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ABSTRACT. In this paper, we consider the travel time tomography problem for conformal metrics on
a bounded domain, which seeks to determine the conformal factor of the metric from the lengths of
geodesics joining boundary points. We establish forward and inverse stability estimates for simple
conformal metrics under some a priori conditions. We then apply the stability estimates to show the
consistency of a Bayesian statistical inversion technique for travel time tomography with discrete,
noisy measurements.

1. INTRODUCTION

Consider a smooth, bounded, and simply connected domain 2 C R™, with m > 2. Given a
Riemannian metric g on €, we define the associated boundary distance function IT'g : 0Q2x 02 — [0, 00)
by

T
rg(m):inf{/ dlg| :=/0 K(D)lgdt = ~ e CL([0.T], ), ~(0) = &, W(T)Zn}7
Y

for all £,n € 0. In other words, I'y(§,n) is the Riemannian distance (with respect to g) between
the boundary points & and 7. We consider the following inverse problem: Can we recover the metric
g in the interior of the domain from the boundary distance function I'g?

This inverse problem, called the boundary rigidity problem in mathematics literature, arose in
geophysics in an attempt to determine the inner structure of the earth, such as the sound speed or
index of refraction, from measurements of travel times of seismic waves on the earth’s surface. This
is called the inverse kinematic problem or the travel time tomography problem in seismology [16, 45].

The boundary rigidity problem is not solvable in general. Consider, for example, a unit disk with
a metric whose magnitude is large (and therefore, geodesic speed is low) near the center of the disk.
In such cases, it is possible that all distance minimizing geodesics connecting boundary points avoid
the large metric region, and therefore one can not expect to recover the metric in this region from
the boundary distance function. In view of this restriction, one needs to impose additional geometric
conditions on the metric to be reconstructed. One such condition is simplicity. A metric g on Q
is said to be simple if the boundary 9f is strictly convex w.r.t. to g and any two points on € can
be joined by a unique distance minimizing geodesic. Michel conjectured that simple metrics are
boundary distance rigid [21], and this has been proved in dimension two [34]. In dimensions > 3,
this is known for generic simple metrics [36]. When caustics appear, a completely new approach
was established in [37, 38] for the boundary rigidity problem in dimensions > 3, assuming a convex
foliation condition. Boundary rigidity problems for more general dynamical systems can be found
in [10, 2, 48, 32, 17, 46, 35]. We also refer to [9, 39] for summaries of recent developments on the
boundary rigidity problem.

The boundary rigidity problem for general Riemannian metrics has a natural gauge: isometries
of (Q,9) that preserve 9Q will also preserve the boundary distance function. In this paper, we
restrict our attention to the problem of determining metrics from a fixed conformal class. Let g be
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a fixed “background” metric on Q which is simple and has C? regularity. For any positive function
n € C3(Q), define

gn ‘= 7’L2§,
which is a new Riemannian metric on  that is conformal to g. Our goal is to recover the parameter
n from the boundary distance function of g,. In this problem, the gauge of isometries does not
appear, and one expects to be able to uniquely determine the conformal factor n from I'y,,.

It is known that simple metrics from the same conformal class are boundary rigid for all m > 2
[26, 25, 28]. To be precise, if ni,ny € C3(Q) are such that g,,, gn, are both simple metrics on €,
then I'y, = I'y, if and only if ny = ng. To simplify notation, we will henceforth denote I'y, by
simply I[',.

1.1. Stability estimates for the deterministic inverse problem. The uniqueness aspect of the
boundary rigidity problem for conformal simple metrics has been quite well understood through the
aforementioned studies [26, 25, 28]. The first topic of this paper is the stability of the boundary
rigidity problem, i.e., quantitative lower bounds on the change in I',, corresponding to a change in
the parameter n. Stability is important in practice, as we hope the inversion method for travel time
tomography will be stable under perturbations of the data, e.g., by noise.

Conditional stability estimates for simple metrics can be found in [44, 36, 37|, where the metrics
are assumed a priori to be close to a given one. When considering a fixed conformal class, various
stability estimates without the closeness assumption have been established in [25, 27, 3]. In [25] the
following stability result has been proved for the 2D boundary rigidity problem with the Euclidean
background metric:

1
(1) 1 — n2||L2(Q) < Elldg(Fnl - Fnz)(gan)HLz(aﬂxaﬂ)-

Here, d¢ is the exterior derivative operator with respect to { and the L? norms are taken with respect
to the standard Euclidean metric. Notice that since the boundary distance function is symmetric, this
estimate essentially says that the L?-norm of n; —ny can be controlled by the H'-norm of | I R
For dimensions > 3, there are generalizations [3, 27] of (1) with more complicated expressions (see
also Theorem 2.1). However, the estimates of [3, 27] are not in standard Sobolev or Holder norms,
which makes them inconvenient for applications.

In this paper, we establish stability estimates similar to (1) for all dimensions > 2, without any a
priori closeness assumptions on ni,ne. Before giving the statement of our results, we need to define
some function spaces for the conformal parameter n.

Definition 1.1. Let €y be a smooth, relatively compact subdomain of 2, and let A, A, ¢, L be real
numbers such that

0< A<l <A, 0<f<L.
We define Ny 4 ¢,1(€0) to be the set of all functions n € C3(9) that satisfy the following conditions:

(i) The metric g, = n?g is a simple metric on Q.
(i) A<n(z)<Aforallz € Qand n=1on Q\ Q.
(iii) Let exp,,(z,v) denote the exponential map with respect to g, based at z € Q and acting on
v € T, Q (that is, the tangent space of Q at x). Then the derivative of exp,,(,-) satisfies

(2) llwlg < |Dyexp,(z,v)(w)lg < Llwlg,
for all € Q, v € dom(exp,,(z,-)), and w € T, T,Q = T,.
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We also let
Nae(Q) == U Naae,n(Qo).

A>1,L>0

The class of metrics associated with these function spaces includes any metric with non-positive
sectional curvature that is conformal to g and equal to g in a neighborhood of 92 . Indeed, suppose
gn = n%g is such a metric. Then (£, g,) is free of conjugate points by the curvature assumption,
and 0f) remains strictly convex with respect to g, since g, = g near 0f2. Therefore, g, is a simple
metric. Moreover, it follows from the Rauch Comparison Theorem that its exponential map exp,,
satisfies (2) for sufficiently large L and any ¢ < 1 (see, e.g., [6, Corollary 1.35]).

Remark 1.1 (Notation). Let T : W1 — W5 be a linear map between normed vector spaces. Given
real numbers m, M, we will use the notation

m=<T<M

as shorthand for
mllwllw, < [[Tw|w, < M|wlw,,

for all w € W;. Using this notation, (2) can be rewritten as
(3) ¢ < D,exp, (z,v) < L.
We will also use ||T'||,p to denote the operator norm of T
I llop = sup ([Tl = w € Wa, [leoflw, = 1.

Remark 1.2. Let § > 0 be the distance (w.r.t. to §) between 9Q and g, and let £, € 9 be any
pair of boundary points such that distz(£,7) < 6. For any n € N (), gn coincides with g on

Q\ Qp, and consequently, we have T',,(£,n) = disty(¢,n). In particular, Ty, (€,7) = T'pn,(&,n) for all
n1,n2 € Ny o(Qo).

We are now ready to state our results on stability estimates for the boundary rigidity problem.
The following “inverse stability” estimate follows from a result of Beylkin [3], combined with some
estimates for metrics with conformal factors n € N, 1,¢(£20). The details are presented in Section 2.

Theorem 1.2. Let §2,80,g be as before, and let A\, £ be real numbers such that
0< A<, 0<?.
Then there exists a constant C1(2,Q0,3,£) > 0 such that for all n1,ny € Ny (o),

1 — nall2i@) < C1A*™(|dg (T, — Tny) (€0l 220025 00) -

Here, the L? norms are taken with respect to the background metric g, and d¢ Tepresents the
exterior derivative operator with respect to £. Please note that the stability constant C can blow
up as £ — 0. In a sense, as £ approaches 0, we allow the metrics in our class to get closer and closer
to potentially having conjugate points, and thus becoming non-simple.

We will apply the above stability estimate to study a statistical inversion technique for travel
time tomography. For this purpose, we also need the following continuity (or “forward stability”)
estimate of I';,. To the best of our knowledge, no such continuity estimate has been published before.
The key idea in the proof is to apply the change of variables formula and use the upper bounds on

det (DU expnj) to control [Ty, — I'p,|/z2 in terms of ||ny — na||z2.
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Theorem 1.3. Let 2,0, g be as before, and let A\, A, l, L be real numbers such that
0< A< <A, 0<i<L.
Then there exists a constant C2(2,Q0, 3, ¢, L) > 0 such that for all ny,ny € Ny 0.n(0),

m/2

ITny = Tnsllz200xa0) < C2 3 [n1 — nallr2(q)-

As with Theorem 1.2, the constant Cs can blow up as £ — 0. The same happens as L — oo, since
this allows det (DU expn]) to blow up. The details are again postponed to Section 2.

1.2. The statistical inverse problem. The boundary rigidity problem is nonlinear, and geodesics
are curved in general, so it is hard to derive explicit inversion formulas. Some reconstruction al-
gorithms and numerical implementations based on theoretical analyses can be found in [7, 8, 47].
Typically, inversion methods in travel time tomography take an optimization approach with ap-
propriate regularization. This is a deterministic approach which seeks to minimize some mismatch
functional that quantifies the difference between the observations and the forecasts (synthetic data).
However, this approach generally does not work well for non-convex problems. Moreover, various
approximations in numerical methods can introduce systematic (random) error to the reconstruction
procedure.

In this paper, we apply the above stability estimates (Theorems 1.2 and 1.3) to study a Bayesian
inversion technique for the travel time tomography problem. The Bayesian inversion technique pro-
vides a reasonable solution for ill-posed inverse problems when the number of available observations
is limited, which is a common scenario in practice. Applications of Bayesian inversion to seismology
can be found in [20, 41], which are based on the general paradigm of infinite dimensional Bayesian
inverse problems developed by Stuart [40]. However, most studies in the literature are concerned
with waveform inversion, which is more PDE-based. On the other hand, there are very few results on
statistical guarantees for the Bayesian approach to seismic inverse problems. These motivate us to
apply Stuart’s Bayesian inversion framework to produce a rigorous statistical analysis of the problem
of recovering the wave speed from the (noisy) travel time measurements.

For statistical inversion, it is convenient to rewrite the conformal factor n using an exponential
parameter: For any 8 > 3, let C(']B (Qo) denote the closure in the Holder space CA1A=181(Q) of the
subspace of all smooth functions compactly supported in €y5. Given any function ¢ € Cg’(Qo), we
define the corresponding conformal factor n. by

c(z)
@ R S
1 ifz e\ Q.

It is easy to see that n, is a positive C? function on . To simplify notation, we will denote the
corresponding boundary distance function I'y,, by simply I'..

Our goal is to reconstruct the exponential parameter ¢ from error-prone measurements of I'.
on finitely many pairs of boundary points (X;,Y;), ¢ = 1,..., N. Following the general paradigm
of Bayesian inverse problems, we assume that ¢ arises from a prior probability distribution II on
C3(Q0). We will construct II so that it is supported in a subset of C3() of the following form:

Definition 1.4. Let £, M > 0 and 8 > 3. We define CfM(QO) as the set of all functions ¢ € Cg(Qo)
that satisfy the following conditions:

(i) The metric g,, = n2g is a simple metric on Q.
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(ii) The derivative of exp,, (z,-) satisfies
D, exp,, (z,w) = ¢,

for all z € Q and w € dom(exp,, (z,)).
(ii) llelloisra-181 @y < M-

We will show in Section 2 that if ¢ € Cf (o), the corresponding conformal parameter n. €
Ny r(Qo) for appropriate choices of A, A and L. The precise construction of II is described in
Section 3.

Remark 1.3 (Notation). Henceforth, we will denote C'81:#=18) by simply C2.

Remark 1.4. It is known that small perturbations of simple metrics are again simple. Therefore,
CfM(QO) is an open subset of C’g(Qo).

The pairs of boundary points (X;,Y;) between which the distance measurements are to be made

are chosen according to the rule
iid.
(Xia le) I’I\J M,
where g is the uniform probability measure on 02 x 9€) induced by the background metric g. The
actual distance measurements between these points are assumed to be of the form

Iy = e“Te(X, V),

where ¢; are i.i.d. N(0,02) normal random variables (¢ > 0 is fixed) that are also independent of
(X, Y])j\[:1 For simplicity, we will henceforth assume that o = 1 without loss of generality. Define

Z.=logl,,
and fort=1,..., N,
Z; =logl;
= Z:(X3, Vi) + €.
All of our measurements can be summarized using the data vector
(5) Dy = (X3, Y:, Z)Y, € (09 x 99 x R)™.
For convenience, let us define X = 92 x 902 x R.

Next, let PCN denote the probability law of Dy|c. It is easy to see that PCN = X Z-]ilpc(i), where
for each i € {1,...,N}, Pc(i) is equal to the probability law of (X;,Y;, Z;). More explicitly, for each
ie{l,...,N},

AP\ (x,y,2) = pedp(x, y)dz,

where

pe(@,y,2) = \/12? exp {—; (2 — Zc(:r,y))z} .

We denote the posterior distribution of ¢|Dy by II(:|Dy). By Corollary 2.7, the map (¢, (z,y, 2)) —
pe(,y, 2) is jointly Borel-measurable from C3() x X to R. So it follows from standard arguments
(see [14, p. 7] ) that the posterior distribution is well-defined and takes the form

 JaIIE pel(Xi, Vi, Z)dII(c)

H(A’DN) in\Ll pC(XZ’Yt“ZZ)dH(C)
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for any Borel set A C C3(€g). Our posterior estimator for ¢ will be the posterior mean
(6) en = EM¢|Dy].

Theorem 1.5. Suppose that the true parameter co is smooth and compactly supported in o, and is
such that g, is a simple metric on Q. Then there is a well defined prior distribution I on C3(Q)
such that the posterior mean ¢y satisfies

[en — collz2@) — 0
m PC](Y— probability, as N — oo.

A more precise version of this result is stated in Theorem 3.1 in Section 3, which in fact re-
quires significantly weaker regularity assumptions on cg. It also specifies an explicit N~ rate of
convergence, where w is a positive constant that can be made arbitrarily close to 1/4.

To prove Theorem 1.5, we apply the analytic techniques developed in recent consistency studies
of statistical inversion of the geodesic X-ray transform [22] and related non-linear problem arising
in polarimetric neutron tomography [23, 24]. The forward and inverse stability estimates for the
measurement operators (like the ones in Theorems 1.2 and 1.3) play a key role in the arguments of
these references.

The analysis of theoretical guarantees for statistical inverse problems is currently a very active
topic. Recent progress for various linear and non-linear inverse problems include [11, 12, 1, 22, 29,
23, 24, 31, 5, 4]. See also the recent lecture notes [30].

The paper is structured as follows. In Section 2, we establish the forward and inverse stability esti-
mates for the boundary distance function. Section 3 is devoted to proving the statistical consistency
of Bayesian inversion for the boundary rigidity problem.

2. FORWARD AND INVERSE CONTINUITY ESTIMATES

In order to prove the statistical consistency of the proposed Bayesian estimator, we need to es-
tablish quantitative upper and lower bounds on the magnitude of change in the boundary distance
function I';, corresponding to a change in the conformal parameter n of the metric. This is the
content of Theorems 1.2 and 1.3, which we will prove in this section. We will also use these estimates
to establish similar bounds for the map ¢ — Z. = logI'., when ¢ belongs to the parameter space
€} 11(€) defined in Definition 1.4.

2.1. Stability estimates. We begin with the proof of Theorem 1.2. As we noted in the introduction,
such an estimate has already been proved for dimension m = 2 by Mukhometov in [25]. For general
m > 2, we have the following result by Beylkin [3]. Also see [27, Lemma 4].

Theorem 2.1 ([3]). Let ny,no € C3(Q) be such that gy, , gn, are simple metrics on . Then

/(n1 —n2)(n "t = n 1) d Vol
Q

(7)
< Cm D de(Tny = Ty) Addy(Tny = Ty) A (dgdy Ty )™ A (dgdyTny),
6QE><BQ7, at+b=m—2

where dVoly is the Riemannian volume form induced by g, and d¢ and d, represent the exterior
derivative operators on OQ with respect to & and n respectively. Given local coordinates (€1,... ¢m1)
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. . . . 2
for & and (nt,...,n™™1) for n, we have d¢ = dﬁza%i, d, = dnJ%, and dedy = d§' N dnjﬁ. The
constant
(m—1)(m—2)
(=1) = T(m/2)
Cm == )
27m/2(m — 1)!

depends only on the dimension m.
We will show that when ny,ng € N ¢(£), the inequality (7) leads to the desired stability estimate.

Lemma 2.2. Let n € N (o). Then the corresponding boundary distance function 'y, satisfies
’dirn('fﬂ?)’g < 17 ‘dnrn(fa’ﬂﬂg < 17

gfl
VIl < 5 disty(, )

for all £&,m € OQ with € #n. Here, V&, V" denote the covariant derivative operators with respect to
& and n respectively, and distg(&,n) is the distance from & to n with respect to the metric g.

and

Proof. Given &,n € 9Q with £ # n, let v(£,n) denote the unit vector (with respect to g,,) at n tangent
to the geodesic from & to 7. It follows from the First Variation Formula (cf. [18], Theorem 6.3) that
the gradient (with respect to g,) of I',(&, ) is given by

(8) gradn Fn (55 77) = HT?/U(&’ 77)7

where II,, : Tnﬁ — 1,081 is the orthogonal projection map onto the tangent space of the boundary.
Since g, = g on 012, it follows immediately that

‘dnrn(fan)‘g = ’gra’dn Pn(fﬂ])’gn = |H77U(§777)|gn < ‘”(fan)‘gn =1

Similar arguments show that |d¢I',(€,7)|5 < 1 as well.

Next, let (£%, ..., 6™ Y and (', ...,7™ 1) be local coordinates for 9 around ¢ and 7 respectively.
We can extend these coordinate charts to boundary normal coordinates (¢1,...,£™) and (n',...,n™)
by taking £ and 1™ to be the corresponding distance functions from the boundary. With respect
to these coordinates, we may rewrite (8) as

m—1 9
(9) grad, T (6,m) = Y v (€,m) 5

j=1 g
We can extend both sides of this equality to (1, 0)-tensor fields on 99Q¢ x 02, while maintaining the
equality. Taking covariant derivatives of both sides with respect to &, we get

m—1 i
o’ 0 ;
¢ =Y (&0, ®dE
(10) \Y% gradn Fn(§7 77) 5 88 (57 77) anj & df .

Here, we have used the fact that the product connection on 9€1¢ x 9€), satisfies Vagi Oy, = 0 for

all i,j. Recall that g, is a simple metric, and its exponential map exp,(z,-) at any = € Qis a
diffeomorphism onto Q. Let w(z,-) : @ — T,Q denote its inverse map. Since D, exp,,(z,v) = ¢ for
all v in the domain of exp,,(z,-), we have

(11) | Dyw(z,y)lop < € for all y € Q.

Now observe that we have the identity

U(§7 77) = -
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So by (9) and (10),

1 wi(n,€)  wi(n,€) ()
3 —_ ’ _ ) )
Ve grad, Dn(€,m) = jZ: {Pn(f,n) o€ T Em?  of }8779 ® d¢
1 &R e 0 1
(12) = T e Zl b o D€ T e 6 B deTalEn).

Observe that Zzz;ll aw;é?,g) 62] ® d¢' is precisely the tensor form of the linear map

I1,, o Dyw(n, y)‘y:E o I,

where Il and II, are, as before, orthogonal projections from Tgﬁ — T:00) and Tnﬁ — 1,00
respectively. Therefore,

8w ; .
g
Combining this with (12), we get
IVEd, T (€,m)lg = V¢ grad, Tu(€,1)lg

¢ L (€ mgldeTn (€ )l
T, (€,7) T (&5m)
-+
Cn(&m)

IN

IN

Finally, applying the simple estimate

diStg(é-, ’I’]) < %Fn(gv 7])7

we get

E_l
[VEVITa (&, mlg = [VEdyTn(€,m)lg < “K) disty(¢,m) -

This completes the proof. ]
With these estimates in hand, we’re now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Consider the inequality (7) from Theorem 2.1. For ni,ny € Ny ¢(Q0), the left
hand side becomes

(13) / (1 = n2)* (0"~ + 0" Png + - + 05 )dVolg > (m — DA™ 2||ny = na 72
Q

Now consider the right hand side of (7). By Lemma 2.2,

1 —1
ey Talg = [t (V60 )| < TEED iy

<
g
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Therefore, the right hand side of (7) is bounded above by
(o™ |de(Tny = Ty)lgldn(Tny = Tn)lz > |dedy T, |2]dedy T, dog
X 9Q athmm—2
(1+ ¢ tym=2 . _
T oo |de(Tny — Tny)lgldy(Tny — Doy) gl dist (€, m) >~ dog,

where doj is the surface measure on 9€ x 02 induced by g. Observe that by Remark 1.2, we have
(T, —T'ny)(€,m) = 0 for all £, € 0Q with distg(£,n) < 0. Therefore, the above expression is further
bounded above by

§ (m - 1)‘Cm|

(e,
T52 P |d€(rn1 - Fn2)|§|dn(rn1 - Fn2)‘§|d0§‘
X

gm,ﬁ,é Az (Hdﬁ(rm B Fn2)H%2(8Q><BQ) + Hdﬂ(rnl B Fm)”%?(aﬂxafl))

Sm,é,@ )‘2im”d£ (Fnl - Fnz)”%?(aﬂxaﬂ)

(m = 1)|Cp|

since ||dg(T'n; — Tny)|l 2 = |dy(Tny — Ty )|l 22 by symmetry. Combining this with (13), we get
||Tl1 — 712”%2(9) Sm,é,é >‘2(2im)”d§(r\n1 - Fn2)”%2(aﬂ><89)
and the theorem follows. O

Recall that we parametrized the conformal parameter n of the metric g, by a function ¢ belonging
to the parameter space Cf: 1 (Q0), as defined in (4). We assumed that our input data consists of
finitely many measurements of the function Z. = logI'.. In the following corollary, we translate
Theorem 1.2 into stability estimates for the map ¢ — Z. using simple Lipschitz estimates for the
exponential function: For all z,y € [My, My],

(14) Mz —y| <" —e¥| <Mz —yl.

This immediately implies that for all ¢1,cy € Cg (o),

(15) e Mler = eallr2 () < ey — neyllrz) < €Mller — eall2ap)-

Corollary 2.3. For any M > 0, there exists a constant C] = C1(,Q0,3, ¢, M) > 0 such that
ler = eallz2e) < CillZey = Zey L (90x00)

for all ci,co € CzM(QO).

Proof. Let ¢1,co € C?,M(QO)- Then n¢,, ne, € Ny o(Qo) for A = eM . So it follows from Theorem 1.2
that

(16) e, — neyllre(y < C1e™ 2M||dg(Te, — Loyl L2 00x00)-

By (15), the left hand side of the above equation is bounded below by e ||c; — callr2(qy)- Now,
rewrite d¢(I'e, — T'¢,) as

de(Tey — T¢y) = de(eZer — e%e2)
= eZa d¢Ze, — eZe2 d¢Ze,
= eZ1de(Zey — Zey) + (€71 — eP2)de Z,.,.
It follows from Remark 1.2 that if (£, n) € supp(I';, —T'¢,), we have distg(&,7) > 0, and consequently,
e M5 < T (&n) < eMdiamy(Q),  j=1,2.
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Therefore, by applying (14) along with the fact that |d¢T'¢,|; < 1 by Lemma 2.2, we get
‘df(rcl - FC2)’§ < |F61Hd§(ch - ZCz)’é + |F61 - F62|’d€F62|§/‘FC2|

M g |71 — eZea|
< e diamg(D)|de(Ze, = Zeo)lg + — 75—
) eM diamg(Q)

< eM dlam§(9)|df(zcl — Ze )|§ + e_—A/[§|ch - Z02|7

where diamg(€2) denotes the diameter of Q with respect to the metric g. This further implies
|de(Te; —Tey)ll200x00) Se.g.6.eM 1 Zey — Zeylat o0xo9)-
Combining this with (15) and (16), we get
ler = eall 2 o) Seug.6.e0 1 Zey — Zey |51 (90 00)-

This completes the proof. O

2.2. Forward continuity estimates. We now move on to the proof of Theorem 1.3. The key idea
is to use upper bounds on Dy exp,, (z,v) to control ||y, — I'y,|[z2 with respect to [[ni — naf z2.

We begin by introducing some notation. Let SQ denote the unit sphere bundle on , that is,
SQ ={(z,0) €TQ : |v|z =1}
The boundary of SQ consists of unit tangent vectors at 9. Specifically,
050 = {(z,v) € SQ : x € 9N}
Let v denote the inward unit normal vector field along 92 with respect to the metric g. We define
the bundles of inward pointing and outward pointing unit tangent vectors on 9f2 as follows:
0:5Q := {(&v) €95Q : (v,1¢)5 >0}, and
0_SQ = {(&,v) €0SQ : (v,1)5 <0} .
We also set
005 := 0,50 N 0_SA.

This coincides with S02, the unit sphere bundle on 9<.
Next, let n € Ny ,(£0). For (§,v) € 0459, we let v,(§,v,t) = exp, (&, tv) denote the unit speed
geodesic (with respect to g,,) starting at £ with initial direction v at time ¢t = 0. We define 7, (£, v)

to be the time at which (£, v,-) exits . It is known (see [33]) that for simple manifolds, 7, is a
C! function of 8459, and 7, (£, v) = 0 if and only if v € Se0Q. We also define 7, (£, v) and u, (&, v)
as the point and direction at which 7, (&, v, ) exits €. In other words,

77n(§,v) = 'Yn(fﬂ)ﬂ'n(&v)), and

un(§,v) = (&0, (&, 0)).

Lemma 2.4. Let n € Ny 0(Q0). Then for all (§,v) € 0459,
Tn(&,v) _ LA diamg(Q)

“DyTn(é-?U)HOP S L <V, u)E <V7 U>§

<

where v = vy () and u = up(§,0).
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Proof. Let p € C1(Q2) be such that p=1(0) = 90 and p(z) = distz(x, Q) for x near €. Consider
the function

f(t,v) = plexp, (£, tv)).
Observe that
g

at tZTn(§ ’U) = <(gradp)"7n(§,’0)7un(fav)>g == <V, U>g

On the other hand,
D f(t /U) = Dpexpn(gvtv) ° (tDw expn(é" w)‘wztv)
=D f‘ W(Ev)w) Ta (&, V)T 0 Dy expy, (€, w)}w:m(&,v)v’
where II” is the linear map given by
II"(w) = (v,w)g
Now differentiating the identity f(7,,(§,v),v) = 0 with respect to v, we get

of
= a7 Dy (&, v + D
Ot l(mn(€),0) (& f‘ (Ta(&0)0)

= <V, U>§Dv7—n(§> 'U) + Tn(f, ’U) © D’LU eXpn(‘S’ w) ‘w:Tn(ﬁvv)”'

for all w € Tﬁn(ﬁ,v)ﬁ‘

Therefore,
TTL 57 v v
DUTn(&? 2}) = ( 7) IT" o D, expn(f, U)) ‘sz (&v)v
(v, u)g e
(&, 0)
= 1Dy (€ Dllp < 7> [ D B0 e
(v,u)g rs T op
<p|7ed)
(v,u)g
as required. Now the lemma follows by observing that
(€, v) < diamg, () < A diamg(£2),
for all (£,v) € 9,.5Q. O

We are now ready to prove Theorem 1.3. Recall that the notation fv fd|g| denotes the integral of
a function f along the curve v with respect to the arc-length metric induced by g.

Proof of Theorem 1.3. Fix £ € 010, and define the sets

Bi(§) == {n €092 : T (§,n) <Tny(€,m)},
By(§) :={n € 092 : Tn,(§,m) < Ty (§,1)}

Suppose 1 € Bi(£), and let v1(£,n) denote the unit speed geodesic with respect to g,, from & to 7.
Clearly, 'y, (&,n) = fm(é,n) ni1d|g|, whereas T'p,,(&,n) < fw(ém) na2d|g|. So we have

no —nN
Co=To)En < [ a—mdgl= [ Mg, ),
) Y1(€,m) ni
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This implies

2
(Try = Tny)?(€,m) < Ty (5777)/ € (nQnin)d\gm] (by Cauchy-Schwarz)
71 (&m 1

Ty (&mn) _ 2
= Fn1 (5777)/0 (n2n2nl)(’71(€’777t))dt

1
Tny (€m)
0

where vy, (§,1) = Yn, (§,7,0), that is, the unit tangent vector at £ that points towards n. This implies

3 _ Fnl (67 )
/ (Tny = Ty )*(€,m)dn < Admng(ﬂ)/ / ! (ng — n1)2(expm(§, topn, (€,7)))dtdn
Bi(€) A 20 Jo

7(9) e ny —n1)?(ex ) v v
(1) Wl e e €l detiDon 6 i

by the change of variables formula. (Here, dn is the surface measure on n € 99 with respect to
g.) We now find an upper bound for |det[D,n,,]| on the support of the integrand. Recall that by
definition,

My (§50) = expy,, (€, Ty (€, 0)0).
With the canonical identification of T, USgﬁ with a subspace of T; gﬁ, we get
Dwnl(&v) = Dy €XPp, (gaw)‘ ODU@’m(&»“)”)
= Dy exp,, (&, w)‘ o (Tnl (&,0)Id + v ® Dy, (&, v))

w=Tn, (§,0)v
w=Tnq (§,0)v
Here, v ® D, 7y, (§,v) should be interpreted as the map

w € T,5:Q C TN — (DT, | (g,0) (w)]v € TeQ.

So we have

1Du1ar (& 0)lop < || D ey, (6, 0)]

w=rn (€0)0 |5 (Tn1 (&,0) + | Dy, (€ U)Hop)

LA diamg(92)
(11 (€, 0)), iy (€5 0)) g

by Lemma 2.4. Now since () is a relatively compact subset of {2, there exists an ¢ € (0,1) such that
if (v(nn, (§,0)), un, (§,v))g < €, the geodesic v, (&, v, -) lies entirely within © \ Q, and therefore,

<L (A diamg(Q) +

(na — n1)*(exp,, (€, tv)) =0 for all ¢t € [0, 7, (&, v)].
Therefore, on the support of the integrand in the right hand side of (17), we have the bounds

n LA diamg(92)

1Dt €0l < I (4 () + 552

) 597907§7L A’

and consequently
| det[Dy (110, (€ 0)]| S0, A™
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Applying this bound to the right hand side of (17), we get

A™ Tnq (&)
[o@uememans Sy [ [T e, (6 )t
B1(£) B+S§Q 0

A™ / (712 - nl)Q(eXpnl (57 w))
dom(expy, (6,)

NV dw

wlg ™!

Again by Remark 1.2, we have (na —n1)?(exp,,, (&, w)) = 0 for all w € dom(exp,,, (£, -)) with |w|; < 4.
Therefore, we get

Am
/ (T, — Fnz)Q(fa ndn < )\gém_l/ (n2 — nl)Q(eXPnl(&w))dw
B1(§) dom(exp,,, (§,))

We now make the change of variable = exp,, ({,w). The assumption that D, exp,, ({,w) = £
implies that the inverse wy, (£, ) of exp,, (&, ) satisfies || Dywn, (€, 2)|lop < €71, and consequently,

| det(Dywp, (&, 2))] < 7™
Therefore,
Am
/B(E)(Fm na)2(€m)dn < 5V (nz —n1)*(x)| det(Dywy, (€ x))|d Voly(z)
1

< A" /(ng —n1)%(z)d Volg(z).

~ \2pm Q g
By analogous arguments, we also have

Am
[T =T Emin S sy [ =)Vl ).

Adding the last two inequalities, we get

Am
O = T man < Aggmum—nzn%m)
- o2
:>/BQ /BQ = Tna) (€ m)dndé 5 )\2£m||”1 n2l[12(q)
A™/2

= IPny = Dos [l 22 00x00) Se.00.9.60 —— 1 = n2llL2 ).

This completes the proof.
O

Next, we derive the analogous continuity estimate for the map ¢ — Z.. The key step is to show
that for any M > 0, the operator norm of the derivative of exp,, (z,v) is uniformly bounded for all
c € C},,(Qo) and (z,v) € dom(exp,, ). We begin with a simple lemma.

Lemma 2.5. Let (M, g) be a Riemannian manifold whose curvature tensor R satisfies
|R|| = sup {|R(u,v)wly : u,v,w € SM} < co.
Then any Jacobi field J along a unit speed geodesic 7y : [0,T] — M satisfies the norm bounds

TR+ 1T 02 < M (L10)2 4 1J0)2)  for attt € [0,T].
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Proof. Set f(t) = [J(t)|2 + |J(t)]§ Since J is a Jacobi field, it satisfies the equation

J(t) + R(J(t),¥(t))3(t) = 0.
Therefore,
F(t) =200 (1), T (£))g + 20 (2), T (D))
=2(J,J)g +2(J, —R(J,9)7)g
< 2|J1gld1g + 21|l RIN Iy 715
< (L+ RIS
So it follows that
F(t) < eUFIRDE£0)  for all ¢ € [0, 7).
O
Next, let us recall the definition of the canonical metric on the tangent bundle of a Riemannian
manifold, also called the Sasaki metric. Let (M,g) be a Riemannian manifold, (z,w) € TM, and
Vi, Vo € Tig)TM. Then we may choose curves a;(s) = (0;(s),v;(s)) in TM, defined on (—¢,¢),
such that
a;(0) = (z,w), a;(0) =Vj, for j =1,2.
The inner product of Vi, Vo with respect to the Sasaki metric is defined to be
(V1,Va)g := (61(0), 52(0))g + (01(0), 32(0))g,
where ©;(s) represents the covariant derivative of v;(s) along the curve o;j(s). Note that we are

using the same notation for the Sasaki metric as for the original metric g. Now, for any C' map
F : TM — M, the operator norm of the total derivative of F' at (x,w) € T'M is given by

|DF(z,w)llop := sup{| DF (z,w)(V)|g : V € T(zu)TM, |V|, = 1}.

We will show that if ¢ € C},,(0), the total derivative of exp,,_ is bounded above in the operator
norm.

Proposition 2.6. For any M > 0, there exists L = L(M) > 0 such that for all ¢ € CZM(QO), the
total derivative of the exponential map of gn, satisfies
|1D expy,, (2, w)|lop < L

for all z € Q and w € dom(exp,,_(,-)). In particular, n. € N ae,0(Q0)-
Proof. Suppose ¢ € CzM(QO). Fix (z,w) € dom(exp,, ), and let V' € T(xyw)Tﬁ. It suffices to show
that

| D expy, (2, w)(V)]g < LIVg.
Choose a curve a(s) = (o(s),v(s)) in T, defined on (—¢, ), such that a(0) = (z,w) and &(0) = V.
Consider the family of geodesics ® : (—¢,¢) x [0,1] — Q defined by

B(s,1) = exp, (0(5), t0(s)).
The variation field of this family of geodesics is

J(t) := Osexp,, (0(s),tv(s)) ‘5:0’
which is a Jacobi field along ~(t) := ®(0,¢). Observe that
J(1) = Os exp, (o(s), U(S))‘s:o = Dexp,, (z,w)(V),

which is precisely the quantity whose norm we want to estimate.



STABILITY AND STATISTICAL INVERSION OF TRAVEL TIME TOMOGRAPHY 15

Let R be the Riemann curvature tensor of (Q, g,.), and let R;kl denote its tensor coefficients with
respect to a fixed global coordinate chart on 2. Then we have

i 7 ) 7 m 7 m
R = Ol — Ol + T 1 — 10 105,

where

1 5 _ _ _
Fé’k = §nc 2glm (aj(nggkm) + ak(”zgjm) - am(nggjk)) .

This implies that for any = € Q,
' - 4aM 4
max | Ry (@)] S5 1+ ne@) el < e (1+ 21)"

Therefore, for any x € Q and unit tangent vectors u, v, w € S,f2,
Rl )l S nelo) (max | Ba(ahuletul]) < 1+ 2!
= |R|| < CeM(1 4 M)*
for some C > 0. Taking L? > exp(1 + C'e® (1 4+ M)*) and applying Lemma 2.5, we get
Dexpe(z, w)(V)2 = 1T, < 12 (JTO)R, + 1))
= 22 (|6 + [5(0)) = L2V 2
This completes the proof. ]

Corollary 2.7. There exists a constant Cy, = C4(Q,Q0,7,¢, M) > 0 such that for all c1,co €
Ci (o),
1 Zey = Zes || L2 00x00) < Csller — c2ll 2 (qq)-
Proof. We know from Theorem 1.3, Proposition 2.6, and equation (15) that
ITer = Tesllz200x00) So.005.60m ller = c2lz2(qq)-
Now consider
? dedn.

IT., — FC2||%2(8Q><89) = / ‘ech _ oZe
002 x 00
Recall that there exists 6 > 0 such that Z. (§,n) = Z.,(&£,n) whenever dist;(§,n7) < 6. On the set
{disty(&,m) = 0},
e Ms < Le;(€m) < eM diamy(Q)
(18) = —M +logd < Z¢;(§,n) < M + log | diamg(92)].
So by (14),
leZer(&m _ Zea&m| > ¢~ M§| 7. (€,1) — Zey(€,1)]
for all (&,n) € 92 x 9. Consequently,
ITe, — FCZH%Q(me) = / ‘ezcl _ o Zes

So we conclude that

? dedn > em2M g2 / | Ze, — Zoy|? dedn.

1Zer = Zes |22 S Ty = Teallz2 S ller — ez 2.
O

We conclude this section with a technical result that will be necessary for the proof of Theorem
3.7 in Section 3.
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Theorem 2.8. Given M > 0, there ezists a constant Cy = C5(2,Qo, g, ¢, M) > 0 such that for all
c1,¢2 € Cf (),

1 Zey = Zeyll H2(00x00) < Cs.
Proof. We know from Theorem 1.3 that
1Ze; = Zesllz2 S llex — eall 2 S 2M.

Next, let £, € 0N2. It follows from Remark 1.2 that if distz(§,n) < d, then Z, — Z., and all its
derivatives are identically 0 in a neighborhood of (£, 7). On the other hand, if distg(&,n) > J, Lemma
2.2 implies

‘dfrcl &n)lg  |deley(E,m)lg eM
e (Zey — Ze)(€,1)]5 < c
|de( )(Em)lg < T, (¢n) To, (.7) 5

This shows that ||d¢(Z;, —Zc,)| 2 is uniformly bounded for ¢, ¢o € Cz 1 (Q0). By symmetry, ||dy,(Z., —
Zey )|l 72 1s also uniformly bounded.

So it only remains to consider the Hessian tensor of Z., — Z.,. Let V denote the Levi-Civita
connection on 9€Q¢ x 0, and let o 0Q¢ x 08y, — 0Q¢ and 7" @ Q¢ x O8Y,, — Of),; denote the
canonical projection maps. We may decompose V as V¢ + V", where V¢ and V7 are the covariant
derivative operations with respect to £ and n respectively. More precisely, given any tensor field F
on 08¢ x 0€),, and any tangent vector v € T(0€Q¢ x 0)y), we have

VEF — V(Wg)*ng, VIF = V (xn), 0, F

where (vg, vy) is the image of v under the canonical isomorphism from T'(9€¢ x 0€),) to (T0) x
(T'05Y;,). Correspondingly, the Hessian operator on 9€¢ x 02, can be decomposed as

Hess = V2 = (V¢ + V") (V¢ + V")
= VAV + VAV + VIVE + VTV
= Hess; +VEVT + VIVE + Hess,,,

where Hess; and Hess, are the Hessian operators with respect to § and 7 respectively. Now let
&,n € 0N be such that distg(&,n) > 6. Then for j = 1,2,

VeV Z (€,m) = VEVlog Te, (€, 1)

_ (vﬁvnrcj el ® dnrcj> .
T, rz

By Lemma 2.2, this implies

e, (€m) I2.(&m)
14+671 1
< - _
ST T

This implies that ||VEV(Z,, — Z,)| 12 is uniformly bounded as well. Finally, consider the fact [43]
that

Hessg Ie; (€,7) = (Duw expe, (€, (&, 7))~ (De expe, (€, w(€,m))),
where w(&, -) is the inverse of expe; (&,-) as in Lemma 2.2. Therefore, by Proposition 2.6,

| Hesse Te, (€,1)]g S 071 L(M).



STABILITY AND STATISTICAL INVERSION OF TRAVEL TIME TOMOGRAPHY 17
Writing Z., = logT'¢;, we get
Hess¢ Z.;(§,n) = Hess¢ log ' (&€, 7m)

B Hesse¢ ch B dgl“cj & dch]. n)
ch F%J ) ’

which implies
| Hess§ FCJ' (£7n)|§ |d§FCJ (5777)%
e, (€,m) IZ (€, eta)
L1
< -
~ e e
So we conclude that || Hess¢(Z., — Ze, )|/ 12, and by similar arguments, || Hess, (Z., — Zc,)| .2, are both

| Hesse Zc, (&)l <

uniformly bounded on Cf 1 (£0) as well. This proves the result. O

3. STATISTICAL INVERSION THROUGH THE BAYESIAN FRAMEWORK

As discussed in the Introduction, we will be using the posterior mean of ¢ given finitely many
measurements Dy = (X;, Y;, Zi)i]il, as an estimator for the true metric parameter cg. Let us begin
by describing the prior distribution II for ¢ € C3(£)y). We will assume that IT arises from a centered

Gaussian probability distribution II on the Banach space C (Qp) that satisfies the following conditions.

Condition 3.1. Let f > 3 and o > B+ % . We assume that IL is a centered Gaussian Borel probability

measure on C(Qg) that is supported in a separable subspace of Cg (Q0). Moreover, its Reproducing
Kernel Hilbert space (RKHS) (H, ||-||7) must be continuously embedded in the Sobolev space H*(€y).

We refer the reader to [14, Chapter 11] or [15, Sections 2.1 and 2.6] for basic facts about Gaussian
probability measures and their Reproducing Kernel H~ilbert Spaces.
We now define the prior II to be the restriction of II to Cf 1 (£0) in the sense that

II (A N ch(QO))
T1(C} 5 (Q0))

for all Borel sets A C C3(€). We will see in Lemma 3.5 that CP-balls have positive II-measure.
This together with the fact that Cf 1 (£o) is an open subset of Cg (Q0) (c.f. Remark 1.4) implies that

ﬁ(Cﬁ 1(0)) > 0. Therefore, (19) yields a well-defined probability distribution on C§(£).

(19) I(A) =

Theorem 3.1. Let II be a prior distribution on C3(Q0) defined by (19). Assume that the true
parameter ¢y € CfM(Qo) NH, and let N be the mean (6) of the posterior distribution II(-|Dy)

arising from observations (5). Then there exists w € (0,1/4) such that

Pc](\)[ (HEN — C()”LQ(QO) > wa) —0 as N — .
Moreover, w can be made arbitrarily close to 1/4 for a, B large enough.
Remark 3.1. The assumption that ¢y € Cf (o) NH is weaker than in Theorem 1.5, where we
assumed that ¢y is smooth, compactly supported in €y, and that g, is simple. Indeed, if gy, is
a smooth simple metric, ¢y necessarily belongs to Cf 1 (80) for appropriate values of £, M, and any

B. Moreover, given any ¢y € H§ (), it is possible to choose II so that its RKHS A contains co.
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Indeed, let (f(z) : x € Qo) be the so-called Matérn- Whittle process of reqularity o (see [14, Example
11.8]), whose corresponding RKHS is H%(€). It follows from Lemma 1.4 in [14] that the sample
paths of this process belong almost surely to C%(€). Now choose a cut-off function ¢ € C*(Qp)
such that ¢ > 0 on o, ¢ and all its partial derivatives vanish on 9§, and ¢~ 'cy € H¥(Qp). Define
II to be the probability law of (¢(z)f(x) : € Q). Then H = {¢f : f € H*(Qp)}, which contains
co- Therefore, Theorem 3.1 is a more general and precise version of Theorem 1.5.

3.1. A General Contraction Theorem. Our proof of Theorem 3.1 will follow the same general
strategy as in [23], with some modifications necessitated by the fact that our prior II is not in itself
a Gaussian probability measure, but rather the restriction of such a measure to Cg 1 (20). We begin
with a general posterior contraction result (Theorem 3.2). This is a simplified version of [23, Theorem
5.13], which suffices for us since our prior IT independent of N. Before stating the result, we need
to introduce some notation. Recall that for ¢ € CZ 1 (Q0), we defined p. as the probability density
function

1 1
plond) = e { -5 — Zlo)?} forall (n.2) € X,

where X = 99 x 9Q x R. Given ¢1, ¢z € Cp 5, (D), let

el </X<\/IT — VPe) dp(a,y) d2> )

denote the Hellinger distance between p., and pe,,

K(ci,c2) :=E, [log (pcl>] :/ log <Pc1> Peydp(x,y) dz
Pey X Pey

the Kullback-Leibler divergence, and

V(er,eo) = E, [log <pq>r'

Cc2

Also, for any F C Cf,M(QO) and § > 0, we let N(F, h,d) denote the minimum number of h-balls of
radius 0 needed to cover F.

Theorem 3.2. Let I be a Borel probability measure on C3(Q0) supported on CfM(QO). Let ¢y €

CfM(QO) be fized, and let 6n be a sequence of positive numbers such that 65 — 0 and vV NOn — 00
as N — oco. Assume that the following two conditions hold:

(1) There exists C > 0 such that for all N € N,

(20) il ({c € Cl () : K (e o) < 63, V(e o) < 5%}) > ¢~CNGY
(2) There exists C > 0 such that

(21) log N (C) (), h, 6x) < CNG%.

Now suppose that we make i.i.d. observations Dy = (Xi,YZ-,Zi)fvzl ~ chg. Then for some k > 0
large enough, we have

(22) Py (ﬁ ({c € ¢l () : hie,co) < k(SN} yDN) <1- e—(C+3)N612v) 0

as N — co.
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Proof. Define
(23) By = {c € CEM(QO) c K(c,co) <03, V(e ) < 5]2\]} , N eN.

By condition (1) and [15, Lemma 7.3.2], we have that for any ¢ > 0 and any probability measure m
on By,

N » 1
PN / [T 75 (X0, Y3, Ziydin(e) < e 1OV | < =
“ < BN =1 pCO( Z Z Z) ( ) B B <2N5]2V

In particular, choosing ¢ = 1 and taking m to be the restriction of II to By followed by normalization,
we get that

~ _ 1
py (/ Pe (x,,;, Z:)dM(c) < H(BN)62N512V> < Ao,
B N

co N Deo N62
Set
N
2
e {/ [T 2 (%, ¥, Z)dii(e) 2 e 4OV }
BN =1 pCO
where C' is as in condition (1). It is clear that Ay D {fB s 1 zic dIi(c) > ﬁ(BN)e*QN&Zv}’ and

therefore, P (Ax) — 1 as N — oc.
Next, we consider condition (2). Let k& > k" > 0 be numbers to be determined later. Fix N and

define the function N(e) = eCNOX for all e > 9 = K'Sx. It follows from condition (2) that for any
£ > €o,

N(CP L, (Q0), hye/4) < N(CP L, (Q0), by Kon /1) < OV = N(e).
Therefore, by [15, Theorem 7.1.4], there exist test functions ¥y = ¥n(Dy) such that for some
K >0,

Y

N
PNy =1] < [({E)eKNE2 ; sup  EN[1 - Uy < e KNE?,
c:h(e,co)>e

Now let [ > C be arbitrary. Setting k = \/l/K and € = kdy, we can see that this implies

(24) PCJX[\IlNzl]—>O as N — oo sup Eév[l—\I/N]ge_lN‘s?v,
c:h(c,co)>ko N

Now define
Fy ={ceC} () : hic,co) < kdn}

which is the event whose probability we want to bound. Then by (24),
Pc](\)[ (ﬁ(FK]’,DN) > 67(0+3)N512\,>
o (e TIS) 22 (XY, Z0) (0

= P! > e CHING gy =0, Ay | +o0(1)
’ sz lpc X“Yl’Z)dH( )

N
< Poy ((1 ~Uy) / [T 2 (%, %, Zi)dii(c) > e—<20+5>N6%V> +o(1).
¢ Y2

N =1
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Now by Markov’s inequality, this is further bounded above by
N

EYN |(1- \I/N)/ H;—C(Xi,Yi,Zi)dﬁ(c) eQOTBNG | o(1)
N =10
N
= /F Eé\g (1—-Ty) H ;)—C(Xi, Y, Zi) | dII(c) eROHONGY o(1) (by Fubini’s Theorem)
N i=1 10

€(2C'+5)N6]2V + 0(1)

_ [/ EN[(1 — Wy)ldIi(c)
cth(c,c0)>kdn

< e(2C+5-1)N&3, +o(1).
Now choosing [ > 2C' + 5, the Theorem follows. O

3.2. Properties of the Prior. In this section, we will verify the assumptions of Theorem 3.2 when
I =1II. The key ingredient in the arguments is the forward continuity estimate from Corollary 2.7.
We begin by observing that the Hellinger distance between c¢1,co € Cg 1 (£0) is equivalent to the
L?(09Q x 09) distance between Z., and Z,.

Lemma 3.3. There ezists k = (2, g, M) > 0 such that for all c1,c2 € CZM(QO),

1

Zo — Zo |22 < B2 <
K;H 1 ZHLQ — h (CI,CQ) — 4V01§<8Q)2H

Zey = Zoy|l72.
Proof. Consider the “Hellinger affinity” function

plc, c2) = /X VPeiDeydpp =1 — %hz(%@)-
We have

plervea) = = [ oxp {1 = Za(o)? + G = Zeaon)?) )

_ v 1 2 2
- Vol (99 x 09) /meaQ exp{ 4(ch(xay) + Zey(z,9) )}

e /Ooe 1 <Z Z61+Z02>2 "
- X — R
Vo ). P T2 2
1 1
2 = — - = ZC —ZC bl 2 d d .

Now applying the simple estimate et > 1 — ¢ for all t > 0, we get

1 1
> 1—=(Ze, — Z.)?| dxd
plen,e2) > Volg (00)? /aszxaﬂ [ 8( ' 2 } S
1

=1 8 Voly (992)2 |

1
€xp {8(201 + 202)2} dx dy

ZC1 - ZC2H%2'

Consequently,
1

5 _ B -
h (Cl,CQ) = 2(1 P(Clch)) S 4V01§(aQ)2 H

ZC1 - ZCQH%Q'
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Next, we use the fact Z.,, Z, satisfy the uniform bounds (18) on the support of Z,, — Z.,. Conse-
quently, for all x,y € 02, we have

(26) |ZC1 (iL‘,y) - ZCQ(x’y)’ < A,

where A = 2M + log diamy(£2) — log 8. Set T = A?/8 and observe that for all t € [0, 7,

by the convexity of t — e~t. Therefore, for x = 174?[4, we have

exp{ = §(Zes(01) = Za(o)*} < 1 5120 (00) = Zeo )P

for all (z,y) € 992 x 0. Integrating both sides of this inequality with respect to du(x,y) and
applying (25), we get
K 2
plerse2) <1— §||ch — Ze|I72

= h2(c1,e2) 2 ill Zey = Zey |72

This completes the proof. ]

Now let us verify Condition (1) of Theorem 3.2 for II.

Lemma 3.4. For ¢y € CfM(QO) and t > 0, define

Br(t) = {c €C)y(Q) : e = colles < on/t},

and let By, 11, and oy be as in Theorem 3.2. Then for some t > 0 large enough, Bn(t) C By for all
N € N. In particular,

II(By) > II(Bn(t)).

Proof. We need to verify that if ¢ is large enough, then for any ¢ € By (t), we have K (c,cp) < 6%, and
V(e,cp) < 6%. Consider a random observation (X,Y, Z), where (X,Y) is a pair of boundary points
chosen with respect to the uniform probability measure u, and Z = Z.,(X,Y) + €, with e ~ N(0,1)
independent of (X,Y’). Observe that for any ¢ € By(t),

lOg pfcz(X,Yv; Z) = _%[(Z — Zco(Xa Y))2 - (Z - ZC(X’ Y)>2]

(21) = LZX.Y) = Zey(X,¥)) — lZu(X, ) — Zof(X, V).
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Since E[e| X, Y] = 0, we have

K(C, CO) = Eco |:10g I;ﬂ(Xv Yva Z):|
1
(28) — R+ [2(ZC(X, Y) — Z, (X, Y))Q]
1
= ZC 9 - ZC ) 2 drd
SO0 g g Ze0) = Zafa ) ey
1
= 5o | Ze = Zeol
2 Vol;(99)2 I ollz2
< |le — col|22 (by Corollary 2.7)
< %

So it follows that if ¢ is large enough, K(c,cp) < 0% for all ¢ € By(t). Next, consider

2
V(Cv CO) = ECO |:10g I;ﬂ(Xa Yva Z):|

<28 |32~ 2,7 9B (2o ZoVELE] (by (20)

1
- 2/ | Ze — Zeg|*dp(, y) + 2BF|Z, — Zey]? (since E[¢?] = 1)
OO x 00N

1Ze = Zeo||7
>~ 22/-01_(:909)2 HZC - ZCOH%2 + 4K(07 CO)
g

by (28). It follows from (26) that ||Z. — Z¢|lre < A, where A > 0 depends only on ,g,0.
Consequently,

Vie,co) S 1Ze = Zeoll 72 + K (e, co)

S ORle = coll32 + K(c, o) (by Corollary 2.7)
62
Sle-collZo+ N by (29)

2
< v

This shows that for ¢ > 0 large enough, we also get V(c, co) < 6% for all ¢ € By (t). d

Next, we will establish a lower bound for IT(Bx (t)), which will follow from estimates of II- measures
of sets of the form {c: ||c||cs < €} when € > 0 is small. To this end, it is convenient to work with
Holder-Zygmund spaces C%(Qp), with s > 0 (see [42] for a detailed treatment). If s is not an integer,
C:(Qp) is simply the Holder space C*(€2y). On the other hand, if s is a positive integer, C2(£)) is a
larger space than C*(Qg), and is defined by the norm

a h a —h N a
o= 3 swlf@)+ Y sp 1ZSEE >+0f}§|w ) - 2f0°(x)|

|a|§s—1x€Q0 |a\:s—1z€90’h7ﬁ0

/]
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In either case, it is easy to see that || f||cs < ||f]|cs for all f € C*(Qp). It turns out that C¥(£2) coin-
cides with the Besov space B3, ., (£2), which allows us to use various embedding and approximation
results from Besov space theory.

Before proceeding, let us fix v > 0 such that

2m m

(30) 1/>max{2m_6)_m,ﬂ

} , and define Sy = N~V

v
It is easy to verify that 6x — 0 and VNéy = N2C+) — 00 as N — oo.

Lemma 3.5. Let ¢y € CgM(QO) NH, and define dn as in (30). Then for t > 0 large enough, there
exists C' = C'(Q,Q0, g, a, 8,4, M, co,t) > 0 such that for all N € N,
(B (t)) > exp{—C'N&%}.
In particular, there exists C = C(Q,Qo, 7, o, 5,£, M, co) > 0 such that for all N € N,
I(By) > exp{—CN&%}.

Proof. The sets {b € C3(Q0) : ||bllcs < 8} for § > 0 are convex and symmetric. Hence by [15,
Corollary 2.6.18],

(e — colles < n/t) > e 1020l ¢l s < On /t).

Moreover, since ¢y € Cf 1 (£0), which is open with respect to the C? metric, we have for all sufficiently
large t > 0,

(By(t) = I(||c — collcs < on/t) = I(|lc — collcs < on/1)

(e, ()

and therefore,

(31) (By (1)) > e—||co||$_[/2H(MCH%ﬁ < (5N/t).

II(Cy 5/ (£20))
Next, choose a real number 7 such that
m 2m
32 _m o 2m
( ) ﬁ<’7<0[ 27 y>2(a_7)_m

Alternatively, if 3 is not an integer, we can simply set v = (. In either case, we have || f||cs < || flc2
for all f € CY ().

Now recall our assumption that the RKHS # of II is continuously embedded into H*()). We
know from [13, Theorem 3.1.2] that the unit ball U of this space satisfies

A\ @)
g ATO oo < (2)

for some fixed A > 0 and all € > 0 small enough. Therefore, by [19, Theorem 1.2}, there exists D > 0
such that for all € > 0 small enough,

- - o 2m
fi(lelles < &) = Tilelor < ) > exp{—De 2<a—v>—m}.
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Consequently, (31) implies that for ¢ > 0 large enough,

1 leolld, 1 a2 T
I(By(t) > = exp{ —W _ pyda—)=—mg 2e=n=-m
T(C} (D)) 2
> ;exp {—HCOH% - DtQ(O‘EZL)*m 5”} (by (30) and (32))
=~ N
T(C} (D)) 2
2 2m
- _ 6 1 exp { ||CO||7-[ o DtQ(a»y)mN(;%V}
H(Ce,M(QO)) 2

> exp{—C'Né&%}

~ __2m
for C" = log (H(Cf’M(QO)D + % + Dt2(@=7)-m Tt now follows from Lemma 3.4 that for t > 0
sufficiently large, there exists C' > 0 such that II(By) > exp{—CNd%}. This completes the proof. [

Thus, we have verified Condition (1) of Theorem 3.2. The next Lemma verifies Condition (2).
Lemma 3.6. There exists C = 5(9, Q0,79,05,¢) > 0 such that
log N (C} 1, (Q0), h, 63) < CNG.
Proof. In order to construct a covering of Cg 1 (£o), it suffices to construct such a covering of the
c’ (o) - ball of radius M centered at 0. Therefore, if Uz denotes the unit ball of c’ (Q0),
log ({3 (Q0), || - |2 6x) < log N (MU, | - [| 2, ).
Now applying [13, Theorem 3.1.2] to the inclusion C’f(Qo) — L%(Qp), we have

8 AN\
IOgN(Ce,M(QO)7 |- llz2,0n) < o

for some A’ > 0. Since v > m/f3, we get

log A'(C (), | 12, 6) < biy” = N3,
where b > 0. Now, Lemma 3.3 and Corollary 2.7 imply that an L? ball of radius dy centered
at any ¢ € CZB 17 (Qo) is contained in the Hellinger ball of radius %51\; centered at the same

point. Therefore, by suitably rescaling the constant b to C (©,9Q0,3,8,¢, M) >0, we get the desired
complexity bound N
log N (€} (), h, 6x) < CNG%.
O

3.3. Posterior Convergence. In this section, we will combine the results of Sections 3.1 and 3.2
to prove Theorem 3.1.

Theorem 3.7. Let I1, o, 5, M, co be as in Theorem 3.1, v,dn as in (30), and C > 0 as in Lemma
3.5. Then for k' > 0 large enough, we have

39 PN (W{e € €0 1Ze  Zeyllix < Kon}Dy) 21— e CHINR) 1
as N — oo. Moreover, for all k" > 0 large enough,

(34 PY (T({e € €4y (@) ¢ e — aoll 2 > K52} Dy) = = C+IN) Ly
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as N — oo.

Proof. Combining Lemmas 3.5 and 3.6 with Theorem 3.2, we get (33) for all sufficiently large £’ > 0.
To get (34), consider the event

En ={c€C/y;(Q) : |Ze — Zayll 12 < Kon}.
By Corollary 2.3, for any ¢ € Ey,

le—collz < CillZe = Zeolli
1/2 1/2
< O Ze = Ze |15 Ze = Zeg I3

by the standard interpolation result for Sobolev spaces. Therefore, by Theorem 2.8,
le = coll2 < C1(Cy)' 2 (K o)/
Taking k" > O} (k'C4)"/2, we conclude that
lle — collz2 < K"6)/>.
Combining this with (33) gives us (34). O

The final step in the proof of Theorem 3.1 is to prove that the posterior contraction rate in the
above Theorem carries over to the posterior mean ¢y = E[c|Dy] as well. Let

0 —.
<w< 2210

We note that w can be made arbitrarily close to 1/4 by choosing «, 8 appropriately. Indeed, if o and
B are sufficiently large, (30) allows v to be arbitrarily close to 0. Correspondingly, w can be made
arbitrarily close to 1/4. Next, define

wy = kK"6Y? = KNI = o(N7¥)
where k” > 0 is as in Theorem 3.7.
Proof of Theorem 3.1. Observe that

lex —collz = ||EM[e[DN] — <o

IN

EY [|lc — coll2|Dn]  (by Jensen’s inequality)

IN

wy +EI {Hc — COHL2]1{||0—60||L22WN}}DN:|

IN

1/2
wn +E" [[le = col221Dn] 2 [T([le = coll 2 > wn D)2

by Cauchy-Schwarz inequality. Now it suffices to show that the second summand on the right hand
side is stochastically O(wy) as N — oo.
Arguing as in the proof of Theorem 3.2 and applying Lemma 3.5, we get that the events

N
Ay = / [T 2 (0,3, Zi)dln(e) > e (HONG
€/ ar(R0) j=1 Peo
satisfy PY (Ay) — 1 as N — co. Here, C is as in Lemma 3.5. Now, Theorem 3.7 implies
Py (B [le = coll72Dn] x T(fle = coll > > wn|Dn) > wi)

< P (E™ e - coll3[Dn] e @V > 0 ) + o(1),



26 ASHWIN TARIKERE AND HANMING ZHOU

which is bounded above by

PC](\)[ (6_(C+3)N5?VIEH [||c - CQH%2|DN] > WJQV,AGV) +0o(1)

_ PN (C+3)N52 f ”C COH Hz 1 Peo (XzaY:mZ)dH( ) N ) ,
B wi, Ay | +o(1)
fHZ 1 p (X )dH( )
) SPL{X /’c_co”ﬁH;)c (Xi, Y5, Z;)dll(c) > wy 2 N +o0(1)

=1

using the fact that [T[Y, 2o (X;,Ys, Zi)dII(c) > e ~(C+2NG on A’ Next, using Markov’s inequal-
o
ity, (35) can be further bounded above by

N
Se*N‘;szw&QEi\; /HC—COH%2H§C(Xthin)dH(c) +o(l)

i=1+¢0

— e NRwy /Hc—cOHLQE Hpc (Xi,Y;, Z;)| dIl(c) + o(1) (by Fubini’s Theorem)

0

N
< e*N‘;JZ\’w;,Q / e — col|72dII(c) + o(1) since EY 5—6 =1
co
< e_N(S?Vw]QQ +0(1) S e NN N2 4 o(l) > 0as N — o0
This completes the proof. ]
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