4. Solvability of elliptic PDEs

4.1 Weak formulation

Let us first consider the Dirichlet problem for the Laplacian with homogeneous boundary conditions
in a bounded open domain 2 ¢ R” with C'' boundary,

—Au=f in ), (4.1)
u=0 on Q. (4.2)

Assuming that u, f : @ — R are smooth functions, and multiplying the equation by a test
function ¢ € CF(Q), we obtain

- L Aupdr = JQ foda.

Integrating by parts, and discarding the boundary terms due to the compact inclusion of the support
of ¢ in 2, we arrive at

Du-D¢dx = f fodx for all ¢ € CL(Q). (4.3)
Q Q

Conversely, if f and Q are smooth, then any smooth u satisfying (4.3) is necessarily a solution of
(4.1). However, notice that (4.3) makes sense under much weaker assumptions on 2, u and f. There
is a flexibility in how to weaken the assumptions on u, so for the added structure of Hilbert spaces,
we will consider the case of the derivatives of u in the weak sense being in L?(Q2). Then, if Du is
in L?, which will be the case if we assume that v € H(2), then the right hand side of (4.3) is well
defined by the Cauchy-Schwartz inequality for all ¢ € C¥ (), and by extension, for all ¢ € H}(Q),
which is the closure of C(2) under the H! norm. The right hand side of (4.3) will be well defined
for all ¢ € H}, if f € L?, or more generally, for all f € H~* = (H}(2))*, in which case we understand
the right hand side of (4.3) as a dual pairing of f and ¢.

Notice that if we understand the solution u in the weaker sense that it only belongs to H*(£2), then
the Dirichlet condition (4.2) is not suited for such functions, since they are defined up to almost
everywhere, and 02 has n-dimensional Lebesgue measure zero. We thus weaken the boundary
condition to hold in the trace sense, i.e., by requiring that the solution u € H'(Q2) have trace zero
on the boundary 0. But these are exactly Hg () functions.

All of the above motivates the following definition.

Definition 4.1. Let Q < R™ be open, f € H (). A function u :  — R is called a weak solution
of (4.1)-(4.2), if

(i) we H(Q), and
(i)
f Du-D¢dr = {f,v)  forall p € H}(Q). (4.4)
Q
The right hand side of (4.4) is the dual pairing, and the weak solution is understood to be a

‘function’ in L? sense, i.e. it’s an equivalence class with respect to the almost everywhere pointwise
equality.
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Remark 4.2. The boundary conditions (4.2) were assumed to be homogeneous for simplicity, however
the general case of non-homogeneous boundary conditions can be reduced to this case as follows.
Assume that g : 02 — R is in the range of the trace operator T': H*(Q) — L2?(09Q), say g = Tw,
then the weak formulation for the Dirichlet problem

—Au=f inQ,
u=g onof),

is obtained by replacing u in Definition 4.1 by (u —w) € H}(Q), and f by —A(u —w) = f + Aw =
f € H1. Otherwise the definition is the same.

Remark 4.3. The roots of the weak formulation (4.4) lie in the variational approach to Dircihlet’s
problem, in which one looks for a solution to the Dirichlet problem as the minimizer to the energy
functional

J(u) = %JQ | Dul? do — {f, u).

By properly defining the (Fréchet) derivative of this functional, and considering the minimization
problem of J : H}(2) — R, one can show that the minimizer must be a weak solution of (4.1) in
the sense of the Definition 4.1.

4.2 Existence of weak solutions of the Dirichlet problem

Using the weak formulation given by definition 4.1, the existence of weak solutions becomes an
immediate consequence of the Riesz representation theorem for a suitably defined Hilbert inner
product over Hg(£2), which induces an equivalent norm to the standard | - | H1(Q) DOrm.

Theorem 4.4. Let Q € R™ be open, bounded in some direction, and f € H=*(2). Then there erists
a unique weak solution u € HE(Q) of the Dirichlet problem (4.1)-(4.2) in the sense of Definition 4.1.

Proof. We define a binary operation on H}(2) as follows
(u,v)p = f Du - Dvdz. (4.5)
Q

It’s easy to see that this binary operation is an inner product over Hg(£2), provided © is bounded
in some direction, and that the induced norm, | - o, defined by |ullo = (u,u)o, is equivalent to the
standard norm |- | m1(e) by Poincaré’s inequality. This then implies that the space H () equipped
with the (,)o inner product is a Hilbert space, and f € H () is a bounded linear functional on
(HL(9),(,)0)- But then by Reisz representation theorem, there exists a unique function u € Hg (),
such that

(u, 0o =(f, ¢y forall ¢ € Hy(Q), (4.6)

which is equivalent to u being a weak solution. O

This approach to weak solvability of the Dirichlet problem for Laplace’s equation can be gener-
alized to other elliptic operators. We consider several examples of such (symmetric) operators, and
will consider non-symmetric elliptic operators in the next section.

Example 4.5. Consider the Dirichlet problem for the operator L = —A + I,

—Aut+u=f inQQ,
u=0 onodf.

We call u € H}(Q) a weak solution of this problem, if
J (Du - D¢ +up)dx = {f,v)  for all ¢ € Hy(Q).
Q
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In analogy to (4.6) This is equivalent to the condition that

(u,0)1 =(f, ¢y  forall ¢ € Hy(Q), (4.7)

where (,); is the standard inner product on H{(f2). Hence, the Riesz representation theorem will
again imply the existence of a unique weak solution.

Remark 4.6. In this example 2 € R™ is a general open set, and doesn’t have to be bounded in some
direction, since we used the standard inner product, and thus do not rely on Poincaré’s inequality
to prove equivalence of induced norms. Moreover, (4.7) implies that [u[g1 = [f[z-1, and hence,

the operator L = —A + I is an isometry of H}(Q2) onto H 1(1).

Example 4.7. We can slightly generalize the previous example, by considering the operator L =
—A+ ul, where 1 > 0 is a real number. Given an open domain 2 € R", and f € H~1(12), a function
u € H}(Q) is a weak solution of the Dirichlet problem

—Au+pu=f inQ,
u=0 ondf,

if (u,¢), = {f, ¢y for all p € H}(Q2), where
(u,v), = J (Du - Dv + puv) dx.
Q

It’s easy to see that the norm |||, induced by this inner product is again equivalent to the standard
norm, precisely because p > 0. Hence, Riesz representation theorem again will imply the existence
of a unique weak solution.

Example 4.8. To generalize the result of the previous example to the case of 1 < 0, we have to
guarantee that the resulting binary operation still defines an inner product, with the associated
norm being equivalent to the standard norm. If Poincaré’s inequality holds for the domain Q with
some constant C, i.e. Hu”iz(g) < C’HDuHQLQ(Q)7 then we will have

f pu? da > —C’|u|j |Dul? dz,
Q Q
and hence, also

1= Clul)
), = Dul? + pu®)dz = (1 - C JDde(i )
() = [ (DU + gy o > (1= Cll) | 1D do > S o
Thus, if —1/C < p < 0, then |uf, defines a norm on H}(f2) equivalent to the standard norm
(the other inequality is trivial). The existence of unique solution will then again follow from Riesz
representation theorem.

Remark 4.9. For bounded domains the Dirichlet Laplacian has an infinite sequence of real eigenvalues
{\ : n € N}, and it can be shown that the best constant (smallest constant, giving the sharpest
inequality) in the Poincaré inequality is exactly the principal eigenvalue A\;. Then the above method
won’t work for u < —1/XA;. Notice that when p = —\,, not only the solution may not exist for
an arbitrary f € H~1(£2), but even if a weak solution exists, it will not be unique, since adding an
eigenfunction to a solution will still be a solution. Hence, we do not expect existence of a unique
weak solution when p < —1/C', where C' is the best constant in the Poincaré inequality.

Example 4.10. As the last example before embarking on the study of solvability for general elliptic
operators, let as consider the operator

Lu=— zn: 6i(aij6ju), (48)

i,j=1
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where the coefficients are assumed to be bounded, symmetric (a;; = a;;), and satisfy the uniform
ellipticity condition. That is, for some 6 > 0,

Z a;;(x)&:&5 = 6|¢)? for all z € 2, and all £ € R™.
ij=1

The function u € H}(Q2) will be a weak solution of the Dirichlet problem for this operator,

Lu=f inQ,
u=0 on df,
if
a(u, @) = {f, ¢y  forall g € H}(Q),

where a : H} () x H}(Q) — R is the symmetric bilinear form associated with the operator, and is
given by

n
a(u,v) = Z J a;;05u0;v da.
i,j=179

Now, if {2 is bounded in some direction, then boundedness of a;;, uniform ellipticiy, and the
Poincaré inequality will imply that the symmetric bilinear form a defines an inner product on
H}(Q), with the induced norm being equivalent to the standard norm of H{(£2). This will again
imply that f € H=! is a bounded linear functional on the Hilbert space (H3(2),a), and hence the
Riesz representation theorem will once again imply the existence of a unique weak solution of the
Dirichlet problem for this operator.

Remark 4.11. The bilinear form a of course arises from integration by parts of the left hand side of
the equation after multiplying by the function v. Thus, having the derivative in front of the entire
term a;;0;u is crucial, since we are not assuming that the coefficients a;; are weakly differentiable.
In such cases we will say that the elliptic operator is in the divergence form.

4.3 Generel linear elliptic PDEs
As in the previous section, we are interested in solving the PDE
Lu=f in,

subject to homogeneous Dirichlet boundary conditions on 02. Here we generalize the linear operator
L, and consider an operator of the form

Lu=— Z 6i(aij6ju) + Z (%(blu) + cu. (49)
ij=1 i=1

Notice that the leading order terms, as well as the first order terms are in the divergence form,
which will be useful when studying the weak formulation of the problem. If a;;,b; € C*(£2), then an
operator in non-divergence form can be always written in the divergence form, by possibly modifying
the coefficient of first and zeroth order terms. However, we will assume only boundedness of the
coefficients, thus, for the weak formulation the divergence form (of the highest order terms) is
necessary.

Definition 4.12. The operator L given by (4.9) is called elliptic at the point zg € €2, if the matrix
(ai;(xo)) is positive definite. And the operator will be elliptic in all of €, if it is elliptic at every
point.

We will assume the stronger notion of ellipticity, that of uniform ellipticity, given by the next
definition.
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Definition 4.13. The operator L given by (4.9) is called uniformly elliptic in 2, if there exists a
constant 6 > 0, sich that

D7 aii(@)&&5 = 0l (4.10)
1,7=1

for z almost everywhere in {2 and every £ € R™.

Remark 4.14. Uniform ellipticity means that the eigenvalues of the matrix (a;;(x)) are bounded
from below by € uniformly in x almost everywhere in 2. We will use the uniform ellipticity with the
vector £ = Du, which will in turn allow us to control the integral of |Du|? in terms of the integral
of ZZ]’:I aij(?iuéju.

Example 4.15. The Laplacian, L = —A is uniformly elliptic, since the matrix of coefficients of the
leading order terms is the unit matrix, and thus the uniform ellipticity condition (4.10) holds with
0=1.

Let u € R, and consider the Dirichlet problem for the operator L + ul,

Lu+pu=f in Q,

u=20 on 0f). (4.11)

In the sequel we will always make the following assumptions on the operator L given by (4.9):
(i) (boundedness) the coefficient functions a;j;, b;, ¢ : @ — R satisfy

aij, bi,c € L™ () (4.12)

(ii) (symmetry in the leading terms) the coefficients of the leading terms are symmetric: a;; = aj;
(iii) (uniform ellipticity) the operator is uniformly elliptic, i.e. (4.10) holds.

To obtain the weak formulation for the problem (4.11), we proceed as before: multiply the
equation by a test function ¢ € CZ(Q), integrate over €2, and integrate by parts, assuming all the
functions as well as the domain are smooth. This leads to the condition that u € Hj () is a weak
solution of (4.11), if

JQ l zn: aijaiu6j¢ — Zn: bzualqﬁ + cug

ij=1 i=1

dx—i—,ufﬂ updx = {f, ¢ (4.13)

for all ¢ € HE ().
We define the bilinear form a : H} () x H}(Q) — R associated with the operator L as

a(u,v) = f l Z a3 0;u0;v — Z biud;v + cuv] dz. (4.14)
Q

i,j=1 i=1

This form is well-defined on H{ (£2), and is bounded as we will see later. Notice, however, that it is
not symmetric, unless b; = 0. Using this bilinear form, we can write the weak formulation (4.13) in
a more concise form.

Definition 4.16. Let Q € R” be open, f € H=1(), and L is given by (4.9), whose coefficients are
bounded, symmetric in the leading terms, and satisfy uniform ellipticity. Then u : 2 — R is a weak
solution of (4.11), if:

(i) uwe H(Q), and
(i)
a(u7 ¢) + /J/(’U,, ¢)L2 = <f7 ¢> for all ¢ € Hol(Q)a (415)
where (, )2 is the standard inner product of L?((2).
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Since the form a given by (4.14) is not symmetric unless b; = 0, we have
a(v,u) = a*(u,v),
where
a*(u,v) = JQ l Zn: a;;0;udjv — Zn: bi(O;u)v + cuv | dx. (4.16)
ij=1 i=1

This is the bilinear form associated with the formal adjoint L* of L,

L¥u = — Z 6i(aij6ju) — Z bzazu + cu. (417)

i,j=1 i=1

Using the weak formulation (4.15) via the bilinear form associated with the uniformly elliptic
operator L, we would like to prove the existence of a unique weak solution by a method similar to
the analogous proof for the Dirichlet Laplacian. In this case, however, the bilinear form a is not
symmetric, and cannot be used to define an inner product. Fortunately, a similar result to the Riesz
representation theorem holds for non-symmetric bilinear forms as well, which is due to Lax and
Milgram.

4.4 Lax-Milgram theorem, solvability of general elliptic PDEs

We will state the Lax-Milgram theorem in the general setting of an abstract Hilbert space H, and
will subsequently apply it to the bilinear form associated with the uniformly elliptic operator in the
Hilbert space H} ().

Theorem 4.17. (Laz-Milgram) Let H be a Hilbert space with the inner product (-,-) : H x H — R,
and letb : HxH — R be a bilinear form on H. Further assume that there exist constants C1,Cy > 0,
such that

(i) Cilul?, < b(u,u) for allueH
(i) 1b(u,v)| < Coflull3 vl for all u,veH.
Then for every bounded linear functional f : H — R, there exists a unique element u € H, such that
{f,v)y = b(u,v) for allve™H.

Remark 4.18. By using v = u in the second condition in the above theorem, we can understand the
two conditions as the two inequalities of the equivalence b(u,u) ~ |u|?,. The first condition is the
positive definiteness of the bilinear form, while the second condition is the boundedness. Thus the
Lax-Milgram theorem states that every bounded functional on a Hilbert space can be represented by
the functional b(u, -), provided the bilinear form b is bounded and positive definite. Since the inner
product is bounded and positive definite, we can see that the Lax-Milgram theorem generalized the
Riesz representation theorem, and in general no symmetry is assumed for the bilinear form b.

Proof. Notice that for every fixed u € H, the mapping v — b(u,v) is a bounded linear functional on
‘H. By the Riesz representation theorem there exists a unique element w € H, such that

b(u,v) = (w,v) for allveH.

Denote the operator mapping u to w by B, i.e. w = Bu, and b(u,v) = (Bu,v) for all v € H.

Using the hypothesis of the theorem, one can show that the operator B is linear, one to one, and
that the range of B, ran(B), is closed in H. These would imply that ran(B) = H. But then every
element of H has a preimage under B, and from the Riesz representation theorem for f, we have

{f,v) = (w,v) = (Bu,v) = b(u,v) forallveH,
where u is the preimage of the element w € H under the operator B.

Uniqueness follows from linearity of b, and condition (7). O
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To use the Lax-Milgram theorem to prove the existence of a unique weak solution of (4.11), we
need to show that the associated bilinear form satisfies the hypothesis of the theorem. This will
depend on the following energy estimates.

Theorem 4.19. Let a be the bilinear form on H}(Q) given by (4.14), and the coefficients are
bounded, symmetric in the higher order terms, and satisfy the uniform ellipticity condition (4.10).
Then there exist constants C1,Co > 0 and v € R, such that for all u,v € H}(Q), the following
estimates hold:

Crlully ) < ol w) + a0 (418)
|a(u, v)| < Collull gy @) llvll a @) (4.19)

Remark 4.20. The constant 7 in inequality (4.18) can be taken to be v = 6 — ¢, if b; = 0, and
v= 53" |bil2s + & — co, if b; # 0. Here 6 is the constant in the uniform ellipticity condition,
and ¢y = ess infqge.

Proof. The second inequality, (4.19), is the boundedness of the bilinear form a, and follows directly
from the boundedness of the coefficients.
The estimate (4.18) is a consequence of the uniform ellipticity. Indeed, by the uniform ellipticity,

0|Dul3. = HJ |Dul? dz < Z a;j0;ud;udr
Q ij=1

< a(u,u) + Z . bjud;u dx — L cu? dx

n
< a(u,u) + Y [bill g ul 2 |95 2 = colullZs-
i=1
Inequality (4.18) would follow, if one uses Cauchy’s inequality with e for the middle term on the
right, and hides the ||d;u|7. term with an € coefficient on the left. O

Remark 4.21. The estimate (4.18) is called Garding’s inequality, and it is the crucial a priori esti-
mate, that establishes the bound for the H{ norm of the solution in terms of the bilinear form of
the elliptic operator.

Using Theorem 4.19, we can now apply the Lax-Milgram theorem to problem (4.11).

Theorem 4.22. Let Q € R™ be open, f € H™H(Q), and L be the differential operator (4.9). Suppose
the coefficients are bounded, symmetric in the highest order terms, and satisfy the uniform ellipticity
condition, and let v € R be the constant for which Theorem 4.19 holds. Then for every pu = v there
ezists a unique weak solution u € HE(Q) of the Dirichlet problem (4.11).

Proof. For p € R, we define the bilinear form a,, : H} (Q) x H} () - R by
a1, 0) = alu, 0) + pa(u, ) 12, (4.20)

where a is the bilinear form associated with the operator L and is given by (4.14).

It is easy to see that a, is bounded. It also satisfies condition (i) of the Lax-Milgram theorem
by Garding’s inequality (4.18), provided p > v. Hence, we can apply the Lax-Milgram theorem to
show that for every f € H1(£2), there exists a unique function u € H}(Q2), such that

(fov) = a,(u,v)  for allv e Hy,
which is equivalent to u being a weak solution. O

Remark 4.23. The above proof of existence of a unique weak solution applies to L* given by (4.17)
as well, with a replaced by a* from (4.16) in the proof, even though the first order term is not in
the divergence form.
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4.5 Fredholm operators on a Hilbert spaces

The solvability of the problem (4.11) for y large enough implies that the operator K = (L + ul)~ ! :
H Q) - HE () is well defined and, as we will later see, bounded. If we restrict K to L?({2), and
think of it as a map into L?(£2), then, provided (2 is bounded, the operator K will be compact, since
ran(K) c H}(Q), which is compactly embedded into L?(Q2) for bounded Q by Relich’s theorem.
The operator (L — AI)~! is called the resolvent of L, thus the above property states that L has a
compact resolvent. As we will see in the next section, this fact leads to characterization of solvability
of the equation Lu — \u = f for for arbitrary A € R, f € L?(Q). In this section we give the formal
definitions of compact and Fredholm operators on a Hilbert space, and state some of the properties
of such operators without proof.

Let H be a Hilbert space equipped with the inner product (,), and the associated norm | -||. The
space of bounded linear operators T : H — H is denoted by L£(#). This space is a Banach space
with respect to the operator norm

T
T=sup{x:xe7{,x¢0}.
x

The adjoint of T'€ L(#H) is the linear operator T* € L(#), such that
(Tz,y) = (z, T*y) for all z,y € H.
An operator is self-adjoint, if T = T*. The kernel and range of T' € L(H) are the subspaces
ker(T) ={x e H : Tz =0}, ran(T)={ye H :y = Tx for some x € H}.

Definition 4.24. A linear operator T € L(H) is called compact, if it maps bounded sets to pre-
compact sets.

This is equivalent to the following: for every bounded sequence {z,} < H, there exists a con-
verging subsequence of the sequence {Tx,}.

Example 4.25. Any bounded linear map of finite rank, i.e. a linear operator whose range is finite
dimensional is compact. As a consequence, every linear operator on a finite-dimensional Hilbert
space is compact.

For compact self-adjoint operators the following spectral theorem holds.

Theorem 4.26. Let T € L(H) be a compact self-adjoint operator. T has at most countably many
distinct real eigenvalues. If there are infinitely many eigenvalues {\,, € R,n € N}, then necessarily
An — 0 as n — 0. The eigenspace corresponding to each nonzero eigenvalue is finite dimensional,
and the eigenvectors associated with distinct eigenvalues are orthogonal. Moreover, H has an or-
thonormal basis consisting of eigenvectors of T, including those, if any, for eigenvalue zero.

Remark 4.27. The fact that the eigenvalues are real and the corresponding eigenspaces are mutually
orthogonal follows from self-adjointness of the operator. The compactness of the operator, on the
other hand, implies that the spectrum cannot have an accumulation point other than zero, since
otherwise we can always choose a bounded set consisting of unit pairwise orthogonal eigenvectors
corresponding to the eigenvalues converging to the nonzero accumulation point, which will not have
a precompact image. Hence, there can be at most countably many eigenvalues, and they must
converge to zero.

This spectral theorem will be used to characterize the spectrum of a uniformly elliptic self-adjoint
operator on a bounded domain via the spectrum of its compact resolvent.
We next turn to Fredholm operators.

Definition 4.28. A linear operator T' € L(H) is called a Fredholm operator, if

(i) ker(7T) has finite dimension

18



(ii) ran(T) is closed, and has finite codimension.
The projection theorem for Hilbert spaces, coupled with property (i¢) in the definition implies
that H = ran(7T") @ ran(7T)*, and dimran(7T")* = codim ran(T") < 0.
Definition 4.29. If T'e £(#) is Fredholm, then the index of T' is the integer
ind(T) = dimker(7) — dim ran(T)*.

Example 4.30. Every linear operator T : H{ — 7 on a finite dimensional Hilbert space is Fredholm
with zero index, since any finite dimensional linear subspace is closed. The index will be zero due

to the formula
dimH = dimker(T") + dimran(T).

Example 4.31. The identity map I on any Hilbert space is Fredholm. Moreover, dimker(l) =
codim ran(I) = 0, and hence, ind(I) = 0.
Using the definition of the Fredholm operator, it’s not hard to see the following property.
Theorem 4.32. If T € L(H) is Fredholm, then so is T*, and
dimker(7T*) = codim ran(T), codim ran(7T*) = dimker(7), ind(7T*) = —ind(T).

One can show that the set of compact operators is open as a subset of L(H) in the topology of
the operator norm. Moreover, the set of Fredholm operators is closed under addition of compact
operators.

Theorem 4.33. Suppose T € L(H) is Fredholm, and K € L(H) is compact, then:

(i) There exists an € > 0, such that for any H € H with |H| < e, T + H is Fredholm. Moreover,
for every such operator, ind(T + H) = ind(T).

(ii) T + K is Fredholm and ind(T + K) = ind(T).

Remark 4.34. The first statement of the theorem implies that not only the set of Fredholm operators
is open in the operator norm topology, but that it is the union of connected components characterized
by the index.

For Fredholm operators with zero index the following result holds, know as the Fredholm al-
ternative, which characterizes the solvability of the linear equation corresponding to a Fredholm
operator.

Theorem 4.35. Let T' € L(H) be a Fredholm operator with ind(T') = 0, then one of the following
alternatives holds:

(1) ker(T*) = ker(T) = 0;ran(T) = ran(T*) = H.

(2) ker(T*) # 0;dimker(T) = dimker(T*) < oo;ran(T) = ker(T*)*, ran(T*) = ker(T)* .
Remark 4.36. The Fredholm alternative for the Fredholm operator 7' with zero index can be inter-

preted as the solvability of the linear equation Tx = y. Indeed, the two alternatives are equivalent
to the following:

(1) T*z = 0 has the only solution z = 0; and Tx = y has a unique solution = € H for every
y € H =ran(T).

(2) T*z = 0 has a nonzero solution, in which case the dimension of the solution space is equal to
the dimension of the solution space of the equation Tx = 0; the equation Tz = y is solvable,
iff (y, z) = 0 for every z solving T*z = 0.

Remark 4.37. The Fredholm alternative is a consequence of the fact that, if T'e L(#), then

H = ran(T) @ ker(T*), and ran(T) = ker(T*)*.

In the case of a Fredholm operator, there are finitely many solvability conditions expressed by the
orthogonality in the second alternative.
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4.6 The Fredholm alternative for elliptic equations

As we mentioned in the beginning of the previous section, Theorem 4.22 for the weak solvability
implies that the operator L + ul for p > + is invertible, and we may define the inverse operator
K = (L + pI)~!', which maps H~'(2) onto Hj(2). That is, Kf = u, iff a,(u,v) = {f,v) for all
v € H}(S2), where a,, is the bilinear form (4.20).

Clearly K is linear, and it is bounded due to the Garding inequality (4.18). Let us now assume
that  is bounded. If we restrict K to L?({2), and use the compact embedding of Hg(Q) — L?(Q)
for bounded domains, then the map

K : L*(Q) — H}(Q) — L*(Q)
maps bounded sets in L?(£2) to bounded sets in H}(Q), which are precompact in L?(Q2). Hence, as
a map from L?(Q2) to L?(Q2), K is compact.
If f € L*(Q), then for the dual pairing of H*(Q) and H}(Q2) we have {f,v) = (f,v)z2. Hence,
Kf=u iff a,(u,v)=(f,v)r2 for all v e Hy(9). (4.21)

Using the bilinear form af (u,v) = a*(u,v) + (u,v) 12, where a* is the bilinear form associated with
L*, the formal dual of L, given by (4.16), we can define the operator K* in a similar way:

K*g=v iff a}(v,u)=(g,u)r for all u e H} (). (4.22)
That is,
K* = (L* + :U’I)_1|L2(Q)-

It is not hard to see that K* is the adjoint of the operator K.

Theorem 4.38. The operator K defined by (4.21) is a linear bounded operator K : L*(Q)) — L*(£2).
Its adjoint is the operator K* given by (4.22). If Q is bounded, then K is a compact operator.

Proof. Boundedness follows directly from Garding’s inequality (4.18). To show that K* is the adjoint
of K, take f, g€ L?(2), for which K f = u, K*g = v. Then using (4.21) and (4.22), we have

*®

(Kf,9)r> = (w,9)r2 = (g9, u)r> = ay(v,u) = au(u,v) = (f,v)2 = (f, K*g).

Compactness follows from Relich’s theorem, as explained above. O

Observe that, if K is compact on L?(f), then so is the operator 0 K for every o € R. But then
the operator (I + oK) will be Fredholm by Theorem 4.33, and ind(I + oK) = ind(I) = 0. Hence, the
Fredholm alternative, Theorem 4.35 holds for this operator. We then have a Fredholm alternative
for the elliptic operator (L — AI) as well, as encapsulated in the following theorem.

Theorem 4.39. Let 2 c R be open and bounded, and L is a uniformly elliptic operator (4.9), for
which Theorem 4.22 holds. Let L* be the formal adjoint of L, given by (4.17), and A € R. Then one
of the following alternatives holds:

(1) The only weak solution of the equation L*v — M = 0 is v = 0. For every f € L*(Q) there
exists a unique weak solution u € H}(Q) of the equation Lu — \u = f. In particular, the only
solution of Lu — Au =0 is u = 0.

(2) The equation L*v— A v = 0 has a nonzero weak solution v. The solution space of the equations
Lu — M = 0 and L*v — A = 0 are finite dimensional and have the same dimension. For
f e L3(Q) the equation Lu — Au = f has a weak solution u € H(Q), iff (f,v)r2 = 0 for every
weak solution v € H}(Q) of L*v — Av = 0, and if the solution u exists, it is not unique.
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Remark 4.40. Notice that for smooth u,v, for which we can perform integration by parts, (Lu,v) =
(u, L*v), and we can see that if Lu = f, then necessarily

(f,v) = (Lu,v) = (u, L*v) = 0

for all v solving L*v = 0. The Fredholm alternative implies that this condition is also sufficient for
the solvability of the elliptic equations, which is a consequence of the index of the operator I being
equal to zero.

Proof. Since K = (L + puI)~! is compact, and hence (I + oK) is Fredholm on L?(f2), the Fredholm
alternative, Theorem 4.35, holds for the equation

ut+ocKu=g u,g € L*(Q), (4.23)

for any o € R. We consider the two alternatives separately.

(1) Suppose the only solution of v + cK*v = 0 is v = 0. Then, applying (L* + pI) to this
equation, we see that the only solution of L*v+(u+0)v = 0is v = 0. The Fredholm alternative then
implies that for every g € L?(Q) there is a unique solution of (4.23). Now take an arbitrary function
f e L*(), and let g = K f, then the unique solution of (4.23) for this g will be in the range of K.
We may then apply (L + uI) to (4.23) to conclude that there is a weak solution u € ran(K) ¢ H}(Q)
of the equation

Lu+ (u+o)u=f. (4.24)

This solution must be unique, since otherwise (4.23) would have multiple solutions. Taking o =
—(M\ + ) leads to the first alternative in the theorem.

(2)  Suppose v + o K*v = 0 has a finite dimensional subspace of solutions v € L?(£2). Then
v=—cK*veran(K*), and applying (L* + uI) to this equation leads to

L*v+ (u+o)v =0.

By the Fredholm alternative, equation u + o Ku = 0 has a finite dimensional solution space of the
same dimension, and by applying (L + pI) to this, so does the equation

Lu+ (p+o)u=0.
Also, for any f € L?(Q), (4.23) is solvable for g = K f, if and only if (g,v) = 0 for all solutions v of
v+ oK*v=0. But

(0,9)12 = (0, K f)pr = (K*0, f)p2 = _%(v,f)m,

and hence Lu— Au = f will have a weak solution iff (4.23) does for 0 = —(A+p) and g = K f, which
by Fredholm alternative will happen iff (v, g) = 0, or equivalently (f,v) = 0 for every solution v of
v+ ocK*v = 0. But the solutions of the last equation are exactly the solutions of L*v — Av =0. O

4.7 The spectrum of a self-adjoint elliptic operator

Suppose L is a symmetric uniformly elliptic operator in some domain 2 — R™ of the form

Lu=— Z 0i(a;j05u) + cu, (4.25)
ij=1
where a;; = aj;, and a;j,c € L*(Q). The associated symmetric bilinear form will be

a(u,v) = fﬂ < Z ai;0;u0;v + cuv) dx.

4,j=1
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If the domain Q is bounded, then the resolvent K = (L+pul)~! is a compact self-adjoint operator
on L?(Q) for p large enough. Hence, Theorem 4.26 holds for this K. Since, as we saw in the last
section, L has the same eigenfunctions as K, we have a corresponding spectral theorem for the
elliptic operator L.

Theorem 4.41. Let Q < R™ be open, bounded, then the operator L given by (4.25) has an increasing
sequence of real eigenvalues of finite multiplicity

)\1<)\2<)\3<<)\n<7

such that N\, — o0. Moreover, there is an orthonormal basis {¢, : n € N} of L*(Q) consisting of
eigenfunctions ¢, € H(Q), which are weak solutions of

Proof. First, notice that if K¢ = 0 for some ¢ € L?(Q2), then applying (L + pI) to this equation will
yield ¢ = 0, so K doesn’t have zero as one of its eigenvalues. This in particular will imply that K
must necessarily have infinitely many eigenvalues, since otherwise K could have only finitely many
linearly independent eigenfunctions, which could not span L?(f2).

Now if K¢ = k¢, for ¢ € L?(), then ¢ € ran(K) < H}(2), and applying (L + pl) to this

equation gives
1
Lo = ( - u) ¢
K

So ¢ is an eigenfunction of L corresponding to the eigenvalue A\ = 1/k — pu. This means that
a($, ¢) = N|¢||32, hence by Garding’s inequality (4.18),

Cilldlly < a(¢,d) +l¢lz2 = (A + 7ol

for some v € R. It follows that A > —v, and so the eigenvalues of L are bounded from below. The
limiting property follows from the spectral theorem for the compact operator K. O

Remark 4.42. The boundedness of the domain (2 is crucial, since otherwise the operator K may not
be compact, and the spectrum of L then may not be discrete. As an example, consider the Laplacian
L = —A on R”, which has the purely continuous spectrum [0, 00).
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