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Ferrofluid droplets have been widely used in a number of cutting-edge applications in

microfluidics, biomedicine, and microrheology. In many cases, the droplet is simulta-

neously subjected to a hydrodynamic flow and an external magnetic field. However,

the response of a ferrofluid droplet under these forces in terms of deformation, incli-

nation, and potential break-up into smaller droplets is not yet fully understood. In

this work, we present a numerical study of the dynamics of a two-dimensional fer-

rofluid droplet suspended in a non-magnetic, immiscible liquid when the two-phase

fluid undergoes a simple shear flow under the action of an external, uniform mag-

netic field. The model consists of the magnetostatic Maxwell’s equations and the

incompressible Navier-Stokes equations with additional terms that take into account

both magnetic and capillary forces on the droplet. The resulting system of fully cou-

pled, non-linear equations is accurately solved with the Projection Method together

with the Level Set Method to capture the droplet interface. Our results show that

the external magnetic field strongly affects the droplet deformation and inclination

relative to the flow. We investigate the effects of the external field-induced droplet

distortion on the viscosity of the resulting complex fluid when the two-phase liquid

is viewed as a dilute emulsion of ferrofluid droplets. Notably, the viscosity of the

ferrofluid emulsion can be either dramatically increased or decreased depending on

the intensity and direction of the external magnetic field. We also analyze for the first

time the effects of the external magnetic field on the break-up process of ferrofluid

droplets undergoing large deformations. Remarkably, the external magnetic field can

be adjusted to control the droplet break-up process both in terms of time to break-up

and size of satellite droplets. These new insights indicate the potential of external

magnetic fields as tunable tools to control the rheology of ferrofluid emulsions and

topology of ferrofluid droplets in shear flows.
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I. INTRODUCTION

Ferrofluid emulsions are two-phase mixtures consisting of ferrofluid droplets suspended

in a non-magnetic, immiscible liquid. Their macroscopic behavior is dictated by complex

physical phenomena that occur at the microscopic level, such as droplet deformation, ro-

tation, and break-up, which, in turn, are ruled by the combined action of hydrodynamic

and magnetic effects. As a consequence, suspensions of ferrofluid droplets are complex flu-

ids whose response under flow can be controlled by external magnetic fields. As recently

reviewed by Torres-Dı́az and Rinaldi1, there is a wide range of applications supporting the

growing research on the behavior of ferrofluid droplets as magnetically controllable fluids.

For instance, their interaction with external magnetic fields have been extensively explored

in microfluidics2,3 and biomedical processes, such as targeted drug delivery4–6 and restora-

tive treatment of retinal detachment7–9. Recently, new microrheology techniques based on

the field-induced motion of an immersed ferrofluid droplet have been proposed for measur-

ing the viscosity and surface tension of liquids10,11. Thus, a fundamental understanding of

the behavior of ferrofluid droplets under the combined action of hydrodynamic flows and

external magnetic fields is essential for improving existing applications and developing new

technologies.

Since the pioneering works of Sherwood12 and Séro-Guillaume, Zouaoui, Bernardin, and

Brancher13, the response of ferrofluid droplets to external magnetic fields has been substan-

tially investigated. Fundamental studies on the equilibrium shape of ferrofluid droplets under

applied fields14–18 and on the field-induced motion of ferrofluid droplets suspended in non-

magnetic liquids19–21 abound. It has also been shown that external magnetic fields play an

important role on formation and break-up of ferrofluid droplets in microfluidic systems22–26,

viscous fingering phenomena in Hele-Shaw cells27,28, self-assembly of ferrofluid droplets into

ordered structures29, and spreading of ferrofluid droplets30,31.

Notwithstanding, most of the research to date has centered on the interaction of ferrofluid

droplets and magnetic fields in a quiescent flow. One exception is the recent numerical

work presented by Jesus, Roma, and Ceniceros32 on the dynamics of a three-dimensional

ferrofluid droplet in shear flows under external magnetic fields. However, due to the high

computational cost of the simulations, the authors did not address large droplet deformations

and break-up conditions. Other works that deserve special attention are the ones presented
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by Hassan, Zhang, and Wang33 and Capobianchi, Lappa, and Oliveira34, which focused on

the deformation, inclination, lateral migration and transient relaxation of ferrofluid droplets

in simple shear flows under the influence of external magnetic fields. However, the effects of

the external field on the viscosity of the resulting ferrofluid emulsion and droplet break-up

process due to large deformations were not explored either.

In this work, we present a detailed numerical study on the response of a two-dimensional

ferrofluid droplet suspended in a non-magnetic, immiscible liquid when the system under-

goes the combined action of a simple shear flow and an external, uniform magnetic field.

We are able to explore large deformations and droplet break-up by employing a highly ac-

curate interface capturing method to compute the topological changes of the droplet surface

when the rupture occurs. The mathematical modeling couples the magnetostatic Maxwell’s

equations and the incompressible Navier-Stokes equations with additional terms related to

magnetic and capillary forces. The model is solved with the Project Method together with

the Level Set method to capture the dynamics of the droplet interface. Our results indicate

that the magnetic field can drastically affect the droplet deformation and inclination in the

flow, which, in turn, play a key role in the effective viscosity of the resulting dilute emulsion

of ferrofluid droplets. We also show that the intensity and direction of the external magnetic

field can be adjusted to control the droplet break-up process both in terms of break-up time

and size of the satellite droplet.

The remainder of this article is organized as follows. In Section II, we present the math-

ematical modeling of the problem, including the governing equations and dimensionless pa-

rameters. Section III summarizes the numerical methodology used in the simulations. The

numerical results are presented and discussed in Section IV, and some concluding remarks

are given in Section V. Further details of the numerical resolution are given in Appendix A.

II. MATHEMATICAL MODEL

A. Problem formulation

Consider a channel between two parallel plates filled with a non-magnetizable liquid in

which there is a suspended, neutrally buoyant, ferrofluid droplet. The continuous phase

has viscosity η and magnetic permeability µ0, which is assumed to be equal to the magnetic
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permeability of the free space (that is, µ0 = 4π×10−7 H·m−1). The ferrofluid droplet, which

is initially circular with radius a and centered at the channel center, has viscosity λη and

magnetic permeability ζµ0. Both phases are assumed to be Newtonian and incompressible,

and the two-phase fluid can be seen as a dilute emulsion of ferrofluid drops. The system is

subjected to a simple shear flow with shear rate γ̇ caused by the movement of the channel

walls in opposite directions. Notice that the flow is symmetric with respect to the droplet

initial position and the velocity along the channel centerline is zero. Furthermore, the

system is also subjected to an external, uniform external magnetic field H0 that can be

either parallel or perpendicular to the main flow direction (that is, the x-direction). Figure

1 shows a sketch of the problem in which the external magnetic field is parallel to the

flow direction; the ferrofluid droplet is confined in the region Ωi (bounded by Γi) and the

continuous phase occupies the region Ωo (bounded by Γo).

Continuous phase: η, μ0

Ferrofluid 
droplet: λη, ζμ0

Ωo

Ωi

Γo

H0 H0

Uniform 
magnetic

field

Γi

Simple shear flow γ
.

x

y

FIG. 1. Sketch of the problem (not to scale).

B. Governing equations for the magnetic and hydrodynamic problems

The applied magnetic field affects the magnetization M of the ferrofluid, which, in turn,

contributes to the magnetic induction as B = µ0(H + M), where H is the magnetic field.

In the absence of electric currents, H and B satisfy the magnetostatic Maxwell’s equations:
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∇·B = 0 and ∇×H = 0. We further assume that the ferrofluid is superparamegnetic, such

that M = χH, where χ is the magnetic susceptibility. This assumption leads to B = µ0ζH,

where µ0ζ = µ0(1 + χ) is the magnetic permeability of the dispersed ferrofluid phase. Since

H is an irrotational field, there is a scalar potential ψ that satisfies H = −∇ψ. Then, the

magnetic problem is reduced to

∇ ·
(
µ0ζ(x)∇ψ

)
= 0, (1)

where x is the position vector. In Eq. (1), the permeability ratio ζ = ζ(x) is extended to

the entire fluid domain, being equal to the unit for the continuous phase.

The two-phase fluid flow is governed by the incompressible Navier-Stokes equations, as

follows,

∇ · u = 0, (2)

ρ
Du

Dt
= −∇p+∇ ·

[
λ(x)η

(
∇u +∇uT

)]
+ Fm + Fs, (3)

where u is the velocity field, ρ is the density, t is the time, p is the pressure field, Fm is

the magnetic force (density) on the ferrofluid phase, and Fs is the capillary force (density)

on the droplet interface. Notice that viscosity ratio λ = λ(x) is also extended to the entire

domain, being equal to one for the continuous phase. The magnetic force is given by35

Fm = µ0M ·∇H = µ0 (ζ(x)− 1) H ·∇H, and the capillary force is defined as Fs = −σκδsn,

where σ is the interfacial tension, κ is the curvature, δs is a Dirac delta distribution on the

liquid-liquid interface, and n is the unit normal vector outward the droplet surface. Notice

that the interaction between the droplet and the basis liquid is purely hydrodynamic, that

is, except for capillary effects, there is no additional stress induced by the ferrofluid phase

in the absence of an external magnetic field.

We non-dimensionalize the governing equations by using the following dimensionless vari-

ables: u∗ = u/γ̇a, t∗ = tγ̇, x∗ = x/a, p∗ = p/(ρa2γ̇2), and H∗ = H/‖H0‖. Dropping the

superscript ∗ to alleviate the notation, the dimensionless form of Eqs. (2) and (3) becomes
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∇ · u = 0, (4)

Du

Dt
= −∇p+

1

Re
∇ ·
[
λ(x)

(
∇u +∇uT

)]
+
Camag

CaRe
(ζ(x)− 1) H · ∇H

− 1

CaRe
κδsn. (5)

Three dimensionless numbers appear in the formulation: (i) the Reynolds number, Re =

ργ̇a2/η, which represents the ratio of inertial to viscous forces; (ii) the capillary number,

Ca = ηaγ̇/σ, which denotes the ratio of viscous to capillary forces; and (iii) the magnetic

capillary number, Camag = µ0a||H0||2/σ, which represents the ratio of magnetic to capillary

forces. Notice that the magnetic capillary number plays the same role as the magnetic

Bond number recently used by Jesus et al.32 and Hassan et al.33 to study the dynamics of

ferrofluid droplets in shear flows under external magnetic fields. These three dimensionless

groups together with the viscosity and magnetic permeability ratios, λ and ζ, respectively,

are the main parameters of the model. For the reader interested in typical dimension values

for the fluid properties, external field intensity, and droplet size used in experiments and

practical applications, we suggest the review by Torres-Dı́az and Rinaldi1 and references

therein.

Boundary conditions are needed to solve Eqs. (1), (4) and (5), as follows: (i) for the

magnetic potential field, we impose a constant flux condition at the four boundaries to obtain

an external, uniform magnetic field; notice that these fluxes can be zero or not depending on

the direction of the external field, which can be either parallel or perpendicular to the main

flow direction; (ii) for the velocity field, we consider the no-slip condition at the channel walls

together with periodic boundary conditions in the flow direction; and (iii) for the pressure

field, we apply the no-flux condition at the channel walls and periodic boundary conditions

in the flow direction.

Finally, it is worth mentioning that the two-phase system can be seen as a dilute emulsion

of ferrofluid droplets. To analyze the effect of the external magnetic field on the emulsion

rheology, we consider the emulsion reduced viscosity, which is defined as36

[η] =
〈σxy〉 − ηγ̇

ηγ̇β
, (6)

where 〈σxy〉 is the volume-averaged shear stress on the moving walls and β is the volume

fraction of the dispersed phase.
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C. Level set formulation for droplet dynamics

Since the droplet shape, position, and even topology change in time, we are dealing

with a free-boundary problem. Here, we capture the droplet dynamics with the Level Set

method37. The interface between the liquids is represented at all times as the zero-level set

of a scalar-valued function φ(x, t), such that, for each time t, the droplet surface is the set of

points x such that φ(x, t) = 0. The level set function is advected by the flow field according

to

∂φ

∂t
+ u · ∇φ = 0. (7)

The level set function also serves as an indicator or maker function to evaluate the piece-

wise constant λ(x) and ζ(x), such that the discontinuities across the liquid-liquid interface

are replaced by smooth transitions occurring in a thin region of size ε. To this end, we

consider a mollified Heaviside function defined as

Hε(φ) =


0, if φ < −ε,
1

2

[
1 +

φ

ε
+

1

π
sin

(
πφ

ε

)]
, if |φ| ≤ ε,

1, if φ > ε.

(8)

The piecewise constant λ(x) and ζ(x) are then replaced by the smooth functions λε(φ) =

λ+ (1− λ)Hε(φ) and ζε(φ) = ζ + (1− ζ)Hε(φ). The level set function is also used to define

a mollified Dirac delta distribution,

δε(φ) =
∂Hε(φ)

∂φ
=


0, if |φ| > ε,

1

2ε

[
1 + cos

(
πφ

ε

)]
, if |φ| ≤ ε,

(9)

as well as the unit normal vector outward the droplet surface, n = ∇φ/|∇φ|, and the droplet

curvature, κ = ∇ · (∇φ/|∇φ|). Those definitions are then used to couple the magnetic and

hydrodynamic governing equations with the level set function, leading to a model valid

throughout the entire domain of the two-phase fluid flow.
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III. NUMERICAL METHODOLOGY

A. Numerical scheme

The numerical methodology employed in this work consists of three main components:

(i) a second-order method for the elliptic problem governing the magnetic potential field,

ψ; (ii) a second-order non-stiff Projection Method for the hydrodynamic problem governing

the velocity and pressure fields, u and p; and (iii) a high-order Total Variation Diminishing

(TVD) scheme to advance the level set function, φ. A uniform staggered grid is used for the

discretization of the problem domain.

A standard second-order finite difference is used for the spatial discretization of Eqs.

(1), (4), and (5). The elliptic problem for the magnetic potential field is solved efficiently

with a preconditioned Conjugate Gradient Method. The fluid flow problem is solved with a

splitting Projection Method38 with the semi-implicit modification introduced by Badalassi,

Ceniceros, and Banerjee39, such that

3u∗ − 4un + un−1

2∆t
=

λ

Re
∇2u∗ + G(û, φn,Hn) + Fs(φ

n), (10)

3

2∆t
(un+1 − u∗) = −∇pn+1, (11)

where

G(û, φn,Hn) = −û · ∇û− λ

Re
∇2û +

1

Re
∇ ·
(
λε(φ

n)(∇û +∇ûT )
)

+
Camag

CaRe
(ζε(φ

n)− 1)Hn · ∇Hn, (12)

Fs(φ
n) = − 1

CaRe
∇ ·
(
∇φn

|∇φn|

)
δε(φ

n)
∇φn

|∇φn|
, (13)

λ = max{1, λε(φn)}, and û = 2un − un−1. The pressure pn+1 is then obtained by solving

∇2pn+1 =
3

2∆t
∇ · u∗.

Finally, the advection of the level set function given in Eq. (7) is integrated with a com-

bined third-order TVD Runge-Kutta method for the temporal discretization and a fifth-order

Weighted Essentially Non-Oscillator (WENO) scheme for the computation of the spatial

derivative40. The level set function is initialized as a signed distance to the droplet sur-

face. However, a well-known difficulty associated to the Level Set Method is the progressive
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distortion of the level set function as the problem evolves. Because not all fluid particles

move with the same velocity as the interface velocity, after some time φ(x, t) no longer

represents a signed distance function to the droplet surface, i.e. |∇φ| 6= 1, which leads to

inaccurate representations of the droplet interface and its associated geometric quantities

(e.g. normal and tangent vectors and curvature)41,42. To overcome this issue, we employ the

reinitialization method of Sussman, Smereka, and Osher43.

In all simulations, we set ε = 1.5h for the interfacial thickness, where h is the mesh size.

The time step is chosen to satisfy the condition ∆t = 0.05h/
√

2(fcm + fcc), where fcm =

Camag(ζ − 1)/CaRe is a characteristic magnetic force and fcc = 1/CaRe is a characteristic

capillary force. A mesh convergence test for the overall numerical scheme is presented in

Appendix A.

Formally, the overall method is second order accurate in space and time but due to the

regularization of discontinuous material quantities (effectively a diffuse interface approach)

the accuracy near the interface is expected to be only first order.

B. Validation

We first validate the model and numerical methodology with two benchmark problems.

First, we consider the deformation of a ferrofluid droplet under an external, uniform magnetic

field in a quiescent flow. The droplet equilibrium shape, which is approximately ellipsoidal,

is dictated by a balance between magnetic and capillary forces. The experiments of Flament,

Lacis, Bacri, Cebers, Neveu, and Perzynski14 in a Hele-Shaw cell provide an appropriate set

of data for comparison with our two-dimensional numerical predictions. We use λ = 1 and

ζ = 3.2 in a 12 × 12 square domain discretized with 256 × 256 cells. Figure 2 shows a

comparison of the experimental results of Flament et al.14 with our numerical predictions

for the equilibrium droplet form factor e, defined here as the ratio of the length of minor and

major axes, respectively, as a function of Camag. As can be observed in this figure, there

is an excellent agreement for the general physical trend. We see an average deviation of

only 4.66% for the full range of Camag explored here. This small difference might be due to

experimental factors and/or to the two-dimensional assumption of the Hele-Shaw cell flow.

Note the droplet equilibrium shape is also well predicted by the numerical simulations, as

Fig. 3 displays.
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FIG. 2. Comparison with the experimental results of Flament et al.14 for the droplet equilibrium

form factor, e, as a function of magnetic capillary number, Camag. Simulations performed with

λ = 1 and ζ = 3.2.

Second, we consider a droplet undergoing a simple shear flow in the absence of an external

magnetic field. We have compared our numerical results with those of Ghigliotti, Biben,

and Misbah44, who analyzed a similar problem using a phase field (PF) model under Stokes

flow regime (that is, Re = 0). The shear flow deforms and rotates the droplet, such that its

equilibrium shape is usually not spherical and not aligned with the flow direction. Figure 4

shows the droplet inclination angle relative to the main flow direction, θ, and the emulsion

reduced viscosity, [η], as functions of the viscosity ratio, λ, for Re = 0.01 and Ca = 0.3.

Although we see a good qualitative agreement between our predictions and those of Ghigliotti

et al.44, there is a relative difference of 4.8% for the reduced viscosity and about 2.2% for

the inclination angle. This quantitative discrepancy can be attributed to inertial effects –

our simulations were performed with Re = 0.01 and the PF model of Ghigliotti et al.44 is for

Re = 0 – and, more importantly, to the dependance of the capillary number on the interface

thickness in the PF model45. Despite these model differences, we note that there is a good

agreement in the droplet equilibrium shape, as Fig. 5 demonstrates for λ = 2.
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FIG. 3. Comparison of the ferrofluid droplet equilibrium shape obtained experimentally by Fla-

ment et al.14 (black and white background) and our numerical predictions (yellow contour) for (a)

Camag = 0.5, (b) Camag = 1.8, (c) Camag = 2.7, and (d) Camag = 4.3. Simulations performed

with λ = 1 and ζ = 3.2.

IV. RESULTS AND DISCUSSIONS

A. Droplet inclination and ferrofluid emulsion viscosity under external

magnetic fields

As recently elucidated by Jesus et al.32 and Hassan et al.33, external magnetic fields can

significantly affect the deformation and inclination of ferrofluid droplets in shear flows. This,

in turn, has a direct effect on the reduced viscosity of the two-phase fluid when it is seen as a

dilute emulsion of ferrofluid droplets. Here, we analyze this phenomenon using the following

procedure. First, we compute the steady state response of a ferrofluid droplet under shear in

the absence of an external magnetic field. Then, we turn on the magnetic field and compute

the new droplet equilibrium shape and the corresponding reduced viscosity. In this study,

we fix Re = 0.01, Ca = 0.1, λ = 2, ζ = 2, and consider external magnetic fields parallel and

perpendicular to the main flow direction. With no applied field, 2θ/π = 0.41, [η] = 1.66,

and the droplet does not break. All simulations were performed in a 12 × 12 square domain

discretized with 400 × 400 cells.

Figure 6 shows the droplet inclination and reduced viscosity as functions of the external
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(a)

(b)

FIG. 4. Comparison with the phase field results of Ghigliotti et al.44 for (a) droplet inclination, θ,

and (b) reduced viscosity, [η], as functions of the viscosity ratio, λ. Simulations performed with

Re = 0.01 and Ca = 0.3.

field intensity (expressed in terms of Camag). As the field intensity increases, the droplet

major axis tends to become more aligned with the external field direction. Thus, when the

external magnetic field is parallel to the flow direction, θ decreases with Camag and tends

asymptotically to zero for sufficiently large Camag. As the droplet gets more aligned with

the flow, the streamlines get less distorted around the droplet surface, as Fig. 7(a) shows.

As a consequence, [η] decreases with Camag. For instance, at Camag = 20, [η] = 0.62, which

represents a decrease of 63% relative to the case where there is no applied field, and the

inclination is 2θ/π = 0.002. On the other hand, when the external field is perpendicular

to the flow direction, θ increases with Camag, as expected. However, as the field induces

a droplet deformation in the vertical direction, it increases the shear effects which tend to

rotate the droplet back to the extensional quadrant of shear. The final droplet equilibrium

shape depends critically on this competition between field-induced stretching and shear

stress. The misalignment of the droplet with the flow requires that the streamlines deflect

significantly to conform to the droplet shape, as shown in Fig. 7(b), which leads to a higher

reduced viscosity. Therefore, [η] strongly increases with Camag when the applied field is

perpendicular to the flow. At Camag = 20, [η] = 9.04, which represents an increase of

almost one order of magnitude with respect to the zero-field case, and 2θ/π = 0.91. Figure

8 shows the droplet equilibrium shape for different values of Camag when the external field
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FIG. 5. Comparison of the ferrofluid droplet equilibrium shape obtained with the Stokes-PF

model of Ghigliotti et al.44 (black and white background with the velocity field) and our numerical

predictions (red contour). Simulations performed with Re = 0.01, Ca = 0.3, and λ = 2.

is parallel and perpendicular to the flow direction.

B. Field-induced control of droplet break-up

External force fields offer the possibility to control emulsion rheology in shear flows by

inducing or hindering topological changes in the suspended droplets. Recent works have

investigated this effect for emulsions in which the droplets undergo small deformations under

external electrical fields46–48. Here, we focus on the effects of external magnetic fields on

the rupture of a ferrofluid droplet in shear flows and do not restrict our study to small

deformations.

First, we consider a case where the sheared droplet breaks-up in the absence of an ex-

ternal magnetic field (that is, Camag = 0) and examine how an external field, parallel or

perpendicular to the flow direction, affects the rupture. We take Re = 1, Ca = 0.5, λ = 1.2,
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FIG. 6. Effects of the external magnetic field on the (a) droplet inclination, θ, and (b) reduced

viscosity, [η], as a function of the magnetic capillary number, Camag. Simulations performed with

Re = 0.01, Ca = 0.1, λ = 2, and ζ = 2.

FIG. 7. Streamlines of the flow for Camag = 10 when the external magnetic field is (a) parallel

and (b) perpendicular to the flow direction.

and ζ = 2 for this study. The channel is a 12 × 6 rectangle discretized with 300 × 150 cells.

Figure 9 shows snapshots of the droplet deformation and its eventual rupture into three

smaller, daughter droplets. The smallest daughter droplet is usually referred to as satellite

droplet, being very common in droplet break-up process.
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FIG. 8. Droplet equilibrium shape for Camag = 0, 2.5, 5, 7.5, and 10 when the external magnetic

field is (a) parallel and (b) perpendicular to the flow direction.

We first analyze the effect of an external magnetic field parallel to the flow direction.

Snapshots of the droplet evolution for Camag = 2, 4, 8, and 12 appear in Fig. 10. As the

intensity of the external field increases, the break-up is delayed and eventually arrested for

large enough Camag. Figure 11(a) displays the estimated rupture time, τb, as a function of

Ca−1
mag and clearly indicates that the break-up time increases nonlinearly with the magnetic

field intensity. This result also indicates that there is a critical magnetic capillary number

Ca∗mag above which rupture does not occur. A power-law fitting suggests that Ca∗mag ≈ 7.15

and the droplet break-up time scales like τb ∼ (Ca−1
mag − Ca∗−1

mag)
−0.245. For Camag > Ca∗mag,

the droplet is so aligned with the flow direction that the shear stress acting on its surface

is not strong enough to induce rupture. We also note that for Camag < Ca∗mag the size of

the satellite droplet relative to the initial droplet size, Ss, decreases with increasing Camag,

as Fig. 11(b) demonstrates. A power-law fitting yields that the satellite droplet size scales

like Ss ∼ (Ca−1
mag − Ca∗−1

mag)
0.359. The external field increases the droplet deformation in

the flow direction and contributes to its rotation from the extensional to the compressional

quadrant of shear. This delays the rupture process and reduces the amount of liquid in the

droplet neck, which rips up and gives rise to the satellite droplet. It is worth mentioning

that the critical magnetic capillary number Ca∗mag is likely dependent on the dimensionless

parameters Re, Ca, λ, and ζ. However, the study of this four-dimensional phase space on

the break-up dynamics is a challenging problem and will be addressed in a future work.

A strikingly different behavior takes place when the applied magnetic field is perpendic-
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t = 0.18

t = 28.77t = 22.52

t = 16.08

t = 5.36

t = 10.73

FIG. 9. Evolution of the droplet shape in the absence of an external magnetic field (Camag = 0).

Simulations performed with Re = 1, Ca = 0.5, λ = 1.2, and ζ = 2.

ular to the flow direction. Figure 12 shows snapshots of the droplet shape evolution for this

case. For instance, at Camag = 2, the time to rupture and the size of the satellite droplet

increase relative to the corresponding values for the case where Camag = 0, as Fig. 12(a)

shows. At an intermediate field intensity, Camag = 4, the applied field prevents break-up

and the droplet attains a stable, steady shape, as Fig. 12(b) displays. Surprisingly, as Camag

increases, rupture occurs again. The time to break-up decreases and the size of the satellite

droplet increases with Camag. The droplet evolution for Camag = 8 and Camag = 12, when

break-up occurs again and in a spectacular form, appears in Figs. 12(c) and 12(d). This

complex behavior results from the competition between two distinct effects caused by the

perpendicular external field. On the one hand, it deforms the droplet along velocity gradient

direction, which increases the shear stress acting on its surface and facilitates an eventual
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(a) Ca  = 2mag (b) Ca  = 4mag

(c) Ca  = 8mag (d) Ca  = 12mag

FIG. 10. Evolution of the droplet shape under the action of an external magnetic field parallel

to the flow direction for (a) Camag = 2, (b) Camag = 4, (c) Camag = 8, and (d) Camag = 12.

Simulations performed with Re = 1, Ca = 0.5, λ = 1.2, and ζ = 2.

break-up. On the other hand, it also makes the droplet neck flatter, which increases the

amount of liquid in this region and, as a consequence, hinders the rupture process. Notice

that for a high enough field intensity as Camag = 12, the long satellite droplet undergoes

the same process as the initial droplet until it pinches off at the center and gives rise to a

secondary rupture.

Finally, we analyze the effect of an external magnetic field on a droplet that does not

break-up under the shear action only. To this end, we take Re = 0.1, Ca = 0.3, λ = 1.2,

and ζ = 2. Again, we consider external fields both parallel and perpendicular to the flow

direction, but now we take three different field intensities: Camag = 1, 10, and 20. For

the cases where the external field is parallel to the flow direction, the droplet does not
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FIG. 11. Effect of an external magnetic field parallel to the flow direction on the break-up of

ferrofluid droplets in terms of (a) time to break-up, τb, and (b) relative size of the satellite droplet,

Ss, as a function of Ca−1
mag. Notice that the point corresponding to Ca−1

mag = 1/7 does not appear

in (b) because the size of the satellite droplet in this case is so small that it cannot be measured

due to computational limitations.

break and rapidly achieves a stable configuration. Indeed, as discussed so far, for the range

of parameters explored here, the field-induced distortion in the flow direction acts as a

restorative mechanism of the droplet shape and does not induce rupture. A different result

is observed when the external field is perpendicular to the flow direction. At Camag = 1 and

Camag = 10, the field intensity is not strong enough to induce rupture and the droplet still

does not break. However, at Camag = 20, the field-induced distortion in the velocity gradient

direction is so dramatic that the shear stress on the highly elongated droplet is strong enough

to induce the break-up. Figure 13 displays the corresponding droplet evolution for this case.

Notably, this result indicates that strong enough external magnetic fields perpendicular to

the flow direction can be applied to induce droplet break-up in shear flows in which the

droplet would not rupture.

V. CONCLUDING REMARKS

We presented a numerical study on the effects of an external, uniform magnetic field on

the dynamics and break-up of a two-dimensional supraparamagnetic ferrofluid droplet in

simple shear flows. We also explored the role of the external field on the rheology of the
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(a) Ca  = 2mag (b) Ca  = 4mag

(c) Ca  = 8mag (d) Ca  = 12mag

FIG. 12. Evolution of the droplet shape under the action of an external magnetic field perpendicular

to the flow direction for (a) Camag = 2, (b) Camag = 4, (c) Camag = 8, and (d) Camag = 12.

Simulations performed with Re = 1, Ca = 0.5, λ = 1.2, and ζ = 2.

two-phase fluid system viewed as a model for a dilute emulsion of ferrofluid droplets. The

mathematical model consists of the incompressible Navier-Stokes equations, with the added

magnetic and capillary forces, coupled with the magnetostatic Maxwell’s equations. The

dynamics of the droplet surface, including the topological transition during break-up, was

captured through the evolution of a level set function.

The results show a clear influence of the applied magnetic field on the droplet deformation

and inclination in shear flows, which, in turn, contribute to substantial changes in the

emulsion viscosity. When the external field is parallel to the flow direction, the droplet

strongly aligns with the flow streamlines, yielding a reduction of the emulsion viscosity. In

turn, when the external field is perpendicular to the flow direction, the droplet is forced to
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FIG. 13. Evolution of the droplet shape under the action of an external magnetic field perpendicular

to the flow direction with Camag = 20. Simulations performed with Re = 0.1, Ca = 0.3, λ = 1.2,

and ζ = 2.

align with the field and leads to a large distortion of the flow streamlines. As a result, there

is a dramatic increase in the two-phase liquid viscosity.

Our predictions also demonstrate that an external magnetic field can induce or hinder

droplet rupture depending on its orientation and intensity (relative to capillary forces). In

particular, external fields parallel to the flow direction delay the break-up process and reduce

the size of the satellite droplet. Remarkably, it was found that there is a critical magnetic

capillary number above which the droplet becomes so aligned with the flow that the break-

up process is totally avoided. When the external field is perpendicular to the flow direction,

there is a delicate competition between the field-induced stretching in the velocity gradient

direction, which facilitates the break-up, and the increase in the amount of liquid in the
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droplet neck, which hinders the rupture. This competition leads to a striking result: the

intensity of the applied field can be adjusted to either delay, prevent, or induce droplet

break-up. Moreover, we also observed that very strong external magnetic fields that are

perpendicular to the flow direction can be used to induce droplet break-up in situations

where there would be no rupture under the action of the shear flow only.

In summary, the results here presented highlight the enormous potential of external mag-

netic fields as a tool to control the topology of ferrofluid droplets and the rheology of ferrofluid

emulsions.
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Appendix A: Mesh convergence test

We present here a mesh convergence test for the overall numerical scheme employed in

this work. A representative set of parameters is adopted for this test: Re = 0.01, Ca = 0.1,

Camag = 10, λ = 2, ζ = 2 and a 12 × 12 square domain. The solution was computed up

to the time t = 1.3 using four different meshes consisting of N × N cells. The accuracy of

the numerical results was assessed by computing the droplet inclination angle, θ, and the

emulsion effective viscosity, [η]. The results are presented in Table I. As can be seen, the

four meshes yield very close results. Increasing the number of cells in each direction from

N = 200 to N = 400 changes the effective viscosity in 0.2% and the droplet inclination in

1.6%. This analysis supports the fact that the results presented are independent of the mesh

refinement.
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