspace corresponding to each nonzero eigenvalue is finite dimensional,
and the eigenvectors associated with distinct eigenvalues are orthogonal. Moreover, H has an or-
thonormal basis consisting of eigenvectors of T, including those, if any, for eigenvalue zero.

Remark 2.27. The fact that the eigenvalues are real and the corresponding eigenspaces are mutually
orthogonal follows from self-adjointness of the operator. The compactness of the operator, on the
other hand, implies that the spectrum cannot have an accumulation point other than zero, since
otherwise we can always choose a bounded set consisting of unit pairwise orthogonal eigenvectors
corresponding to the eigenvalues converging to the nonzero accumulation point, which will not have
a precompact image. Hence, there can be at most countably many eigenvalues, and they must
converge to zero.

This spectral theorem will be used to characterize the spectrum of a uniformly elliptic self-adjoint
operator on a bounded domain via the spectrum of its compact resolvent.
We next turn to Fredholm operators.

Definition 2.28. A linear operator T' € L(H) is called a Fredholm operator, if

(i) ker(7T) has finite dimension
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(ii) ran(T) is closed, and has finite codimension.
The projection theorem for Hilbert spaces, coupled with property (i¢) in the definition implies
that H = ran(7T") @ ran(7T)*, and dimran(7T")* = codim ran(T") < 0.
Definition 2.29. If T'e £(#) is Fredholm, then the index of T' is the integer
ind(T) = dimker(7) — dim ran(T)*.

Example 2.30. Every linear operator T : H{ — H on a finite dimensional Hilbert space is Fredholm
with zero index, since any finite dimensional linear subspace is closed. The index will be zero due

to the formula
dimH = dimker(T") + dimran(T).

Example 2.31. The identity map I on any Hilbert space is Fredholm. Moreover, dimker(l) =
codim ran(I) = 0, and hence, ind(I) = 0.
Using the definition of the Fredholm operator, it’s not hard to see the following property.
Theorem 2.32. If T € L(H) is Fredholm, then so is T*, and
dimker(7T*) = codim ran(T), codim ran(7T*) = dimker(7), ind(7T*) = —ind(T).

One can show that the set of compact operators is open as a subset of L(H) in the topology of
the operator norm. Moreover, the set of Fredholm operators is closed under addition of compact
operators.

Theorem 2.33. Suppose T € L(H) is Fredholm, and K € L(H) is compact, then:

(i) There exists an € > 0, such that for any H € H with |H| < e, T + H is Fredholm. Moreover,
for every such operator, ind(T + H) = ind(T).

(ii) T + K is Fredholm and ind(T + K) = ind(T).

Remark 2.34. The first statement of the theorem implies that not only the set of Fredholm operators
is open in the operator norm topology, but that it is the union of connected components characterized
by the index.

For Fredholm operators with zero index the following result holds, know as the Fredholm al-
ternative, which characterizes the solvability of the linear equation corresponding to a Fredholm
operator.

Theorem 2.35. Let T' € L(H) be a Fredholm operator with ind(T') = 0, then one of the following
alternatives holds:

(1) ker(T*) = ker(T) = 0;ran(T) = ran(T*) = H.

(2) ker(T*) # 0;dimker(T) = dimker(T*) < oo;ran(T) = ker(T*)*, ran(T*) = ker(T)* .
Remark 2.36. The Fredholm alternative for the Fredholm operator 7' with zero index can be inter-

preted as the solvability of the linear equation Tx = y. Indeed, the two alternatives are equivalent
to the following:

(1) T*z = 0 has the only solution z = 0; and Tx = y has a unique solution = € H for every
y € H =ran(T).

(2) T*z = 0 has a nonzero solution, in which case the dimension of the solution space is equal to
the dimension of the solution space of the equation Tx = 0; the equation Tz = y is solvable,
iff (y, z) = 0 for every z solving T*z = 0.

Remark 2.37. The Fredholm alternative is a consequence of the fact that, if T'e L(#), then

H = ran(T) @ ker(T*), and ran(T) = ker(T*)*.

In the case of a Fredholm operator, there are finitely many solvability conditions expressed by the
orthogonality in the second alternative.
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2.6 The Fredholm alternative for elliptic equations

As we mentioned in the beginning of the previous section, Theorem 2.22 for the weak solvability
implies that the operator L + ul for p > + is invertible, and we may define the inverse operator
K = (L + pI)~!', which maps H~'(2) onto Hj(2). That is, Kf = u, iff a,(u,v) = {f,v) for all
v € H}(S2), where a,, is the bilinear form (2.20).

Clearly K is linear, and it is bounded due to the Garding inequality (2.18). Let us now assume
that  is bounded. If we restrict K to L?({2), and use the compact embedding of Hg(Q) — L?(Q)
for bounded domains, then the map

K : L*(Q) — H}(Q) — L*(Q)
maps bounded sets in L?(£2) to bounded sets in H}(Q), which are precompact in L?(Q2). Hence, as
a map from L?(Q2) to L?(Q2), K is compact.
If f € L*(Q), then for the dual pairing of H*(Q) and H}(Q2) we have {f,v) = (f,v)z2. Hence,
Kf=u iff a,(u,v)=(f,v)r2 for all v e Hy(9). (2.21)

Using the bilinear form af (u,v) = a*(u,v) + (u,v) 12, where a* is the bilinear form associated with
L*, the formal dual of L, given by (2.16), we can define the operator K* in a similar way:

K*g=v iff a}(v,u)=(g,u)r for all u e H} (). (2.22)
That is,
K* = (L* + :U’I)_1|L2(Q)-

It is not hard to see that K* is the adjoint of the operator K.

Theorem 2.38. The operator K defined by (2.21) is a linear bounded operator K : L*(Q)) — L%(2).
Its adjoint is the operator K* given by (2.22). If Q is bounded, then K is a compact operator.

Proof. Boundedness follows directly from Garding’s inequality (2.18). To show that K* is the adjoint
of K, take f, g€ L?(2), for which K f = u, K*g = v. Then using (2.21) and (2.22), we have

*®

(Kf,9)r> = (w,9)r2 = (g9, u)r> = ay(v,u) = au(u,v) = (f,v)2 = (f, K*g).

Compactness follows from Relich’s theorem, as explained above. O

Observe that, if K is compact on L?(f), then so is the operator 0 K for every o € R. But then
the operator (I + oK) will be Fredholm by Theorem 2.33, and ind(I + 0 K) = ind(I) = 0. Hence, the
Fredholm alternative, Theorem 2.35 holds for this operator. We then have a Fredholm alternative
for the elliptic operator (L — AI) as well, as encapsulated in the following theorem.

Theorem 2.39. Let 2 c R be open and bounded, and L is a uniformly elliptic operator (2.9), for
which Theorem 2.22 holds. Let L* be the formal adjoint of L, given by (2.17), and A € R. Then one
of the following alternatives holds:

(1) The only weak solution of the equation L*v — M = 0 is v = 0. For every f € L*(Q) there
exists a unique weak solution u € H}(Q) of the equation Lu — \u = f. In particular, the only
solution of Lu — Au =0 is u = 0.

(2) The equation L*v— A v = 0 has a nonzero weak solution v. The solution space of the equations
Lu — M = 0 and L*v — A = 0 are finite dimensional and have the same dimension. For
f e L3(Q) the equation Lu — Au = f has a weak solution u € H(Q), iff (f,v)r2 = 0 for every
weak solution v € H}(Q) of L*v — Av = 0, and if the solution u exists, it is not unique.
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Remark 2.40. Notice that for smooth u,v, for which we can perform integration by parts, (Lu,v) =
(u, L*v), and we can see that if Lu = f, then necessarily

(f,v) = (Lu,v) = (u, L*v) = 0

for all v solving L*v = 0. The Fredholm alternative implies that this condition is also sufficient for
the solvability of the elliptic equations, which is a consequence of the index of the operator I being
equal to zero.

Proof. Since K = (L + puI)~! is compact, and hence (I + oK) is Fredholm on L?(f2), the Fredholm
alternative, Theorem 2.35, holds for the equation

ut+ocKu=g u,g € L*(Q), (2.23)

for any o € R. We consider the two alternatives separately.

(1) Suppose the only solution of v + cK*v = 0 is v = 0. Then, applying (L* + pI) to this
equation, we see that the only solution of L*v+(u+0)v = 0is v = 0. The Fredholm alternative then
implies that for every g € L?(Q) there is a unique solution of (2.23). Now take an arbitrary function
f e L*(), and let g = K f, then the unique solution of (2.23) for this g will be in the range of K.
We may then apply (L + uI) to (2.23) to conclude that there is a weak solution u € ran(K) ¢ H}(Q)
of the equation

Lu+ (u+o)u=f. (2.24)

This solution must be unique, since otherwise (2.23) would have multiple solutions. Taking o =
—(M\ + ) leads to the first alternative in the theorem.

(2)  Suppose v + o K*v = 0 has a finite dimensional subspace of solutions v € L?(£2). Then
v=—cK*veran(K*), and applying (L* + uI) to this equation leads to

L*v+ (u+o)v =0.

By the Fredholm alternative, equation u + o Ku = 0 has a finite dimensional solution space of the
same dimension, and by applying (L + pI) to this, so does the equation

Lu+ (p+o)u=0.
Also, for any f € L?(Q), (2.23) is solvable for g = K f, if and only if (g,v) = 0 for all solutions v of
v+ oK*v=0. But

(0,9)12 = (0, K f)pr = (K*0, f)p2 = _%(v,f)m,

and hence Lu— Au = f will have a weak solution iff (2.23) does for 0 = —(A+p) and g = K f, which
by Fredholm alternative will happen iff (v, g) = 0, or equivalently (f,v) = 0 for every solution v of
v+ ocK*v = 0. But the solutions of the last equation are exactly the solutions of L*v — Av =0. O

2.7 The spectrum of a self-adjoint elliptic operator

Suppose L is a symmetric uniformly elliptic operator in some domain 2 — R™ of the form

Lu=— Z 0i(a;j05u) + cu, (2.25)

4,j=1

where a;; = aj;, and a;j,c € L*(Q). The associated symmetric bilinear form will be

a(u,v) = fﬂ < Z ai;0;u0;v + cuv) dx.

4,j=1
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If the domain Q is bounded, then the resolvent K = (L+pul)~! is a compact self-adjoint operator
on L?(Q) for p large enough. Hence, Theorem 2.26 holds for this K. Since, as we saw in the last
section, L has the same eigenfunctions as K, we have a corresponding spectral theorem for the
elliptic operator L.

Theorem 2.41. Let Q < R™ be open, bounded, then the operator L given by (2.25) has an increasing
sequence of real eigenvalues of finite multiplicity

)\1<)\2<)\3<<)\n<7

such that N\, — o0. Moreover, there is an orthonormal basis {¢, : n € N} of L*(Q) consisting of
eigenfunctions ¢, € H(Q), which are weak solutions of

Proof. First, notice that if K¢ = 0 for some ¢ € L?(Q2), then applying (L + pI) to this equation will
yield ¢ = 0, so K doesn’t have zero as one of its eigenvalues. This in particular will imply that K
must necessarily have infinitely many eigenvalues, since otherwise K could have only finitely many
linearly independent eigenfunctions, which could not span L?(f2).

Now if K¢ = k¢, for ¢ € L?(), then ¢ € ran(K) < H}(2), and applying (L + pl) to this

equation gives
1
Lo = ( - u) ¢
K

So ¢ is an eigenfunction of L corresponding to the eigenvalue A\ = 1/k — pu. This means that
a($, ¢) = N|¢||32, hence by Garding’s inequality (2.18),

Cilldlly < a(¢,d) +l¢lz2 = (A + 7ol

for some v € R. It follows that A > —v, and so the eigenvalues of L are bounded from below. The
limiting property follows from the spectral theorem for the compact operator K. O

Remark 2.42. The boundedness of the domain (2 is crucial, since otherwise the operator K may not
be compact, and the spectrum of L then may not be discrete. As an example, consider the Laplacian
L = —A on R”, which has the purely continuous spectrum [0, 00).
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3. Elliptic regularity theory

In this chapter we show that the solution to elliptic PDEs are smooth, provided so are the forcing
term and the coefficients of the linear operator. It is convenient to start with the interior regularity
of solutions.

3.1 Interior regularity

As a motivation to the regularity estimates, let us first consider the case of the Laplacian. Suppose
u e CP(R™). Integrating by parts twice, we get

(Au)? dz = i(afu) i(a]?u) dz = i (02u)(0%u) do = | [D2ul? da.
Jiawpac- [ (Saen) (Zem) - £ | f

i=1 ij=1
Thus, if Au = f, then we just computed that

|D*ull 2 = || £ L2

That is, we can control the L?-norm of all second order derivatives of u by the L? norm of the
Laplacian of w. This identity suggests that if f € L?, and v € H' is a weak solution of the
Poisson’s equation Au = f, then u € H?. However, the above computation may not work for weak
solutions that belong to H', since the use of second and higher weak derivatives is not justified in
the integration by parts.

Let us now consider the uniformly elliptic operator L given by

n

Lu=— Z @(aij@iu), (31)

ij=1

and the respective PDE
Lu=f inQ, (3.2)

where Q € R™ is open and f € L?(Q). It is straightforward, and will be apparent from the proof how
to extend the regularity theory to operators that contain lower-order terms.
We define a weak solution as the function u € H({2) that satisfies the identity

a(u,v) = (f,v) for all v e Hy(Q), (3.3)
where the bilinear form a associated with the elliptic operator (3.1) is given by
a(u,v) = Z J a;;0;ud;v dx. (3.4)
i,j=1"%

Notice that we do not impose any boundary condition, so the interior regularity theorem will apply
to any weak solution of (3.2), no matter what the boundary conditions are.

Before stating and proving the elliptic regularity theorem, let us first try to emulate the above
integration by parts method used in the case of the Laplacian for the elliptic operator (3.1). For the
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purpose of obtaining a local estimate for D?u on a subdomain ' € 2, we take a cut-off function
ne Cr(Q), such that 0 <7 < 1, and n =1 on '. As a test function we take

v = —0r(n?0pu). (3.5)
Multiplying (3.2) by v, and integrating over € gives (Lu,v) = (f,v)r2. Then integration by parts

gives

(Lu,v) = Z ,[Q j(ai;0;u)0 (n*Oxu) dx

ij=1

Z J‘ 6k(aij0¢u)0j(n26ku) dx
Q

t,j=1

Z J n?a;;(0;05u)(0;0ku) dx + F,
Q

ij=1

where F' contains all the remaining terms from the product rule, i.e.

F= L {n* (0kai;)(0;u)(0;0xu) + 210;n [ai; (0 0ku) (Oru) + (Okai;)(Oiu) (Oru)]} da

ij=1

Notice that F' is linear in the second order derivatives in u, which, as we will see, is crucial to
obtaining the a priori estimate for D?u. Using the definition of 1, and the uniform ellipticity with
the vector & = nD0diu, we see that

0| |Dopul?dr = OJ [nDoyul* do < Z J’ n?a;;(0;0ku)(0;0ru) dx = (f,v)p2 — F.
o Q

& ij=1

Using the definition of v, we can bound the (f,v)r2 term on the right as follows.

(Fo)ae = | FloPa) dz = | Flodkn(@) + 7 GFu) da
Q Q
<z lowul 2oy + 12 05wl 2o

1
<O (B + el + 11 + DOy ).

where we used Cauchy’s inequality with e for the term with second order derivatives of u. Since
second order derivatives of u enter only linearly into the F' term, we can bound it similarly to the
above.

1
F <0 (Wil + IDul3a00) + DBl ).

Combining these estimates, and absorbing all the second order derivative terms of u on the left hand
side (they enter the right hand side with a factor of €, which can be made small), we obtain the
estimate

IDavul 2y < € (11320 + Il ey ) - (3.6)

Remark 3.1. The H! norm on the right hand side of 3.6 can be bounded by the L? norm of f and
the L? norm of u essentially in the same way as above, by taking as a test function v = w. This will
lead to an estimate of the second order derivatives of u in terms of the L? norms of Lu and u.

Remark 3.2. Notice that in the derivation of (3.6) we assumed that u is twice differentiable (weakly)
from the beginning. However, if this is not know a priori, as is the case for a weak solution u € H?!,
one can not use second order derivatives, and instead must work with difference quotients. Obtaining
an estimate on the difference quotients of dxu uniformly in the size of the difference quotient, h, will
imply that u is twice weakly differentiable and is in H120C. This is the gist of the next result.
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Theorem 3.3. Let Q@ < R™ be open, and assume that L is given by (3.1) with the coefficients
a;; € CHQ), and f € L*(Q). If u e HY(Q) is a weak solution of (3.2), then u € H*(Y') for every
Q' € Q. Moreover,

a2y < € (I ey + by ) - (3.7)
where the constant C = C(n, a;j, Y, Q) is independent of u and f.

Proof. We use a similar argument to the one that lead to estimate (3.6) in the smooth case. Let
n € CF(Q) be a smooth cut-off function, such that 0 < n <1, and n = 1 on €. We use the following
test function in (3.3),

v=-D;" (UQDZU) e H}(Q).

Integrating by parts, we obtain

n

a(u,v) = — Z L aij(aiu)D,;haj (772D,}€Lu) de = Z \ D} (a;;0;u)0; (772D,2’u) dx

ij=1 ig=1
n
= Z f n*aly(Dyou) (Diou) do + F,
i,j=17%
where al';(x) = a;j(x + hey), and F contains all the remaining terms coming from the product rule,

F= Z LZ {r]2 (DZaij) (diu) (D,}gaju) + 2n0;n [a?j (DZ@iu) (DZu) + (D,Zaij) (Oiu) (DZu)] }dx.

ij=1
Using the uniform ellipticity of L with the vector & = nD} Du, we get
of 7’| DpDul? dz < ) f na;; (Dlou) (Dpoju) du.
Q P Q
i,j=1

From the weak formulation (3.3) and the above, we have
af n?| D Du|? dx < —J D" (*Ditu) da — F. (3.8)
Q Q

We estimate the right hand side of this inequality using Cauchy-Schwartz and Cauchy’s inequality
as was done in obtaining estimate (3.6).

U’sz D" (P Diu) dz| < ||f |2 1Dy " (7P Diu) |20

< If 2@ 10k (1P Diw) |22 (@)
< 2o (I Dol 2oy + 120(@kn) Dl )
< Iflzz@ (InDkdwulz@) + ClDulra(o ),

where we used the fact that 1 is compactly supported in €2, and hence the L? norm of the difference
quotient is bounded by the norm of the weak derivative for sufficiently small h.
We can similarly bound the F' term in (3.8),
IF| < € (IDul 120 [nD} Dul 2y + |1Dule ) -
Now, using these bounds in (3.8) gives,

0|nDi Dul72(q) = QL n*| D} Dul® d <C(HfHL2(Q)HUDZDU”B(Q) + ez ) | Dull L2 (0

+ [ Dul 20y 9Dk Dul 2oy + | Dl z(qy )
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Applying Cauchy’s inequality with € to the terms containing 7D} Du, and with constant 1 to the
rest of the terms, we obtain the bound

1
OnD}Dulta oy <C (1 f I3y + elnDiDulfaca) + 117200 + I1DulFey
1
+ <IDulfia ) + elnDiDulta o) + 1Dula(e )-

Finally, absorbing the ||17DQDu||%2(Q) terms on the right into the left hand side by choosing e
small enough, and using the fact that n = 1 on ', we arrive at the estimate

IDEDul sy < C (I 320y + IDul32()), (3.9)

where the constant C'= C(€, (Y, a;;) is independent of h,u, f. Notice that this estimate holds with
Q replaced by " in the norms on the right hand side, where Q' € Q" € Q.

We can estimate ||DuH%2(Q,,) in terms of <||f||2LQ(Q) + HuH%z(Q)) by taking v = (u € H}() in
(3.3), where ¢ € C*(Q) is a smooth cut-off function, such that 0 < ( <1 and ¢ =1 on ”. Then
uniform ellipticity of L implies

0 |Du|? dz SJ |¢Dul? < Z J C?a;;0;udju
o Q Q

3,j=1
2 2
< | fude <11z < (17 e + lelie) -

Combining this with (3.9) (where Q is replaced by Q" on the right) gives the estimate

IDEDul ey < C (112 + lulEa(@) )

which is uniform in h, hence, u has second weak derivatives which belong to L2(2'). Moreover,
estimate (3.7) holds. O

Remark 3.4. If the operator L contains lower order terms, then estimate (3.7) can be proved in
much the same way, with several more terms being estimated using Cauchy-Schwartz and Cauchy’s
inequality.

Remark 3.5. If u € HZ () and f € L?(f2), then equation Lu = f, where the derivatives are
understood in the weak sense, holds pointwise almost everywhere in (2. Such solutions are called
strong solutions to distinguish them from weak solutions that may not posses weak second order
derivatives, and from classical solutions, which have continuous second order derivatives. The last
theorem then implies that if L is uniformly elliptic, then any weak solution is necessarily a strong

solution.
The repeated application of the interior elliptic regularity estimate (3.7) leads to higher interior
regularity.

Theorem 3.6. Let Q < R™ be open, and assume that L is given by (3.1) with the coefficients
ai; € C*YL(Q), and f e HH(Q). If ue HY(Q) is a weak solution of (3.2), then uwe H?(Q) for every
Q' € Q. Moreover,

Julleeacary < C (1 Brsgay + a3z
where the constant C = C(n, k, a;;, Y, Q) is independent of u and f.

The proof of this theorem uses induction on k and arguments similar to those in the proof of
Theorem 3.3. The details are left as an exercise. Note that if the hypothesis of the theorem hold for
k> %, then fe C(Q), and u € C?(2), so u is a classical solution of Lu = f. Furthermore, if f and
a;; are smooth, then so is the solution.
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Corollary 3.7. Ifa;;, f € C*(Q), and u € H*(Q) is a weak solution of (3.2) with L given by (3.1),
then u € C* ().

The proof of the corollary is left as an exercise, with the observation that smoothness is a local
property, so it is enough to show that u € C* (') for every open subset Q' € Q.
We observe that Remark 3.4 applies to Theorem 3.6 also, as well as to the last Corollary.

3.2 Boundary regularity
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4. Variational methods

In this chapter we revisit the question of weak solvability of elliptic PDE’s via a variational approach.
The calculus of variations methods have the advantage of being applicable to more general, including
nonlinear problems, which differs from the purely linear methods based on the Riesz representation
theorem. Although most of what we discuss can be directly generalized to general second order
uniformly elliptic operators, here we will consider only the Laplacian.

4.1 The Derivative of a functional

Let X be a Banach space, and F' a continuous functional on X, i.e., a continuous, but not necessarily
linear map from X to R. We will define the derivative and differentiability of such maps in analogy
to the finite dimensional case F' : R™ — R. Recall that for such functions of several variables the
derivative at a point z € R™ in the direction of y € R", F'(z)y = DF(z) - y = D, F(z) is defined to
be

F(x+ey) — F(x)

’ BT
R

Differentiability requires the stronger condition of local linearity,
Flz+y) - F(z) = A(z)y +o(lyl), asy—0,

where A(z) is a linear map from R™ to R. Of course in this case the directional derivative F’(x)y
must exactly coincide with A(x)y, so the directional derivative F'(z)y must be linear in y. Indeed,
for differentiable functions on R™, the directional derivative simply becomes F'(x)y = DF(z) - y,
where DF(z) is the gradient of F at . So we can think of F’(z) as a linear functional on R", that is,
F'(z) € (R™)*, where (R™)* is the dual space of R”, and the derivative F’ as a map F’ : R® — (R™)*.

In analogy to functions on R"™, we define the directional derivative of a functional F': X — R on
any Banach space X as

F - F
F'(x)y = lim (z+ <) (x)
e—0 €
If the directional derivative at the point x € X exists in every direction y € X, then the functional F'
is called Gateaux differentiable. We further define Fréchet differentiability of F' by the local linearity
condition, i.e. F is (Fréchet) differentiable at x, if there exists a linear functional A(z) : X — R, so
that
F(z+y) - F(x) = A(z)y +o(lyl),  asy—0.

Similar to the R™ case, we can see that Fréchet differentiability implies Gateaux differentiability,
and the directional derivative F'(z)y must be linear in y. Then the derivative becomes a map from
X to its dual X*, I’ : X — X*. We say that F is C!, if this map is continuous. From now own we
will mean differentiability in the Fréchet sense.
A point z € X is called a critical point of a differentiable functional F', if F'(z) = 0 as a linear
map, i.e.
F'(x)y =0, for all y € X.

If F' has the form of an action integral for some Lagrangian, then the last condition is equivalent to
the Euler-Lagrange equation satisfied by x.
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We further observe that if F' attains its global minimum at x, then z must be a critical point
of F. Indeed, if we define f(t) = F(x + ty), where t € R, then ¢ = 0 must be a minimum point for
f. Hence, f'(0) = F'(x)y = 0. Since this can be done for every y, we see that z must be a critical
point of F.

Definition 4.1. A functional F : X — R on a Banach space X is called coercive, if there exists
constants C'y > 0, C € R, such that

F(z) > Cy|z|% —Cy  forallze X. (4.1)

Remark 4.2. Notice that coercive functionals are bounded from below, since F'(z) > —Cy > —o0. In
this case F' will achieve its global minimum, if there exists € X, such that F((z) = inf{F(z) : z € X}.
Graphically, one can visualize coercivity as a condition for the graph of F(x) to lie above some
parabola in |z| x.

Remark 4.3. Coercivity can also be used to show boundedness of a sequence {z,} c X, provided
the sequence {F(z,)} < R™ is bounded. In this sense, if one considers a “generalized norm” |z|% =
F(z)+Cs|z|%, then (4.1), along with boundedness of F will imply the equivalence of this generalized
norm to the Banach space norm |z x.

Our goal in this chapter is to establish weak solvability of elliptic equations by showing the
existence of a global minimizer for a suitably chosen functional. This minimizer then will be a
critical point for the functional, and by the choice of the functional, also a weak solution of the
corresponding equation. If we denote I = inf{F'(z) : € X}, then there exists a sequence {z;} c X,
such that F'(z;) — I. But then the sequence {F(xz;)} is bounded, which implies the boundedness
of the sequence {z,}. If X is finite dimensional, then the boundedness of the sequence would imply
by compactness that there is a converging subsequence z;, — x € X, which would be a minimizer
for X. If, however, X is infinite dimensional, then bounded sets need not be precompact. In this
case we will rely on weakly convergent subsequences, which exist by the Banach-Alaoglu theorem,
provided X is reflexive, and the following property of functionals.

Definition 4.4. A continuous functional F' on a Banach space X is called weakly lower semicon-
tinuous, if

F(z) < liminf F(z;), whenever z; — x weakly in X.
VEmdssl

4.2 Solvability for the Dirichlet Laplacian

Let Q < R™ be open and bounded and f € L?(2). We consider the question of weak solvability of
the Dirichlet problem for the Laplacian,

Au=f in Q,

u=0 on 0f). (4.2)

Let us define the functional

F(u) = JQ <;|Du|2 + fu) dx, (4.3)

which is well defined for functions u € X = H}(Q) by Cauchy-Schwartz. We use the definition of
partial derivatives to find F’(u)v:

F'(u)v = lim So GID(u+ ev)? + f(u+v)) du—§g (51Dul* + fu) do

e—0 €

-k : 1Dul?
—ll_I)r(l) Q(Du Dv+2|Dv| —I—fv) dx.

Hence,

F'(u)v = JQ (Du - Dv + fv) dx. (4.4)
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Notice that F'(u)v is linear in v, and F'(u) is bounded in H¢ (), since
|F'(w)v| < [ Dulpz2@) Dol 2 0) + 1 £z lvlz20) < Cllvlla: @

by Cauchy Schwartz, where C' = C(u, f). The function F is differentiable everywhere in H}(Q),
since

1 1
[P +0) = F(u) = F'w)e] = 5 | 1D do < 51D0ls o) = ollolmgn)

We further check that F is C* on X = H{(£2). For this, observe that

|(F’(u) — F'(v)) w| =

J (Du — Dv) - Dwdx
Q

< [D(u =02 @ Dwl L2 @) < fu = vlx|w]x,

hence,

|F () — F'(0)]xs = sup 1) = F (@) w]

— 0, as |u—v|x — 0.
w0 Jwlx

So F': X — X* is a continuous map.

We see from (4.4) that if u is a critical point for F, then it is a weak solution of (4.2). Then to
prove the existence of a weak solution for the Dirichlet problem (4.2) it is enough to find a critical
point of the functional (4.3). We will do this by showing the existence of a minimizer for F', i.e. that
F attains its minimum on H} ().

Let us start by checking that F is coercive on Hj(£2). Indeed,

1 1
Q Q

But

1 €2 1 €2
fﬂ |fuldze < [ fllr2@)llulr@) < ?Hf\\iz(g) + 5”“”?}(9) S @Hf“%?(sz) + CEHD“H%z(Q)a

where we used Cauchy’s inequality with €, and Poincaré’s inequality. Hence, by choosing e small
enough, we have

1 1 €2 1
F(u) 2 §HDU||2L2(Q) - ?”f”%?(m - C;”“”%?(Q) = 1||DUHL2(Q) —C2 = Ci|uf i) — Co,

where we again used Poincaré’s inequality in the last step. So F is indeed coercive, and as a
consequence, is also bounded from below.

Define I = inf{F(u) : w € H}(Q)}. There exists a sequence {u;} ¢ H}(Q2), such that F(u;) — I.
But coercivity implies that the sequence {u;} is bounded. By the compactness of the embedding
H}(Q) — L?(£2), there exists a subsequence {u;, } which converges in L?({2), i.e. there exists u €
L*(Q), such that u;, — u in L?. By Banach-Alaoglu’s theorem, we can take a further subsequence,
which we will also call {u;, }, which converges weakly in H}(£2). That is, there exists u' € H}(12),
such that uj, — u’ weakly in H{(£2). But since the same subsequence converges in L?, and hence
also weakly in L? to u, we must have v =/, and in particular, u € H}(Q). We claim that this u is
a minimizer for F', indeed,

1 1 1
F(u) = 51 Dulla(q) + j fuds = SJull g - 5 lul i + j fudz

. 1 1
< lim inf {QUjk g0y = 3 lin ez + L fug, dﬂﬁ}

= liminf F(u;, ) =1,

Je—>%L

where we used the fact that the norm of a Hilbert space is weakly lower semicontinuous. So u must
be a critical point for F', and, hence, a weak solution of (4.2). The uniqueness of this weak solution
can be proved by showing that F' defined by (4.3) is strictly convex on Hg ().
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We chose the Dirichlet condition in (4.2) to be homogeneous for simplicity, but the above varia-
tional method can be used to show weak solvability in the case of inhomogeneous boundary conditions
as well, which we briefly discuss next. Consider the following Dirichlet problem for the Laplacian,

Au=0 in Q,

u=g on 0, (4.5)

where g € H'(Q) (g is identified with its preimage under the trace map). We can express the
boundary condition via the requirement that (u — g) € H3(Q) (c.f. Remark 2.2). Then the weak
solution must belong to the admissibility set

A={uH'(Q): (u—9g)e Hi(Q)} ={u=g+v:ve Hy(Q)}.

Now, if we define the functional

1

F(u) == | |Dul*dz, (4.6)
2 Jo

then the minimizer of F' on the admissibility set A will be a weak solution of (4.5). Indeed, defining

f(t) = F(u+tv) for v e H}(Q), we see that ¢ = 0 is a minimum point for f, hence, f'(0) = F’(u)v = 0.

Since this can be done for every v € Hg(£2), we have

Du - Dvdx =0, for all v e Hy(9),
Q

which means that u is a weak solution of (4.5). Thus, to show the existence of a weak solution, it is
enough to find a minimizer for (4.6) over the set A. Let us denote I = inf{F(u) : u e A} > 0. We
can find a sequence {u; = g+v;} < A, for which F'(u;) — I, then from coercivity of F' the sequence
{u;} must be bounded, and hence the sequence {v;} © H{(Q) must be bounded as well. But then
the existence of a minimizer of F' on 4 can be shown exactly as before, by extracting a subsequence
of {v;} that converges to some v € H}(2) both in L?(2) and weakly in H}(2). Then u = g + v will
be a minimizer for F'. The details are left as an exercise.

4.3 Constrained optimization and application to eigenvalues

In the previous section we were concerned in minimizing a C' functional F associated with the
Dirichlet problem for the Laplacian. Similarly, we may have C! functionals F : X — R and
G : X — R on a Banach space X, and want to minimize F'(z) subject to the constraint G(z) = 0.
The constraint is equivalent to the admissibility set C = {x € X : G(x) = 0}, which is a closed linear
subspace of X as the null set of a continuous functional G. It turns out that one has the Lagrange
multiplier condition for functionals as well, i.e. if o € C minimizes F' subject to the constraint
G(z) =0, then F'(zo) must be a constant multiple of G'(xg).

Theorem 4.5. Suppose F and G are C* functionals on a Banach space X. Let xg € X be such that
G(zo) = 0, and xg is a local extremum of F' on the constraint set C = {x : G(x) = 0}. Then either

(i) G'(x0)y =0 for ally e X, or
(i) there exists p € R, such that F'(xo)y = pG'(xo)y for ally e X.

The proof is left as an exercise. Here we show how this theorem can be used to give a variational
characterization of the eigenvalues of the Laplacian.

Let Q < R™ be open, bounded, with sufficiently smooth boundary. We say A is en eigenvalue for
the Laplacian L = —A, if there exists a nontrivial solution of

Au+du=0 in Q,

u =0 on 01, (4.7)
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Let us study the weak solutions u € Hg(£2) of (4.7), which satisfy
f Du - Dvdzx = )\J uv dx, for all v € Hy (Q). (4.8)
Q Q

From elliptic regularity theory these solutions must be smooth, and hence the pair (A, u) will also
solve (4.7) in the classical sense. However, in this section we understand solutions in the weak sense
(4.8), and use the variational approach on H}(f2) to characterize the eigenvalues.

By linearity a solution (A,u) determines a one-dimensional eigenspace of solutions, {au} c
Hj(Q). We can normalize these solutions by e.g. requiring that |lu];2(q) = 1. This condition will
then act as a constraint. Let us define the functionals

F(u) = f | Dul|? da and G(u) = J wdr — 1.
Q Q
These functionals are well defined on H}(2), and are C*, with derivatives

F'(u)v=2| Du-Duvdx and  G'(u)v = ZJ uv da.

Q Q
If u € H}(Q) minimizes F subject to the constraint G(u) = 0, then according to Theorem 4.5 there
exists p € R, such that (4.8) is satisfied with A = pu, since if G'(u) = 0, then v = 0, and u does
not satisfy the constraint |u[z2() = 1. Hence, to find a solution of the weak eigenvalue problem
(4.8), it is enough to find a minimizer of F' on the constraint set C = {u € H}(Q) : G(u) = 0}. But
this is a subspace of the Hilbert space H}(f2) as the nullset of a continuous functional G, and we
can use exactly the same minimization procedure as in the last section to find a minimizer u with
|ullz2(q) = 1, such that F(u) = I = inf{F(u) : u € C}. Furthermore, if we take v = u in (4.8), we
get

I=F(u)= f |Du|? dz = /\f u?dr = \.
Q Q
Thus, we can also define A by the Rayleigh quotient

Dul?d
A= inf M
werl (@) o u?da

From the last identity it is also clear that the best constant in Poincaré’s inequality for € is exactly
the principal eigenvalue of the Dirichlet Laplacian on €. Notice that clearly A > 0, and if A = 0,
then F(u) = 0, hence |Du| = 0 a.e. But, since u € H}(€2), this would mean that u = 0 contradicting
the assumption that v € C. Hence, A > 0. We will denote this solution of the weak eigenproblem
(48) by (Al,ul).

To find the other eigenvalues, we first observe that if w; and us are normalized eigenfunctions
corresponding to distinct eigenvalues A\; and Ag respectively, then

(A —/\Q)J, wusdr = | Mujus da:—J, U Aol dx = Du-Dvdx—f Du-Dvdzx =0,
Q Q

Q Q Q

which is, of course, a consequence of the self-adjointness of the Laplacian. Thus, SQ uiug dr =
(u1,u2)r2(0) = 0, since A\; # A2. So we should look for uy in the orthogonal complement to the
subspace spanned by w1, that is, in the space

X ={ve Xy =Hy(Q) : (v,u1)r2() = 0}.

Since X3 is the nullspace of the continuous function (-,u1)r2(q) on H}(Q), it must be closed, and
thus is itself a Hilbert space with the same inner product as H}(Q2). We can then obtain the second
eigenvalue A2 by minimizing F' on X5 subject to the constraint G(v) = 0, which will give

. . |Dv|? da
A2 = inf{F(v) : v e X, and |v|r2(q) = 1} = ule%i SQSQdex’
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and A\ = F(v) is attained at some v = uy € X. Since Xy © X7, it is clear that Ay = \;.
Proceeding inductively, we define X,, = {v € H}(Q) : (v,ui)p2(q) = 0 fori = 1,2,...,n — 1}.
Then [ 2
Dol|? dx
A, = inf{F(v) : v e X,, and Z 1} = jnf 220N
inf{F(v) :ve and [|v]z2(q) } Jmf [0 dz
is an eigenvalue, which is attained at u, € X,. This procedure will generate the sequence of

eigenvalues
O<As<Ah<--<A <.,

whose associated eigenfunctions u,, are orthonormal in L?():
(wn, Un)L2(Q) = HUH%Q(Q) =1, and (wn, um)L2(Q) =0if n # m.

As we know from section 2.7, the sequence of eigenvalues A\, — o0, a trivial consequence of
which is that each A, occurs only finitely many times. Thus, the eigenspace associated with a given
eigenvalue is finite dimensional. One can also show that the set of eigenfunctions {u,} forms an
orthonormal basis of L?(£2).
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