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Abstract. We consider the inverse problem of recovering stationary coeffi-

cients in a class of dynamical Schrödinger equations with locally analytic non-
linear terms. Upon treating the well-posedness for small initial data and triv-

ial boundary data, we proceed to establish stable and unique determination

provided knowledge of the coefficients near the boundary and the measured
Neumann data of the solution. We discuss both the case of measurement on

a subset of the boundary satisfying a certain geometric condition and, under

stronger assumptions on the regularity and size of the coefficients, the case
of measurement on arbitrary subsets of the boundary. Our argument relies

on high-order linearization and Carleman estimates for the linear Schrödinger

equation.

1. Introduction. Letting Ω be a smooth bounded domain in Rn (n = 2, 3), we
consider the following nonlinear Schrödinger equation:

(i∂t +∆+ p(x))u(x, t) + q(x)N(u(x, t), u(x, t)) = 0 on Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = f(x) on Ω× {0},
(1)

where N(u, u) represents a general nonlinear term satisfying certain conditions that
will be specified. Here p(x) and q(x) are the linear and nonlinear coefficients re-
spectively, and f(x) defines the initial condition.

We briefly record some notations used throughout the paper. We adopt the con-
vention that L2(Ω) and its subspaces are complex Hilbert spaces. In particular,
L2(Ω) is equipped with the Hermitian inner product

(f, g)L2(Ω) =

∫
Ω

fg dx. (2)

For k ≥ 0 an integer, we consider the Sobolev space of complex-valued functions
Hk(Ω) with norm given by

∥·∥Hk(Ω) =

 k∑
|α|=0

∥Dα (·)∥2L2(Ω)

 1
2

(3)

2020 Mathematics Subject Classification. Primary: 35R30; Secondary: 35G31.
Key words and phrases. Nonlinear schrödinger equation, carleman estimates, logarithmic sta-

bility, high-order linearization, fourier-bros-iagolnitzer (F.B.I.) transform.

1

http://dx.doi.org/10.3934/ipi.2026046
mailto:pranav_arrepu@ucsb.edu
mailto:hzhou@math.ucsb.edu
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and Hk
0 (Ω), the completion of smooth compactly supported test functions C∞

c (Ω)
with respect to the Hk(Ω)-norm. Whenever convenient, we denote D(A) = H2(Ω)∩
H1

0 (Ω) with norm given by ∥ · ∥D(A) = ∥ · ∥H2(Ω) and C
0
D(A) = C([0, T ]; D(A)) the

complex Banach space with norm given by

∥·∥C0
D(A)

= sup
t∈[0,T ]

∥·∥D(A) . (4)

We will also use the fact that in Rn (n = 2, 3), H2(Ω) (and consequently D(A))
is a Banach algebra. That is, there exists a constant K∗ = K∗(Ω) > 0 such that
for any h1, h2 ∈ H2(Ω),

∥h1h2∥H2(Ω) ≤ K∗∥h1∥H2(Ω)∥h2∥H2(Ω). (5)

We now delineate our assumptions on the nonlinearity N(u, u) appearing in (1).
For some integer k > 1 and another constant δ > 0, we suppose that N = N(z1, z2) :
C× C → C is a mapping that is analytic on the disk

Bδ(0, 0) =
{
(z1, z2) ∈ C× C

∣∣∣ |z1|2 + |z2|2 < δ
}

(6)

and which satisfies the conditions that
k∑

m=0

(
k

m

)
· ∂mz1∂

k−m
z2 N(0, 0) ̸= 0, ∂mz1∂

k−m
z2 N(0, 0) ∈ R for 0 ≤ m ≤ k. (7)

Remark 1.1. In the present study, we use Carleman estimates based on the interval
(−T, T ) and the assumption that the terms above are real-valued ensures that the
solution to a linearized version of (1), namely (91), takes a simple form on (−T, T ).
That the above sum is non-zero ensures that the initial condition of (91) is non-zero.

We further stipulate for (h1, h2) ∈ C0
D(A) × C0

D(A) that{
∥N(h1, h2)∥C0

D(A)
≤ C0 ∥h1∥m0

C0
D(A)

∥h2∥n0

C0
D(A)

,

∂α1
z1

(
∂α2
z2 N(0, 0)

)
= ∂α2

z2

(
∂α1
z1 N(0, 0)

)
= 0 for α1 + α2 ≤ k − 1,

(8)

where C0 > 0 and m0 + n0 > 1. The condition that m0 + n0 > 1 is required for
the well-posedness and linearization of (1). Also, we point out that the condition
in (8) only needs to hold in some neighborhood of (0, 0) ∈ C0

D(A) × C0
D(A).

In fact, the analyticity of N(z1, z2) and (8) imply that when

∥h1∥2C0
D(A)

+ ∥h2∥2C0
D(A)

<
δ

(K∗)
2 , (9)

N(h1, h2) is given by the power series

∞∑
l=k

(
l∑

m=0

1

m!(l −m)!

(
∂l−mz1 ∂mz2N(0, 0)

)
hl−m1 hm2

)
(10)

converging absolutely with respect to ∥ · ∥C0
D(A)

×C0
D(A)

. To see this, begin by ob-

serving that as a result of (5), we have∥∥hl−m1 hm2
∥∥
C0

D(A)

≤ (K∗)
l−1 · ∥h1∥l−m ∥h2∥m (11)

so that

K∗ ∥∥hl−m1 hm2
∥∥
C0

D(A)

≤ (K∗)
l · ∥h1∥l−m ∥h2∥m = ∥K∗h1∥l−m ∥K∗h2∥m . (12)
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Now, (10) follows since the analyticity of N(z1, z2) on the disk Bδ(0, 0) implies
that for (h1, h2) ∈ C0

D(A) × C0
D(A) satisfying (9),

∞∑
l=k

(
l∑

m=0

1

m!(l −m)!

∣∣∂l−mz1 ∂mz2N(0, 0)
∣∣ ∥K∗h1∥l−m ∥K∗h2∥m

)
<∞, (13)

where the first k − 1 terms vanish by (8).
The nonlinearity in (1) is motivated by terms appearing in the Gross-Pitaevskii

equation1, where N(u, u) = |u|2u. In this case, the linear coefficient p represents
an external potential while the nonlinear term models particle interactions with the
coupling constant q. Then the solution u defines the wavefunction. We remark that
the condition in (8) is similar to a growth condition satisfied by the nonlinear terms
studied for a transport equation in [28]. We also point out that non-polynomial,
analytic nonlinear terms have been considered in the inverse source problem for
certain elliptic equations in [31].

For (1), we establish the following well-posedness result when the initial data f
is small:

Theorem 1.2. Let Ω be a smooth bounded domain in Rn (n = 2, 3). Let p(x) ∈
L∞(Ω) be real-valued. Consider q(x) ∈ H2(Ω), f(x) ∈ D(A) and suppose N(z1, z2)
is an analytic mapping near (0, 0) that satisfies (7)-(8). Then, there exists r > 0
sufficiently small so that when ∥f∥D(A) ≤ r, there is a unique solution u to (1) in

C([0, T ];D(A)) ∩ C1([0, T ];L2(Ω)) satisfying

∥u∥C0
D(A)

≤ C∥f∥D(A)

for some constant C > 1 only depending on Ω and ∥p∥L∞(Ω).

Remark 1.3.

(a) We apply the Banach algebra property in (5) to prove the above result and this
restricts our consideration to Rn (n = 2, 3). By assuming higher regularity
for q(x) and f(x), we can establish a similar result in Rn for n > 3.

(b) We note that the well-posedness in C([0, T ];D(A))∩C1([0, T ];L2(Ω)) of equa-
tions similar to (1), namely those of the form “i∂tu+∆u = F (u)” when F is
locally Lipschitz, has been treated in the previous literature (see Lemma 4 in
[6] and Theorem 1 in [36]) by Picard iterations. However, Theorem 1.2 is of
interest since in certain cases, it provides a sharper estimate of the solution
than what would be guaranteed by using the results of [6, 36] and applying
Gronwall’s Inequality to obtain a stability estimate. As will be shown in the
proof of the above theorem, this is a consequence of passing the dependence
on T > 0 onto the size of the initial data f(x).

We are interested in the inverse problem of uniquely and stably determining p(x)
and q(x) from the Neumann data measurement (∂u/∂ν)

∣∣
∂Ω×(0,T )

. This is inspired

by the well-known Calderón problem for the conductivity equation “∇·(γ∇u) = 0”,
which seeks to determine the coefficient γ from the measurements f 7→ γ(∂u/∂ν)

∣∣
∂Ω

given Dirichlet data u = f on ∂Ω. Since the seminal work of [39], the Calderón
problem has been studied in numerous variations. We briefly mention references for
previous work on inverse problems for the Schrödinger equation. When q ≡ 0, (1)
becomes a linear Schrödinger equation. The inverse coefficient problem for linear

1See [35] for further details and applications to the modelling of Bose-Einstein condensates.
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Schrödinger equations has been extensively studied for both stationary coefficients
[1, 3, 5, 14, 17, 20, 32, 40] and time-dependent coefficients [4, 12, 15, 21]; see also the
references therein. The studies in [4, 3] consider the partial data inverse problem of
stable and unique determination from a measurement of the Neumann data on an
arbitrary subset of ∂Ω.

Fewer results are known when nonlinear terms appear. When N(u, u) is of the
form

N(u, u) =

K∑
a+b=2

qa,bu
aub, (14)

uniqueness and stability for the recovery of time-dependent coefficients were es-
tablished in [25, 27] through the construction of geometric optics solutions. When
N(u, u) = u2, the work [30] considers the related inverse problem of determining
both linear and nonlinear coefficients from the source-to-solution map. Related to
(14) is the recovery of coefficients when N(u, u) is of the form

N(u, u) =

∞∑
l=2

( ∑
a+b=l

qa,bu
aub

)
. (15)

Since each term qa,b is the coefficient of a finite-degree polynomial just as in (14),
the recovery of the nonlinear term in (15) can be treated by induction on l ∈ N us-
ing the methods in [27]. Similar induction arguments are used in [23] for recovering
coefficients in elliptic equations with a nonlinear term resembling (15) and likewise
in [28] for nonlinear transport equations.

The main contribution of the present paper is the use of linearization to recover
the coefficient of a term N(u, u) satisfying (7)-(8), which generalizes the nonlin-
earities considered in previous works by permitting non-polynomial terms. We
introduce a small parameter ϵ ∈ R in the initial condition of (1) and consider

(i∂t +∆+ pj(x))uϵ,j(x, t) + qj(x)N(uϵ,j(x, t), uϵ,j(x, t)) = 0 on Ω× (0, T ),

uϵ,j(x, t) = 0 on ∂Ω× (0, T ),

uϵ,j(x, 0) = ϵf(x) on Ω× {0},
(16)

for j = 1, 2. Note that the well-posedness of (16) for ϵ ∈ R small follows from
Theorem 1.2.

From a physical point of view, our inverse problem consists in determining both
the linear and nonlinear potentials of a medium by probing it with small distur-
bances generated at the initial time. Our data are the responses of the medium to
these small disturbances measured on part of the boundary.

For a subset S ⊆ ∂Ω and l ∈ N, define

δ
(l)
S =

∥∥∥∂t (∂lϵ∂ν(uϵ,1 − uϵ,2)
∣∣∣
ϵ=0

)∥∥∥
L2(S×(0,T ))

. (17)

We list our main results as follows. The first result concerns measurement of the
Neumann data on a subset of the boundary satisfying a geometric condition.

Theorem 1.4. Consider (16) and let Ω be a bounded domain in Rn (n = 2, 3) with
smooth boundary. Additionally, let ω ⊂ Ω be a relatively open neighborhood of ∂Ω.

We take real-valued f(x) ∈ H4(Ω)∩H3
0 (Ω), real-valued pj(x) ∈ H2(Ω) (j = 1, 2),

and qj(x) ∈ H2(Ω) (j = 1, 2) such that q1(x) − q2(x) is real-valued. Suppose that
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there exist constants M,γ−, γ+ > 0 satisfying
∥pj∥H2(Ω) ≤M (j = 1, 2),

|f(x)| ≥ γ− on Ω \ ω,
∥f∥H4(Ω) ≤ γ+.

(18)

Further, let N(z1, z2) be an analytic mapping near (0, 0) that satisfies (7)-(8) and
for some x0 /∈ Ω, consider a subset Γ0 ⊆ ∂Ω such that{

x ∈ ∂Ω
∣∣ (x− x0) · ν(x) ≥ 0

}
⊆ Γ0. (19)

(a) Suppose that p1(x) = p2(x) on ω ⊂ Ω. Then, one has that

∥p1 − p2∥L2(Ω\ω) ≤ Cδ
(1)
Γ0

(20)

for some constant C = C(Ω,Γ0,M, T, γ−, γ+) > 0.
(b) Suppose instead that p1(x) = p2(x) on Ω and that q1(x) = q2(x) on ω ⊂ Ω.

Then, one has that

∥q1 − q2∥L2(Ω\ω) ≤ Cδ
(k)
Γ0

(21)

for some constant C = C(Ω,Γ0,M, T, γ−, γ+) > 0.
(c) Lastly, suppose that p1(x) = p2(x) and q1(x) = q2(x) on ω ⊂ Ω. If there

exists ϵ0 > 0 such that (∂uϵ,1/∂ν)|Γ0
= (∂uϵ,2/∂ν)|Γ0

for all ϵ ∈ (0, ϵ0), then
p1(x) = p2(x) and q1(x) = q2(x) a.e. on Ω \ ω.

In the case of measurement on an arbitrary relatively open subset of the bound-
ary, we have the following result.

Theorem 1.5. Consider (16) and let Ω be a bounded domain in Rn (n = 2, 3) with
smooth boundary. Additionally, let Γ be a relatively open subset of ∂Ω and ω ⊂ Ω
a relatively open neighborhood of ∂Ω such that ∂ω \ ∂Ω is C2.

Let f(x), pj(x), and qj(x) (j = 1, 2) satisfy the conditions in Theorem 1.4.
Assume also that p1(x) − p2(x), q1(x) − q2(x) ∈ H4(Ω) and that there exists a

constant M̃ > 0 such that ∥p1 − p2∥H4(Ω), ∥q1 − q2∥H4(Ω) ≤ M̃ .

(a) Suppose that p1(x) = p2(x) on ω ⊂ Ω. Then, one has that

∥p1 − p2∥L2(Ω\ω) ≤ C

[∣∣∣ln δ(1)Γ

∣∣∣−1

+ δ
(1)
Γ

]1/2
(22)

for some constant C = C(Ω,Γ, ω,M, M̃, T, γ−, γ+) > 0.
(b) Now assume that p1(x) = p2(x) on Ω and suppose q1(x) = q2(x) on ω ⊂ Ω. Then,

one has that

∥q1 − q2∥L2(Ω\ω) ≤ C

[∣∣∣ln δ(k)Γ

∣∣∣−1

+ δ
(k)
Γ

]1/2
(23)

for some constant C = C(Ω,Γ, ω,M, M̃, T, γ−, γ+) > 0.
(c) Lastly, suppose that p1(x) = p2(x) and q1(x) = q2(x) on ω ⊂ Ω. If there exists ϵ0 > 0

such that (∂uϵ,1/∂ν)|Γ0 = (∂uϵ,2/∂ν)|Γ0 for all ϵ ∈ (0, ϵ0), then p1(x) = p2(x) and
q1(x) = q2(x) a.e. on Ω \ ω.

Remark 1.6.

(a) The assumption that ∂ω \∂Ω is C2 is needed for the proof of Proposition 4.8,
which introduces a function used in a parabolic Carleman estimate involved
in the proof of the above theorem. We refer to Remark 4.9 for further details.
However, this regularity assumption is not restrictive since if the boundary
is rough, we can replace ω by a smaller neighborhood ω′ such that ∂ω′ \ ∂Ω



6 PRANAV ARREPU AND HANMING ZHOU

is C2 and the lower bound γ− > 0 in (18) with a possibly smaller constant
γ′− > 0.

(b) Aside from ensuring well-posedness by Theorem 1.2, we consider the inverse
problem in Rn (n = 2, 3) in order to apply the Sobolev Embedding Theorem
in the proofs of Theorem 1.4-1.5. By assuming higher regularity for the co-
efficients pj(x), qj(x) (j = 1, 2) and initial condition f(x) appearing in (16),
one can establish similar results in Rn for n > 3.

(c) The previous studies [25, 27] use assumptions similar to our requirement that
p1(x) = p2(x) and q1(x) = q2(x) for x ∈ ω in order to apply a unique con-
tinuation estimate from Lemma 2.2 in [4]. In the case of the non-dynamical
linear Schrödinger equation with trivial Dirichlet data outside a relatively
open subset Γ ⊆ ∂Ω, it is known (cf. Exercise 5.7.4 in [19]) that knowledge
of the linear coefficient in a neighborhood of ∂Ω along with the Dirichlet-to-
Neumann map on Γ determines the Dirichlet-to-Neumann map on the entire
boundary. However, we are concerned with proving logarithmic stability with
respect to Neumann data measured only on Γ.

The present paper deals with the nonlinearity N(u, u) through Carleman esti-
mates in the style of A. L. Bukhgeim and M. V. Klibanov in [8]. Carleman estimates
for the dynamical Schrödinger equation were derived for the first time in [1] when
the Neumann data was measured on a subset of the boundary satisfying a geometric
condition. For earlier literature concerning the application of Carleman estimates
to inverse problems, we refer the reader to [22] and the references therein. Studies
subsequent to [1] have applied Carleman estimates to inverse problems for the linear
Schrödinger equation in more general settings. The authors of [32] generalized the
Carleman estimates in [1] to enable stability by observation over arbitrary subsets
of ∂Ω provided the existence of a Carleman weight satisfying a weak pseudocon-
vexity condition on the domain. The pseudoconvexity requirement was relaxed in
[3] by transforming the Schrödinger equation into a parabolic equation for which
partial data Carleman estimates can be derived. Carleman estimates in negative
order Sobolev spaces are derived in [40] and are used to study inverse problems for
Lp-coefficients for p > 1. A Carleman estimate for the linear Schrödinger equation
on an infinite cylindrical domain was derived in [20]. For the magnetic Schrödinger
equation, we mention that Carleman estimates were derived in [11] to study the
recovery of the magnetic field and in [17] to recover both the magnetic field and the
linear coefficient.

We prove Theorem 1.4 by first applying the high-order linearization technique
detailed in [16, 23, 24, 29, 38] to (16). With the linearized equation, we apply the
strategy used in [1] to study the inverse problem for the linear Schrödinger equation.
In particular, the authors of [1] prepare an equation in which the quantity we wish
to estimate is part of the initial data. Then, an estimate involving the initial data
is derived through integration by parts. Lastly, terms in this estimate are bounded
above by a Carleman estimate for the Schrödinger operator i∂t + ∆ + p(x) with
p(x) ∈ L∞(Ω).

The proof of Theorem 1.5 is similar in that it relies on using an initial data esti-
mate and estimating terms through another Carleman estimate for the Schrödinger
operator. As in [3], we further need to estimate the solution to a linearized version
of (16) on a subset of ω in terms of the Neumann data on Γ. This requires a unique
continuation estimate.



STABLE DETERMINATION OF COEFFICIENTS BY CARLEMAN ESTIMATES 7

We note that the use of an estimate involving the initial data corresponds to the
setting of (16) where we impose non-trivial initial data but trivial Dirichlet data
on the boundary. This is also the setting considered in other works based on the
Carleman estimate such as [1, 3, 17]. This is in contrast to [25, 27], where non-trivial
Dirichlet data but trivial initial data are imposed.

In Section 2, we provide the proof of Theorem 1.2. In Section 3, we address
the differentiability of the solution to (16) with respect to ϵ ∈ R and also record
the Carleman estimates to be used in the proofs of Theorem 1.4 and Theorem 1.5,
which are discussed in Section 4.

2. Well-posedness for the forward problem. We proceed to establish the
well-posedness of (1). Our argument relies on the well-posedness of the linear
Schrödinger equation taken up in the next section.

2.1. The homogeneous linear equation. For p(x) ∈ L∞(Ω), we consider
(i∂t +∆+ p(x))u(x, t) = 0 on Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = f(x) on Ω× {0}.
(24)

In [21], the authors consider the well-posedness of an equation similar to (24)
and it is possible to use their method to show well-posedness in C ([0, T ];D(A)) ∩
C1
(
[0, T ];L2(Ω)

)
. However, when there is a non-trivial source term in (24), the

stability estimate in [21] is such that it estimates the solution in C ([0, T ];D(A)) ∩
C1([0, T ];L2(Ω)) in terms of the source in H1(0, T ;L2(Ω)). For the fixed point
argument concerning the well-posedness of (1) in Section 2.2, it is convenient to
have an estimate in which the solution can be estimated by the source in the same
norm.

For this purpose, we address the well-posedness of (24) by noting that the un-
bounded operator A = i∆+ ip(x) generates a strongly continuous unitary group on
D(A) = H2(Ω) ∩H1

0 (Ω) ⊂ L2(Ω), thereby yielding a solution to (24) in C([0, T ];D(A)) ∩
C1([0, T ];L2(Ω)). A consequence of the following theorem is that when (24) has a
non-trivial source term, we can use Duhamel’s Formula (recalled in Section 2.2) to
estimate the solution by the source term in the same norm.

Theorem 2.1. Let Ω be a bounded domain in Rn with smooth boundary ∂Ω. Sup-
pose p(x) ∈ L∞(Ω) is real-valued and f(x) ∈ D(A) where D(A) = H2(Ω) ∩H1

0 (Ω).
For a given T > 0, there exists a unique solution to (24) in C([0, T ];D(A)) ∩
C1([0, T ];L2(Ω)). Moreover, we have for some constant C1 = C1

(
Ω, ∥p∥L∞(Ω)

)
> 1

the stability estimate
∥u(· , t)∥H2(Ω) ≤ C1∥f∥H2(Ω), (25)

which holds for each t ∈ [0, T ].

Proof. We begin by noting that the unbounded operator iA = −∆ − p(x) with
D(iA) = D(A) = H2(Ω) ∩H1

0 (Ω) ⊂ L2(Ω) is self-adjoint. Indeed, the operator is
densely defined and symmetric. One can use elliptic regularity estimates to show
that it is closed. Now, the fact that iA is self-adjoint follows2 from the fact that
(iA)∗ is symmetric. To see this, note that since p(x) ∈ L∞(Ω), multiplication by
p(x) is a bounded linear operator on L2(Ω). From Lemma 6.3.2 in [7], we obtain

(iA)
∗
= (−∆)

∗ − p(x) = −∆− p(x). (26)

2See, for example, the discussion in Section VIII.2 in [33].
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The above uses the assumption that p(x) is real-valued as well as the self-
adjointness of (D(A),−∆), which is treated by Proposition 2.6.1 in [9]. The sym-
metry of (iA)

∗
follows from the density of the test functions in D(A) with respect

to the H1(Ω)-norm and the assumption that p(x) is real-valued.
The existence of a strongly continuous unitary group {etA}t∈R for the evolution

equation
du(x, ·)
dt

= Au(x, ·) (27)

and thus a unique solution to (2.1) in C([0, T ];D(A)) now follow from Stone’s The-
orem (e.g. see Theorem 3.2.1 in [37]). This solution is also in C1([0, T ];L2(Ω))
since we have ∂tu(x, t) = i∆u(x, t) + ip(x)u(x, t) from the equation itself and
i∆u(x, t) + ip(x)u(x, t) ∈ C([0, T ];L2(Ω)).

It remains to show (25). The fact that {etA}t∈R is unitary means

∥u(· , t)∥L2(Ω) = ∥etAf∥L2(Ω) = ∥f∥L2(Ω) (28)

for each fixed t ∈ [0, T ] and f(x) ∈ D(A). Using the fact that the generator
A = i∆+ ip(x) commutes with the operators {etA}t∈R and (28), we have

∥Au(· , t)∥L2(Ω) = ∥AetAf∥L2(Ω) = ∥etAAf∥L2(Ω) = ∥Af∥L2(Ω)

≤ ∥∆f∥L2(Ω) + ∥p∥L∞(Ω)∥f∥L2(Ω).
(29)

Moreover, upon applying an elliptic regularity estimate, we obtain for some con-
stant C = C(Ω) > 0 the lower bound

∥Au(· , t)∥L2(Ω) ≥
1

C

(
∥u(· , t)∥H2(Ω) − ∥u(· , t)∥L2(Ω)

)
=

1

C

(
∥u(· , t)∥H2(Ω) − ∥f∥L2(Ω)

)
,

(30)

where (28) was used for the last equality above. Then, (29) becomes

∥u(· , t)∥H2(Ω) ≤ C
(
1 + ∥p∥L∞(Ω)

)
∥f∥H2(Ω) + ∥f∥H2(Ω), (31)

which establishes (25).

Remark 2.2. One could use the self-adjointness of (D(A),−∆) and Duhamel’s
Formula to deal with the p(x)-term in (24) and establish well-posedness. Moreover,
Gronwall’s Inequality could be invoked to obtain a stability estimate. This is the
approach taken in Chapter 4 of [10]. However, the resulting stability estimate would
depend on T > 0 whereas the estimate proved in the preceding theorem is uniform
over [0, T ].

2.2. The nonlinear equation. In this section, we prove Theorem 1.2. We shall
use Duhamel’s Formula for the following IBVP, which is the same as (24) but with
a non-trivial source term:

(i∂t +∆+ p(x))u(x, t) = g(x, t) on Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = f(x) on Ω× {0}.
(32)

If (32) has a solution in C([0, T ];D(A))∩C1([0, T ];L2(Ω)), it is uniquely defined
by Duhamel’s Formula as follows:

u(x, t) = etAf(x)− i

∫ t

0

e(t−s)Ag(x, s) ds. (33)
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Additionally, if g(x, t) ∈ W 1,1(0, T ;L2(Ω)) or g(x, t) ∈ L1(0, T ;D(A)), then
u(x, t) defined by (33) belongs to C([0, T ];D(A)) ∩ C1([0, T ];L2(Ω)) (e.g. see Sec-
tion 1.6 of [9]).

In the following, recall that C0
D(A) = C([0, T ];D(A)) is equipped with the norm

given by

∥w∥C0
D(A)

= sup
t∈[0,T ]

∥w(· , t)∥D(A) = sup
t∈[0,T ]

∥w(· , t)∥H2(Ω). (34)

We denote the closed ball in C0
D(A) of radius r > 0 by

Br(0) =
{
w ∈ C0

D(A)

∣∣∣ ∥w∥C0
D(A)

≤ r
}
. (35)

Recall also from Theorem 2.1 the unitary group
{
etA
}
t∈R generated by A =

i∆ + ip(x) and that given h(x) ∈ D(A), we have for each t ∈ [0, T ] and some
constant C1 > 1 the estimate

∥etAh∥D(A) ≤ C1∥h∥D(A). (36)

Step 1. (Obtaining a Fixed Point Equation). Let us begin by obtaining through
a standard argument a fixed point equation that will enable one to apply the Con-
traction Mapping Principle.

We shall find a solution of the form u = v + w, which are defined in (37) and
(38).

First, we consider
i∂tv(x, t) + ∆v(x, t) + p(x)v(x, t) = 0 on Ω× (0, T ),

v(x, t) = 0 on ∂Ω× (0, T ),

v(x, 0) = f(x) on Ω× {0}.
(37)

Since f(x) ∈ D(A), Theorem 2.1 shows that the solution to (37) is unique in
C([0, T ];D(A)) ∩ C1([0, T ];L2(Ω)).

Now, denote by S(g(x, t)) the solution to the following equation with source term
g(x, t) and trivial data:

i∂tw(x, t) + ∆w(x, t) + p(x)w(x, t) = g(x, t) on Ω× (0, T ),

w(x, t) = 0 on ∂Ω× (0, T ),

w(x, 0) = 0 on Ω× {0}.
(38)

If g(x, t) ∈ C0
D(A), the solution defined by (33) is unique in C([0, T ];D(A)) ∩

C1([0, T ];L2(Ω)).
Now, we see that solving (1) with initial data f(x) ∈ D(A) amounts to finding a

fixed point w = w(x, t) satisfying

S(−q(x)N(u, u)) = S(−q(x)N(v + w, v + w)) = w. (39)

Recall that we assume q(x) ∈ H2(Ω). So if we take v, w ∈ C0
D(A), the Banach

algebra property in (5) and the first condition in (8) imply that

−q(x)N(v + w, v + w) ∈ C0
D(A). (40)

Consequently, (33) implies

S(−q(x)N(v + w, v + w)) ∈ C0
D(A). (41)
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Step 2. (Closure of the Solution Map). Let us now consider ∥f∥D(A) ≤ r, which
implies

∥v∥C0
D(A)

= ∥etAf∥C0
D(A)

≤ C1r. (42)

In order to apply the Contraction Mapping Principle, we will show that when
∥f∥D(A) ≤ r and w ∈ Br(0) for r > 0 sufficiently small, we have that

S (−q(x)N(v + w, v + w)) ∈ Br(0). (43)

If we directly apply the solution formula (33) and invoke the unitary group
estimate (36), we obtain

∥S (−q(x)N(v + w, v + w)) ∥C0
D(A)

=

∥∥∥∥∫ t

0

e(t−s)A [−qN(v + w, v + w)(· , s)] ds
∥∥∥∥
C0

D(A)

≤ sup
t∈[0,T ]

(
t sup
s∈[0,t]

∥∥∥e(t−s)A [−qN(v + w, v + w)(· , s)]
∥∥∥
D(A)

)
≤ C1TK

∗∥q∥H2(Ω) ∥N(v + w, v + w)∥C0
D(A)

≤ C0C1TK
∗∥q∥H2(Ω)

(
∥v∥C0

D(A)
+ ∥w∥C0

D(A)

)m0+n0

.

(44)

In (44), we use the fact that we have the estimate

∥−qN(v + w, v + w)(· , t)∥D(A) ≤ K∗ ∥q∥H2(Ω) ∥N(v + w, v + w)(· , t)∥D(A) (45)

for each t ∈ [0, T ], which follows from the Banach algebra property noted in (5).
The estimate

∥N(v + w, v + w)∥C0
D(A)

≤ C0

(
∥v∥C0

D(A)
+ ∥w∥C0

D(A)

)m0+n0

(46)

follows from (8). Now, consider 0 < r ≤ rm0,n0 where

rm0,n0
=

(
1

C0C1 (1 + C1)
m0+n0 TK∗∥q∥H2(Ω)

)1/(m0+n0−1)

. (47)

By the above choice of r and given ∥f∥D(A) ≤ r with w ∈ Br(0), we have from
(36) and (44) that

∥S (−q(x)N(v + w, v + w))∥C0
D(A)

≤ C0C1TK
∗∥q∥H2(Ω)

(
C1∥f∥D(A) + ∥w∥C0

D(A)

)m0+n0

≤ C0C1TK
∗∥q∥H2(Ω) · (1 + C1)

m0+n0 rm0+n0 ≤ r,

(48)

which verifies (43). Observe that (47) relies on the assumption that m0 + n0 > 1.
Step 3. (Obtaining a Contraction Map). Now, we check that if ∥f∥D(A) ≤ r and

w ∈ Br(0) for r > 0 sufficiently small, then the map defined by

w 7−→ F (w, f) = S (−q(x)N(v + w, v + w)) (49)

is a contraction map on Br(0). We find that

∥F (w1, f)− F (w2, f)∥C0
D(A)

≤ C1TK
∗∥q∥H2(Ω) ∥N(v + w1, v + w1)−N(v + w2, v + w2)∥C0

D(A)
,

(50)
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where the above inequality was obtained by estimating as in (44) through the uni-
tary group estimate in (36) and the Banach algebra property of D(A).

In order to estimate the norm of

N(v + w1, v + w1)−N(v + w2, v + w2), (51)

we carry out an elementary calculation based on substituting the power series from
(10), which holds for N(v + w1, v + w1) and N(v + w2, v + w2) when r > 0 is
sufficiently small. Adding and subtracting “(v + w1)

l−m(v + w2)
m” while fixing

some t ∈ [0, T ], we see that the partial sum of (51) for k ≤ l ≤ K is bounded above
in norm by

K∑
l=k

(
l∑

m=0

1

m!(l−m)!

∣∣∣∂l−m
z1

∂
m
z2
N(0, 0)

∣∣∣ [∥∥∥∥(v + w1)
l−m

(v + w1)
m − (v + w1)

l−m
(v + w2)

m

∥∥∥∥
D(A)

+

∥∥∥∥(v + w1)
l−m

(v + w2)
m − (v + w2)

l−m
(v + w2)

m

∥∥∥∥
D(A)

])
.
(52)

Moreover, we have from the Banach algebra property in (5) that

K∑
l=k

(
l∑

m=0

1

m!(l −m)!

∣∣∣∂l−m
z1 ∂m

z2N(0, 0)
∣∣∣ ∥∥∥∥(v + w1)

l−m(v + w1)
m

− (v + w1)
l−m(v + w2)

m

∥∥∥∥
D(A)

)

≤
K∑
l=k

(
l∑

m=0

1

m!(l −m)!

∣∣∣∂l−m
z1 ∂m

z2N(0, 0)
∣∣∣

· (K∗)l−m ∥v + w1∥l−m
D(A) ∥(v + w1)

m − (v + w2)
m∥D(A)

)

≤
K∑
l=k

(
l∑

m=1

1

m!(l −m)!

∣∣∣∂l−m
z1 ∂m

z2N(0, 0)
∣∣∣

· (K∗)l−1 ∥v + w1∥l−m
D(A)

(
m−1∑
j1=0

∥v + w1∥m−j1−1
D(A) ∥v + w2∥j1D(A)

))
· ∥w1 − w2∥D(A).

(53)

Since ∥v∥C0
D(A)

≤ C1r,∥w1∥C0
D(A)

≤ r, ∥w2∥C0
D(A)

≤ r, and 1 ≤ m ≤ l, we see

that (53) is bounded above by

K∑
l=k

(
l∑

m=0

1

m!(l −m)!

∣∣∂l−mz1 ∂mz2N(0, 0)
∣∣ · l [(1 + C1)K

∗r]
l−1

)
· ∥w1−w2∥D(A). (54)

We similarly have that the second term in (52) is bounded above by (54).
Next, recall from Section 1 that we assumed there exists δ > 0 such that N =

N(z1, z2) is analytic on the disk Bδ(0, 0) defined by (6). It follows from this that
when z1 = z2 = z is on the real axis, the series

∞∑
l=k

(
l∑

m=0

1

m!(l −m)!

(
∂l−mz1 ∂mz2N(0, 0)

)
· lzl−1

)
(55)

for the real derivative converges absolutely. Combining (54) - (55) while taking
K → ∞ and the supremum over [0, T ], it follows that for

0 < r <

√
δ√

2(1 + C1)K∗
(56)
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sufficiently small, the map defined by (49) is a contraction map on Br(0). We
conclude as a result that the Contraction Mapping Principle yields a unique solution
of the form u = v + w to (1) in Br(0).
Step 4. (Stability Estimate). In the following, we estimate the solution by the
initial condition using (44) and by picking

0 < r ≤ rm0,n0
·
(

1

2C1

)1/(m0+n0−1)

, (57)

where rm0,n0
is defined in (47) and C1 > 1 comes from (36).

∥w∥C0
D(A)

≤ C0C1TK
∗∥q∥H2(Ω)

(
∥v∥C0

D(A)
+ ∥w∥C0

D(A)

)m0+n0

≤ C0C1TK
∗∥q∥H2(Ω)

(
C1∥f∥D(A) + ∥w∥C0

D(A)

)(
C1∥f∥D(A) + ∥w∥C0

D(A)

)m0+n0−1

≤ C0C1TK
∗∥q∥H2(Ω) (1 + C1)

m0+n0−1 rm0+n0−1
(
C1∥f∥D(A) + ∥w∥C0

D(A)

)
≤ C0C1TK

∗∥q∥H2(Ω) (1 + C1)
m0+n0 rm0+n0−1

(
C1∥f∥D(A) + C1∥w∥C0

D(A)

)
≤ 1

2C1

(
C1∥f∥D(A) + C1∥w∥C0

D(A)

)
.

(58)

Now, (58) yields ∥w∥C0
D(A)

≤ ∥f∥D(A) and consequently

∥u∥C0
D(A)

= ∥v + w∥C0
D(A)

≤ (1 + C1) ∥f∥D(A). (59)

Note that by an argument similar to that of Theorem 2.1, we have u(x, t) ∈
C1([0, T ];L2(Ω)).

3. Tools for the inverse problem.

3.1. Linearization of the schrödinger equation. In the rest of the paper,
“∂u/∂ϵ” is taken to mean the derivative of the map from R −→ C0

D(A) defined

by

ϵ 7−→ u = u(x, t; ϵf), (60)

which denotes the unique solution to (1) with initial data ϵf(x). The restriction to
ϵ ∈ R ensures that

∂u

∂ϵ
=
∂u

∂ϵ
.

For l ∈ N and j = 1, 2, define in relation to (16)

(l)uϵ,j(x, t) =
∂luϵ,j
∂ϵl

(x, t)

∣∣∣∣
ϵ=0

. (61)

The left superscript indicates the order of the linearization with respect to ϵ ∈ R.
The following result establishes the differentiability of uϵ,j(x, t) satisfying (16)

with respect to ϵ. Its proof relies on showing the convergence of certain difference
quotients. We refer the reader to the proof of Proposition A.4 in [26] where a similar
idea is used.

Lemma 3.1. Let N(z1, z2) be an analytic mapping near (0, 0) that satisfies the
conditions in (7)-(8) for some integer k > 1. If uϵ,j(x, t) ∈ C([0, T ];D(A)) ∩
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C1([0, T ];L2(Ω)) satisfies (16), (1)uϵ,j(x, t) exists in the sense of (60) and satisfies
(i∂t +∆+ pj(x))

(1)uϵ,j(x, t) = 0 on Ω× (0, T ),
(1)uϵ,j(x, t) = 0 on ∂Ω× (0, T ),
(1)uϵ,j(x, 0) = f(x) on Ω× {0}.

(62)

Additionally, (k)uϵ,j(x, t) exists and satisfies3

(i∂t +∆+ pj(x))
(k)uϵ,j(x, t) = −

∑k
m=0

(
k
m

)
· qj(x)·[

∂mz1∂
k−m
z2 N(0, 0)

(
(1)uϵ,j(x, t)

)m (
(1)uϵ,j(x, t)

)k−m]
on Ω× (0, T ),

(k)uϵ,j(x, t) = 0 on ∂Ω× (0, T ),
(k)uϵ,j(x, 0) = 0 on Ω× {0}.

(63)

Proof. For g ∈ Cl(R) with l ∈ N, the following difference quotient formula can be
established by induction:

∂lg

∂xl
= lim
η→0

1

ηl

l∑
n=0

(
l

n

)
(−1)ng(x+ (l − n)η). (64)

Observe from Theorem 2.1 that the unique solution to (62) is etAf(x). To es-
tablish (62), we apply Duhamel’s Formula in (33) to (16) and observe the estimate∥∥∥uϵ,j

ϵ
− etAf

∥∥∥
C0

D(A)

=

∥∥∥∥1ϵ
∫ t

0

e(t−s)A [qjN (uϵ,j , uϵ,j) (· , s)] ds
∥∥∥∥
C0

D(A)

≤ 1

|ϵ|
C0C1TK

∗∥qj∥H2(Ω)∥uϵ,j∥m0+n0

C0
D(A)

≤ |(1 + C1)ϵ|m0+n0

|ϵ|
C0C1TK

∗∥qj∥H2(Ω)∥f∥m0+n0

D(A) .

(65)

The above inequalities use (8), the estimate in (36), and the fact that (59) holds
for ϵ sufficiently small. Taking ϵ→ 0, we obtain (62) upon noting that m0+n0 > 1.
It remains to establish (63).

The well-posedness of (63) follows from Theorem 2.1 and (33). Applying (33) to
(63) and recalling the difference quotient formula (64), we consider∥∥∥∥∥ 1

ϵk

k∑
n=0

(
k

n

)
(−1)nu(k−n)ϵ,j

− i

∫ t

0

e(t−s)A

[
qj

k∑
m=0

(
k

m

)
∂m
z1∂

k−m
z2 N(0, 0)

(
(1)uϵ,j

)m (
(1)uϵ,j

)k−m

(· , s)

]
ds

∥∥∥∥∥
C0

D(A)

(66)

as ϵ→ 0. By (33), we have that

u(k−n)ϵ,j(x, t) = (k−n)ϵetAf(x) + i

∫ t

0

e(t−s)A
[
qjN

(
u(k−n)ϵ,j , u(k−n)ϵ,j

)
(x , s)

]
ds.

(67)
When substituting (67) into (66), observe that

k∑
n=0

(
k

n

)
(−1)n(k − n)etAf(x) =

[
k−1∑
n=0

k

(
k − 1

n

)
(−1)n

]
etAf(x) = 0 (68)

3Recall that for a nonnegative pair of integers a ≥ b, we define
(a
b

)
= a!/ [(a− b)! b!].
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as a result of the identities

(k − n)

(
k

n

)
= k

(
k − 1

n

)
and

k−1∑
n=0

(
k − 1

n

)
(−1)n = 0. (69)

It remains to consider∥∥∥∥∥ 1

ϵk

∫ t

0

e
(t−s)A

[
qj

k∑
n=0

(k
n

)
(−1)

n
N
(
u(k−n)ϵ,j , u(k−n)ϵ,j

)
(· , s)

]
ds

−
∫ t

0

e
(t−s)A

[
qj(x)

k∑
m=0

( k
m

)
∂
m
z1
∂
k−m
z2

N(0, 0)
(
(1)
uϵ,j

)m (
(1)uϵ,j

)k−m
(· , s)

]
ds

∥∥∥∥∥
C0
D(A)

(70)

as ϵ → 0. For ϵ sufficiently small, we can substitute the power series in (10) for
N
(
u(k−n)ϵ,j , u(k−n)ϵ,j

)
in (70). We can then bound (70) above by I1 + I2 where

I1 =

∥∥∥∥∥ 1

ϵk

∫ t

0

e
(t−s)A

[
qj

k∑
n=0

(k
n

)
(−1)

n

(
k∑

h=0

1

h!(k − h)!

(
∂
k−h
z1

∂
h
z2
N(0, 0)

)
· uk−h

(k−n)ϵ,ju(k−n)ϵ,j
h

)
(· , s)

]
ds

−
∫ t

0

e
(t−s)A

[
qj

k∑
m=0

( k
m

)
∂
m
z1
∂
k−m
z2

N(0, 0)
(
(1)
uϵ,j

)m (
(1)uϵ,j

)k−m
(· , s)

]
ds

∥∥∥∥∥
C0
D(A)

(71)

and

I2 =

∥∥∥∥∥ 1

ϵk

∫ t

0

e(t−s)A

[
qj

k∑
n=0

(
k

n

)
(−1)n

( ∞∑
l=k+1

l∑
h=0

1

h!(l − h)!

(
∂l−hz1 ∂hz2N(0, 0)

)
·

ul−h(k−n)ϵ,j(x, s)u(k−n)ϵ,j
h

)
(· , s)

]
ds

∥∥∥∥∥
C0

D(A)

, (72)

where we have grouped the l = k term of the power series with I1 and the terms
for l ≥ k + 1 with I2.

Let us write

ϵf(x) = ϵ1 · ϵ2f(x) (73)

where ϵ1 → 0 and with a fixed ϵ2 ∈ R such that N(ϵ2f, ϵ2f) converges absolutely
with respect to ∥ · ∥C0

D(A)
×C0

D(A)
upon regarding f(x) = f(x, ·) ∈ C0

D(A). Conse-

quently, observe that when 0 < |ϵ1| < 1/[K∗ (1 + C1) k], we have

1

|ϵ|k

( ∞∑
l=k+1

l∑
h=0

1

h!(l− h)!

∣∣∣∂l−h
z1

∂
h
z2
N(0, 0)

∣∣∣ (K∗
)
l−1

(1 + C1)
l
(k − n)

l∥ϵf∥l
D(A)

)

=
1

|ϵ2|k

( ∞∑
l=k+1

l∑
h=0

1

h!(l− h)!

∣∣∣∂l−h
z1

∂
h
z2
N(0, 0)

∣∣∣ (K∗
)
l−1

(1 + C1)
l
(k − n)

l|ϵ1|l−k∥ϵ2f∥l
D(A)

)
< ∞. (74)

To see this, note that for 0 < |ϵ1| < 1/[K∗ (1 + C1) k], 0 ≤ n ≤ k, and l ≥ k + 1,

(K∗)l−1 (1 + C1)
l
(k − n)l|ϵ1|l−k < [(1 + C1) k]

k
(K∗)k−1. (75)



STABLE DETERMINATION OF COEFFICIENTS BY CARLEMAN ESTIMATES 15

Using (73) along with the estimates in (36) and (59) (which holds for ϵ sufficiently
small), we have the estimate

I2 ≤ 1

|ϵ2|k
C1TK

∗∥qj∥H2(Ω)

k∑
n=0

(
k

n

)( ∞∑
l=k+1

l∑
h=0

1

h!(l − h)!

∣∣∂l−hz1 ∂hz2N(0, 0)
∣∣ ·

(K∗)l−1 (1 + C1)
l
(k − n)l|ϵ1|l−k∥ϵ2f∥lD(A)

) (76)

Taking 0 < |ϵ1| < 1/[K∗ (1 + C1) k] and recalling (74), the Lebesgue Dominated
Convergence Theorem shows that I2 → 0 as ϵ1 → 0.

Let’s now investigate I1 as ϵ → 0. Using an argument similar to that of (65),
observe for α ∈ C that

uαϵ,j
ϵ

−→ α · (1)uϵ,j (77)

as ϵ→ 0. We see then that

1

ϵk
uk−h(k−n)ϵ,ju(k−n)ϵ,j

h =
(u(k−n)ϵ,j

ϵ

)k−h(u(k−n)ϵ,j
ϵ

)h
−→ (k − n)k · (1)uk−hϵ,j · (1)uϵ,j

h

(78)

as ϵ→ 0. Note also the identity (e.g. see Theorem 3.3.1 and Corollary 3.3.2 in [13])

k∑
n=0

(
k

n

)
(−1)n(k − n)k = k! (79)

It follows from (78) and (79) that I1 → 0 as ϵ→ 0, which establishes (63).

Remark 3.2. Using the argument of Lemma 3.1, one can show for 2 ≤ l ≤ k − 1
that (l)uϵ,j ≡ 0.

3.2. Carleman estimates for the linear schrödinger operator. In the rest
of the paper, “RHS” abbreviates “right-hand side” and “LHS” abbreviates “left-
hand side”. To prove Theorems 1.4-1.5, we shall rely on the Carleman estimates
established in [1, 3].

We begin by noting the following estimate for L = i∂t+∆+p(x) from Proposition
1 in [1]:

Proposition 3.3. Pick some x0 /∈ Ω, T1 ∈ (0, T ], and consider ψ(x) = |x − x0|2.
Define the functions

θ(x, t) =
eλψ(x)

T 2
1 − t2

and ϕ(x, t) =
e2λ∥ψ∥∞ − eλψ(x)

T 2
1 − t2

(80)

on Ω × (−T1, T1), where ∥ψ∥∞ = ∥ψ∥L∞(Ω). Suppose u ∈ L2(−T1, T1;H1
0 (Ω)),

Lu ∈ L2(Ω × (−T1, T1)), and ∂u/∂ν ∈ L2(−T1, T1;L2(∂Ω)), and that there exists
M > 0 such that ∥p∥L∞(Ω) ≤M . We denote Γ1 = {x ∈ ∂Ω

∣∣ (∇ψ ·ν)(x) ≥ 0}, R1 =

esϕ
(
i∂t +∆+ s2|∇ϕ|2

)
e−sϕ, and R2 = esϕ (is(∂tϕ) + 2s(∇ϕ · ∇) + s∆ϕ) e−sϕ.

Consider Γ0 ⊆ ∂Ω such that Γ1 ⊆ Γ0. Then, there exists s0 = s0(Ω, T1) > 0,
Λ0 = Λ0(Ω, T1) > 0, and some constant C = C(Ω,Γ0, T1,M, s0,Λ0) > 0 indepen-
dent of s ∈ [s0,∞) and λ ∈ [Λ0,∞) so that

s3λ4∥e−sϕu∥2L2(Ω×(−T1,T1))
+ sλ∥e−sϕ∇u∥2L2(Ω×(−T1,T1))

+ ∥e−sϕR1(u)∥2L2(Ω×(−T1,T1))
+ ∥e−sϕR2(u)∥2L2(Ω×(−T1,T1))
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≤ C

(
∥e−sϕLu∥2L2(Ω×(−T1,T1))

+ sλ

∥∥∥∥√θe−sϕ ∂u∂ν√∇ψ · ν
∥∥∥∥2
L2(Γ0×(−T1,T1))

)
. (81)

Observe that |∇ψ·ν| is uniformly bounded on Ω. Also, note that for Λ0(Ω, T1) > 0
sufficiently large and λ ≥ Λ0, we have

e2λ∥ψ∥∞

T 2
1 − t2

≥
(
eλψ(x)

)2
T 2
1 − t2

≥ 2eλψ(x)

T 2
1 − t2

. (82)

Then, we have for λ ∈ [Λ0,∞) that

ϕ(x, t) ≥ 2eλψ(x) − eλψ(x)

T 2
1 − t2

= θ(x, t). (83)

As a result, we can majorize the boundary term in (81) by∥∥∥∥√θe−sϕ ∂u∂ν√∇ψ · ν
∥∥∥∥2
L2(Γ0×(−T1,T1))

≤ C

∥∥∥∥∂u∂ν
∥∥∥∥2
L2(Γ0×(−T1,T1))

(84)

for some constant C = C(Ω,Γ0, T1,M, s0,Λ0) > 0.
We now state another Carleman estimate for L = i∂t +∆ + p(x) proved in [3].

We begin by defining neighborhoods {ω1, ω2} of ∂Ω such that

ωj+1 ⊂ ωj (85)

for j = 0, 1 (where ω0 = ω is introduced in the assumptions of Theorem 1.5). We
also define

Ωj = Ω \ ωj (j = 1, 2). (86)

We refer the reader to Figure 1 for an illustration.
The following is from Proposition 2.1 in [3].

Proposition 3.4. Let p(x) ∈ L∞(Ω) with ∥p∥L∞(Ω) ≤M for some M > 0. Picking

a point x0 /∈ Ω and T1 ∈ (0, T ], define ψ(x) and ϕ(x, t) as in Proposition 3.3. Now,
there exist λ∗ = λ∗(Ω, T1,Ω1,Ω2) > 0, s∗ = s∗(Ω, T1,Ω1,Ω2) > 0 such that for all
λ ≥ λ∗, s ≥ s∗, and a constant C = C(Ω, T1,M, s∗, λ∗) > 0,

s
3
λ
4∥e−sϕ

u∥2
L2(Ω1×(−T1,T1))

+ sλ∥e−sϕ∇u∥2
L2(Ω1×(−T1,T1))

≤ C∥e−sϕ
Lu∥2

L2(Ω×(−T1,T1))

+ C
(
s
3
λ
4∥e−sϕ

u∥2
L2(Ω2\Ω1×(−T1,T1))

+ sλ∥e−sϕ∇u∥2
L2(Ω2\Ω1×(−T1,T1))

)
.

(87)

The above holds for u ∈ L2
(
−T1, T1; H1(Ω)

)
such that Lu ∈ L2 (Ω× (−T1, T1)).

The proof of (87) is based on the estimate

s3λ4∥e−sϕw∥2L2(Ω×(−T1,T1))
+ sλ∥e−sϕ∇w∥2L2(Ω×(−T1,T1))

≤ C∥e−sϕLw∥2L2(Ω×(−T1,T1))
,

(88)

which is a special case of (81) for w(x, t) ∈ C∞(−T1, T1;C∞
0 (Ω)). It also holds for

w(x, t) ∈ L2
(
−T1, T1; H1

0 (Ω)
)
by density in L2

(
−T1, T1; H1(Ω)

)
. The estimate in

(87) then follows as in [3] by applying (88) to w(x, t) = χ(x)u(x, t) where χ(x) is a
smooth function satisfying

χ(x) =

{
1, x ∈ Ω1

0, x ∈ Ω \ Ω2.
(89)

Remark 3.5.

(a) Observe that since we have Ω2 = Ω1 ∪ (Ω2 \ Ω1), the estimate in (87) also
holds with “Ω2× (−T1, T1)” on the LHS in place of “Ω1× (−T1, T1)” for some
constant C = C(M, s∗, λ∗) > 1.
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(b) Regarding Proposition 3.2, the parameter dependence s0 = s0(Ω, T1) and
Λ0 = Λ0(Ω, T1) is not explicitly stated in Proposition 1 from [1]. However,
the dependence is apparent from the proof provided in [1], where the ability to
absorb terms into s3λ4∥e−sϕu∥2L2(Ω×(−T1,T1))

and sλ∥e−sϕ∇u∥2L2(Ω×(−T1,T1))

depends on bounds on for the function θ (defined by (80)) over Ω× (−T1, T1).
(c) We comment on the reason for working on the symmetric interval (−T1, T1).

In (80), it is possible to replace “T 2
1 − t2” with “t(T1 − t)” and follow the

proof in [1] to obtain an estimate where the norms are taken on Ω × (0, T1)
and Γ1 × (0, T1). However, this choice of weight function does not satisfy
e−sϕ(x,0) ̸= 0, which is necessary for the argument in Section 4. In Section
4, we will introduce a linearized Schrödinger equation crucial to the proofs of
Theorem 1.4-1.5. In order to work on the symmetric interval, we will extend
the solution to this linearized equation in a way that enables us to conveniently
control the Neumann data on (−T1, 0). We refer to Remark 4.4 for further
details on the extension.

4. Proofs of Theorem 1.4-1.5. We shall now prove the main results, initially
focusing on (21) and (23) dealing with the stable determination of qj(x). Before
that we note some preliminary lemmas, beginning with an equation for which the
initial data contains information about q1(x)− q2(x).

Remark 4.1. In the rest of the paper, given a function g(x, t), we adopt the

convention that n · [g(x, t)]n−1
= 0 when n = 0.

Lemma 4.2. In relation to (16), suppose that p1(x) = p2(x) = p(x) ∈ H2(Ω) and
qj(x) ∈ H2(Ω) (j = 1, 2). Denoting

v(x, t) = −
k∑

m=0

(
k

m

)
· ∂mz1∂

k−m
z2 N(0, 0)·[

m · ∂t
(
(1)uϵ(x, t)

)
·
(
(1)uϵ(x, t)

)m−1

·
(
(1)uϵ(x, t)

)k−m
+

(k −m) · ∂t
(
(1)uϵ(x, t)

)
·
(
(1)uϵ(x, t)

)m
·
(
(1)uϵ(x, t)

)k−m−1
] (90)

and defining r(x, t) = ∂t
(
(k)uϵ,1 − (k)uϵ,2

)
(x, t), we have

(i∂t +∆+ p(x)) r(x, t) = [q1(x)− q2(x)] v(x, t) on Ω× (0, T ),

r(x, t) = 0 on ∂Ω× (0, T ),

r(x, 0) = i
∑k
m=0

(
k
m

)
· [q1(x)− q2(x)] · ∂mz1∂

k−m
z2 N(0, 0) · [f(x)]k on Ω× {0}.

(91)

Moreover, we have r(x, t) ∈ C([0, T ];D(A)) ∩ C1([0, T ];L2(Ω)) for f(x) ∈ H4(Ω) ∩
H3

0 (Ω).

To see that r(x, t) ∈ C([0, T ];D(A))∩C1([0, T ];L2(Ω)) for f(x) ∈ H4(Ω)∩H3
0 (Ω),

first note that (1)ũϵ(x, t) = ∂t
(
(1)uϵ(x, t)

)
satisfies

(i∂t +∆+ p(x)) (1)ũϵ(x, t) = 0 on Ω× (0, T ),
(1)ũϵ(x, t) = 0 on ∂Ω× (0, T ),
(1)ũϵ(x, 0) = i∆f(x) + ip(x)f(x) on Ω× {0}.

(92)
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This follows by considering the weak formulation of (92) from which we can show
that (1)uϵ(· , t) and the mapping

t 7−→
∫ t

0

(1)ũϵ(· , s) ds (93)

satisfy the same equation. Now, taking f(x) ∈ H4(Ω) ∩H3
0 (Ω), we obtain (1)uϵ(x, t) ∈

C1([0, T ];D(A)) ∩ C2([0, T ];L2(Ω)) upon applying Theorem 2.1 to (92). Now, apply-
ing (33) to (91) yields r(x, t) ∈ C([0, T ];D(A)) ∩ C1([0, T ];L2(Ω)). The fact that
r(x, t) = ∂t

(
(k)uϵ,1 − (k)uϵ,2

)
(x, t) can again be justified by considering the weak

formulation of (91) and recalling (63).
Now, we note some estimates for r(x, t) and v(x, t) that will be convenient in the

later discussion.

Lemma 4.3. For j = 1, 2, consider pj(x), qj(x) ∈ H2(Ω) with ∥pj∥H2(Ω) ≤M and

q1(x)− q2(x) ∈ H4(Ω). We also take f(x) ∈ H4(Ω)∩H3
0 (Ω). For r(x, t) a solution

to (91) and v(x, t) defined by (90), we have for each fixed t ∈ (0, T ) the estimates

∥v(· , t)∥H2j(Ω) ≤ C(Ω,M)∥f∥kH4(Ω) (j = 0, 1),

∥r(· , t)∥H2j(Ω) ≤ C(Ω,M, T )∥q1 − q2∥H2j(Ω)∥f∥kH4(Ω) (j = 0, 1),

∥∂tr(· , t)∥H2j(Ω) ≤ C(Ω,M)∥q1 − q2∥H2j+2(Ω)∥f∥kH4(Ω) (j = 0, 1).

(94)

Proof. Recall from Theorem 2.1 that when g(x) ∈ D(A), we have the estimates

∥etAg∥L2(Ω) = ∥g∥L2(Ω),

∥AetAg∥L2(Ω) = ∥Ag∥L2(Ω),

∥etAg∥H2(Ω) ≤ C(Ω,M)∥g∥H2(Ω),

(95)

which hold for each t ∈ (0, T ). Thus, we have from (62) and (92) the estimates∥∥∥(1)uϵ(· , t)∥∥∥
L2(Ω)

= ∥f∥L2(Ω),∥∥∥(1)uϵ(· , t)∥∥∥
H2(Ω)

≤ C(Ω,M)∥f∥H2(Ω),∥∥∥∂t ((1)uϵ(· , t))∥∥∥
L2(Ω)

≤ C(M)∥f∥H2(Ω),∥∥∥∂t ((1)uϵ(· , t))∥∥∥
H2(Ω)

≤ C(Ω,M)∥f∥H4(Ω).

(96)

Observe then from the above and the Sobolev Embedding Theorem that we have
the estimates ∥∥∥(1)uϵ(· , t)∥∥∥

L∞(Ω)
≤ C(Ω,M)∥f∥H2(Ω),∥∥∥∂t ((1)uϵ(· , t))∥∥∥

L∞(Ω)
≤ C(Ω,M)∥f∥H4(Ω).

(97)

Now, from (90), we obtain the estimate

∥v(· , t)∥H2j(Ω) ≤ C(Ω,M)∥f∥kH4(Ω) (j = 0, 1), (98)

where the ∥v(· , t)∥H2(Ω) estimate uses the Banach algebra property of H2(Ω).
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Next, using the unitary group {etA}t∈R from Theorem 2.1, we can apply Duhame-
l’s Formula to (91) to obtain

r(x, t) = etAr(x, 0)− i

∫ t

0

e(t−s)A [q1(x)− q2(x)] v(x, s) ds,

∂tr(x, t) = etAAr(x, 0)− i [q1(x)− q2(x)] v(x, t).

(99)

From (91), note that

∆r(x, 0) = i

k∑
m=0

( k
m

)
· ∂m

z1
∂
k−m
z2

N(0, 0)·

{
∆ [q1(x) − q2(x)] · [f(x)]k + 2k [f(x)]

k−1 ∇f(x) · ∇ [q1(x) − q2(x)]

+ k(k − 1) [f(x)]
k−2 · |∇f(x)|2 · [q1(x) − q2(x)] + k [f(x)]

k−1 · ∆f(x) · [q1(x) − q2(x)]
}
.

(100)

Using the estimates in (95), the estimates in (98), equation (100), the Banach
algebra property of H2(Ω), and the Sobolev Embedding Theorem, we obtain the
estimates

∥r(· , t)∥L2(Ω) ≤ ∥r(· , 0)∥L2(Ω) + T · sup
t∈(−T,T )

∥ [(q1 − q2)v] (· , t)∥L2(Ω)

≤C(Ω,M, T )∥q1 − q2∥L2(Ω)∥f∥
k
H4(Ω)

,

∥r(· , t)∥H2(Ω) ≤C(Ω,M)(
∥r(· , 0)∥H2(Ω) + T · sup

t∈(−T,T )

∥ [(q1 − q2)v] (· , t)∥H2(Ω)

)
≤C(Ω,M, T )∥q1 − q2∥H2(Ω)∥f∥

k
H4(Ω)

(101)

and

∥∂tr(· , t)∥L2(Ω) ≤ ∥(∆ + p(x))r(· , 0)∥L2(Ω) + ∥ [(q1 − q2)v] (· , t)∥L2(Ω)

≤ C(Ω,M)∥q1 − q2∥H2(Ω)∥f∥
k
H4(Ω)

,

∥∂tr(· , t)∥H2(Ω) ≤ C(Ω,M)∥(∆ + p(x))r(· , 0)∥H2(Ω) + ∥ [(q1 − q2)v] (· , t)∥H2(Ω)

≤ C(Ω,M)∥q1 − q2∥H4(Ω)∥f∥
k
H4 .

(102)

Remark 4.4. We note that under the assumptions of Theorem 1.4-1.5, one may

express (1)uϵ(x, t) = (1)uϵ(x,−t) and r(x, t) = −r(x,−t) for t ∈ (−T, 0), which is
justified in Appendix A for completeness. As a result, the estimates in (94) also
hold for t ∈ (−T, 0). Moreover, for S ⊆ ∂Ω, this extension allows us to control the
L2(S × (−T, T )) norm of the Neumann data in terms of its L2(S × (0, T )) norm.
This will be used in equation (110) concerning the proof of Theorem 1.4.

We can now proceed to prove Theorem 1.4-1.5. We begin by assuming that
p1 ≡ p2 ≡ p on Ω and that q1 ≡ q2 on ω in order to address (21) and (23). When
applying the Carleman estimates from Section 3.2 in the following calculations, the
reader should bear in mind that the resulting constants depend on Γ0.

4.1. Measurement on a boundary subset satisfying a geometric condition
(Theorem 1.4). The proof of Theorem 1.4 now proceeds along the lines of Theo-
rem 2 in [1] beginning with an estimate for the initial data in (91). Recalling the
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definition of R1(·) from Section 3.2, we consider

I = Im

∫ 0

−T

∫
Ω

[
e−sϕ(x,t)R1 (r(x, t))

]
e−sϕ(x,t)r(x, t) dx dt

= Im

∫ 0

−T

∫
Ω

[(
i∂t +∆+ s2 |∇ϕ(x, t)|2

)(
e−sϕ(x,t)r(x, t)

)]
e−sϕ(x,t)r(x, t) dx dt

= Im

∫ 0

−T

∫
Ω

[
(i∂t +∆)

(
e−sϕ(x,t)r(x, t)

)]
· e−sϕ(x,t)r(x, t) dx dt.

(103)

Note that since r(x, t) = 0 on ∂Ω × (0, T ) from (91), we have upon integrating
by parts that

Im

∫ 0

−T

∫
Ω

∆
(
e−sϕ(x,t)r(x, t)

)
· e−sϕ(x,t)r(x, t) dx dt = 0. (104)

Now, using the fact that limt→ −T+ e−sϕ(x,t) = 0 one obtains

I = Re

∫ 0

−T

∫
Ω

∂t

(
e−sϕ(x,t)r(x, t)

)
e−sϕ(x,t)r(x, t) dx dt

=
1

2

∫ 0

−T

∫
Ω

∂t

(
e−2sϕ(x,t)|r(x, t)|2

)
dx dt =

1

2

∫
Ω

e−2sϕ(x,0)|r(x, 0)|2 dx

=
1

2

∫
Ω

e−2sϕ(x,0)

∣∣∣∣∣
k∑

m=0

(
k

m

)
· ∂mz1∂

k−m
z2 N(0, 0)

∣∣∣∣∣
2

· |q1(x)− q2(x)|2 · |f(x)|2k dx.

(105)

If we now apply the Cauchy-Schwarz Inequality, the Carleman estimate in (81)
(with T1 = T ), and equation (84) to (103), we obtain the estimate

I =
1

2

∫
Ω

e−2sϕ(x,0)

∣∣∣∣∣
k∑

m=0

(
k

m

)
· ∂m

z1∂
k−m
z2 N(0, 0)

∣∣∣∣∣
2

· |q1(x)− q2(x)|2 · |f(x)|2k dx

≤
(∫ T

−T

∫
Ω

e−2sϕ(x,t)|R1(r(x, t))|2 dx dt

) 1
2
(∫ T

−T

∫
Ω

e−2sϕ(x,t)|r(x, t)|2
) 1

2

≤

(
C∥e−sϕ(q1 − q2)v∥2L2(Ω×(−T,T )) + Cs

∥∥∥∥ ∂r∂ν
∥∥∥∥2
L2(Γ0×(−T,T ))

) 1
2

·

(
C

s3
∥e−sϕ(q1 − q2)v∥2L2(Ω×(−T,T )) +

C

s2

∥∥∥∥ ∂r∂ν
∥∥∥∥2
L2(Γ0×(−T,T ))

) 1
2

=
1

s3/2

(
C∥e−sϕ(q1 − q2)v∥2L2(Ω×(−T,T )) + Cs

∥∥∥∥ ∂r∂ν
∥∥∥∥2
L2(Γ0×(−T,T ))

)
, (106)

which holds for s ∈ [s0,∞), λ ∈ [Λ0,∞) (where we take Λ0 > 1), and some
constant C = C(Ω, T,M, s0, λ,Λ0) > 0. Let us take s0 sufficiently large to satisfy
(1/s)3/2 < 1/s for s ∈ [s0,∞). Now, applying the Sobolev Embedding Theorem, the
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estimates in Lemma 4.3, and the fact that e−sϕ(x,t) ≤ e−sϕ(x,0) yields the estimate∫
Ω

e−2sϕ(x,0) |q1(x)− q2(x)|2 |f(x)|2k dx

≤ C

s
∥e−sϕ(·,0)(q1 − q2)∥2L2(Ω)∥v∥

2
L∞(−T,T ;H2(Ω)) + C

∥∥∥∥ ∂r∂ν
∥∥∥∥2
L2(Γ0×(−T,T ))

≤ C

s
∥e−sϕ(·,0)(q1 − q2)∥2L2(Ω)∥f∥

2k
H4(Ω) + C

∥∥∥∥ ∂r∂ν
∥∥∥∥2
L2(Γ0×(−T,T ))

≤ C1

s
∥e−sϕ(·,0)(q1 − q2)∥2L2(Ω) + C

∥∥∥∥ ∂r∂ν
∥∥∥∥2
L2(Γ0×(−T,T ))

(107)

for s ∈ [s0,∞), λ ∈ [Λ0,∞), and some constant C1 = C1(Ω, T,M, γ+, s0, λ,Λ0) > 0.
Using the assumption in Theorem 1.4 that |f(x)| ≥ γ− > 0 on Ω \ ω, we have for
some constant C2 = C2(γ−) > 0 that the LHS of (107) is bounded below as follows:∫

Ω

e−2sϕ(x,0) |q1(x)− q2(x)|2 |f(x)|2k dx ≥ C2

∫
Ω\ω

e−2sϕ(x,0) |q1(x)− q2(x)|2 dx.

(108)
We see that by taking s = s(C1, C2) ∈ [s0,∞) sufficiently large, we can absorb

the first term on the RHS of (107) into the LHS to obtain∫
Ω

e−2sϕ(x,0) |q1(x)− q2(x)|2 dx ≤ C

∥∥∥∥ ∂r∂ν
∥∥∥∥2
L2(Γ0×(−T,T ))

(109)

for some C = C(Ω, T,M, γ−, γ+, s0, λ,Λ0) > 0. Moreover, note that ϕ(x, 0) ≤
e2λ∥ψ∥∞/T 2 so that e−2sϕ(x,0) is bounded below by some constant C = C(Ω, T, λ, s) >

0 for s ∈ [s0,∞).
Using this observation, (108), and Remark 4.4, equation (109) becomes∫
Ω\ω

|q1(x)− q2(x)|2 dx ≤ C

∫
Γ0×(−T,T )

∣∣∣∣ ∂r∂ν
∣∣∣∣2 dS dt ≤ C

∫
Γ0×(0,T )

∣∣∣∣ ∂r∂ν
∣∣∣∣2 dS dt

(110)
for another constant C = C(Ω,M, T, γ−, γ+) > 0, where we took λ = Λ0 and
omitted the parameters s0,Λ0 due their dependence on the parameters Ω, T (see
Proposition 3.3 and Remark 3.5) as well as the parameter s due to its dependence
on the constants C1 = C1(Ω, T,M, γ+, s0, λ,Λ0), C2 = C2(γ−) appearing in (107)-
(108). In fact, we have that

∂r

∂ν
= ∂ν∂t

(
(k)uϵ,1 − (k)uϵ,2

)
= ∂t

(
∂kϵ ∂ν(uϵ,1 − uϵ,2)

∣∣∣
ϵ=0

)
. (111)

This follows by considering the Banach space-valued mapping

t 7−→
(
(k)uϵ,1 − (k)uϵ,2

)
(· , t)

∣∣∣
∂Ω

∈ H3/2(∂Ω)

in the weak sense and passing derivatives onto test functions from C∞(∂Ω). This
completes the proof of (21) in Theorem 1.4.

Remark 4.5. Observe from the equality in (111) that the condition (∂uϵ,1/∂ν)|Γ0
=

(∂uϵ,2/∂ν)|Γ0 for all ϵ ∈ (0, ϵ0) for some ϵ0 > 0 (as in part (c) of Theorem 1.4) implies
that ∂r/∂ν = 0.
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Remark 4.6. Since f(x) ∈ H4(Ω) ∩H3
0 (Ω), |f(x)| becomes arbitrarily small near

∂Ω. We thus need a positive lower bound for |f(x)| away from ∂Ω in order to absorb
terms in (107).

Recovery of pj(x) (j = 1, 2). The proof of (20) is similar and has already been
treated in [1]. Observe from (62) that
(i∂t +∆+ p1(x))

(
(1)uϵ,1 − (1)uϵ,2

)
(x, t) = [p2(x)− p1(x)]

(1)uϵ,2(x, t) on Ω× (0, T ),(
(1)uϵ,1 − (1)uϵ,2

)
(x, t) = 0 on ∂Ω× (0, T ),(

(1)uϵ,1 − (1)uϵ,2

)
(x, 0) = 0 on Ω× {0}.

(112)

Moreover, proceeding as in Lemma 4.2, we can show that r1(x, t) = ∂t

(
(1)uϵ,1 − (1)uϵ,2

)
(x, t) satisfies

(i∂t +∆+ p1(x)) r1(x, t) = [p2(x)− p1(x)] ∂t
(1)uϵ,2(x, t) on Ω× (0, T ),

r1(x, t) = 0 on ∂Ω× (0, T ),

r1(x, 0) = −i [p2(x)− p1(x)] f(x) on Ω× {0}.
(113)

Now, repeating the steps used to prove (21) yields (20). In view of Remark
4.5, combining (20) and (21) yields unique determination of pj(x), qj(x) (j = 1, 2)
assuming knowledge of the coefficients near ∂Ω.

4.2. Measurement on an arbitrary subset of the boundary (Theorem 1.5).
In order to realize stable determination from a measurement on an arbitrary rela-
tively open subset Γ ⊂ ∂Ω, the authors of [3] prove a unique continuation estimate4

that relates the H1(Ω2 \ Ω1)-norm in the Carleman estimate from Proposition 3.4
to the Neumann data on Γ. That is, keeping in mind the assumptions in Theorem
1.5, we have

Proposition 4.7. There exist constants γ∗, C, µ > 0 and T1 ∈ (0, T ) such that the
solution r(x, t) to (91) satisfies∫

Ω2\Ω1

∫ T1

−T1

|∇r(x, t)|2 + |r(x, t)|2 dt dx ≤ C

(
1

γ
+ e

−µγ
+ e

µγ
∫
Γ

∫ T

−T

∣∣∣∣ ∂r∂ν (x, t)
∣∣∣∣2 dt dS) (114)

for γ ≥ γ∗. Recall that Ωj (j = 1, 2) is defined by (86).

Figure 1. The black region within ω schematically represents
Ω2 \ Ω1, which appears in (114).

In turn, the proof of the unique continuation estimate in (114) relies on a para-
bolic Carleman estimate that enables an estimate by the Neumann data on Γ.

4The authors of [3] refer to this estimate as an “observability inequality”.
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Recalling that p1 ≡ p2 ≡ p on Ω and that q1 ≡ q2 on ω, we shall follow the
argument in [3] in relation to (91).

For a fixed parameter h ∈ (0, 1), the authors of [3] establish a Carleman estimate
for the parabolic operator h−1∂τ −∆−p(x). Before stating it, we need to introduce
a function ψ0(x) defined as follows.

Proposition 4.8. Let Γ be a relatively open subset of ∂Ω and consider ω ⊂ Ω
a relatively open neighborhood of ∂Ω such that ∂ω \ ∂Ω is C2. Then, there exists
ψ0(x) ∈ C2(ω) satisfying 

ψ0(x) > 0 (x ∈ ω),

|∇ψ0(x)| > 0 (x ∈ ω),

ψ0(x) = 0 (x ∈ ∂ω \ Γ),
∂ψ0

∂ν (x) ≤ 0 (x ∈ ∂ω \ Γ).

(115)

Remark 4.9. The existence of the function defined in the preceding proposition
is proved through Lemma 2.1 and Lemma 2.3 in [18]. The proof given in [18]
uses the regularity assumption on ∂ω \ ∂Ω to ensure that we can write ∇ψ0(x) =
(∂ψ0/∂ν)(x)ν(x) on ∂Ω \ Γ after we know that ψ(x) = 0 on ∂Ω \ Γ.

Now, we recall below (with minor changes in notation) the parabolic Carleman
estimate from Lemma 4.2 in [3].

Proposition 4.10. Let p(x) ∈ L∞(Ω) with ∥p∥L∞(Ω) ≤ M for some M > 0.
Letting ψ0(x) be defined as in Proposition 4.8 and denoting ∥ψ0∥∞ = ∥ψ0∥L∞(Ω),
we define

θ0(x, τ) =
eλψ0(x)

1− τ2
(x ∈ ω, τ ∈ (−1, 1)). (116)

Picking ∥ψ0∥L∞(Ω) < a < b < 2a− ∥ψ0∥L∞(Ω), we also define

ϕ0(x, τ) =
eλ(∥ψ0∥∞+b) − eλ(ψ0(x)+a)

1− τ2
(x ∈ ω, τ ∈ (−1, 1)). (117)

For h ∈ (0, 1) a fixed parameter, there exist λ∗ = λ∗(ω) > 0, σ∗ = σ∗(ω) > 0
such that for all λ ≥ λ∗, σ ≥ σ∗/h, and a constant C = C(ω,Γ, σ∗, λ, λ∗, h,M) > 0,
we have

σ
3∥e−σϕ0w∥2

L2(ω×(−1,1))
+ σ∥e−σϕ0∇w∥2

L2(ω×(−1,1))

≤ C

(
∥e−σϕ0 (h

−1
∂τ − ∆ − p(x))w∥2

L2(ω×(−1,1))
+ σ

∥∥∥∥√θ0e−σϕ0
∂w

∂ν

∥∥∥∥2
L2(Γ×(−1,1))

)
.

(118)

The above holds for w ∈ L2
(
−1, 1; H1

0 (ω)
)
such that (h−1∂τ − ∆ − p(x))w ∈

L2 (ω × (−1, 1)) and ∂w/∂ν ∈ L2
(
−1, 1; L2(Γ)

)
.

Remark 4.11. The dependence on ω and Γ for the constant in (118) is not explicitly
stated in Lemma 4.2 from [3]. However, this dependence is apparent from the proof
provided in Appendix A of [3], where the constant eventually depends on bounds
for the function θ0 (defined in (116)) over ω × (−1, 1). Moreover, θ0 is defined in
terms of the function ψ0 given in Proposition 4.8, which yields the dependence on
Γ.

In a series of steps, we proceed as in [3] to relate the solution to the Schrödinger
IBVP (91) to the solution of a certain parabolic equation in order to make use of the
partial boundary measurement appearing in (118), consequently proving Proposi-
tion 4.7. For the following calculations, whenever we apply the Carleman estimate
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from Proposition 4.10, it should be understood that the resulting constants depend
on Γ.
Step 1. (Transforming (91) into a parabolic IBVP on ω). In order to apply
the Carleman estimate (118), we need to transform (91) into a parabolic IBVP
on ω × (−1, 1) with vanishing boundary conditions on ∂ω × (−1, 1). At the same
time, it turns out to be convenient to have a positive lower bound for the parabolic
Carleman weight, namely ϕ0(x, τ) defined in (117), in order to eventually obtain a
stability estimate.

We begin by obtaining the analogues of equations (4.13) and (4.20) − (4.22) in
[3]. First, note that we can express ∂ω = Π ∪ ∂Ω. Using Proposition 4.8, we can
find a constant κ > 0 such that

ψ0(x) ≥ 2κ (x ∈ Ω2 \ Ω1 = ω1 \ ω2). (119)

Moreover, since ψ0(x) = 0 on Π, we can find an open neighborhood Π′ ⊂ ω of Π
such that

Π′ ∩ ω1 = ∅ (120)

and

ψ0(x) ≤ κ (x ∈ Π′). (121)

Now, taking an open neighborhood Π′′ ⊂ Π′ of Π (such that Π′′ ∩ (ω \Π′) = ∅),
define a smooth function χ(x) for x ∈ ω such that

χ(x) =

{
0, x ∈ Π′′

1, x ∈ ω \Π′.
(122)

Recalling that r(x, t) satisfies (91) with source term [q1(x)− q2(x)]v(x, t) (where
v(x, t) is defined by (90)), we have using the fact that q1(x) = q2(x) (x ∈ ω) and
r(x, 0) = 0 (x ∈ ω) that r̃(x, t) = χ(x)r(x, t) satisfies

(i∂t +∆+ p(x))r̃(x, t) = r(x, t)∆χ(x) + 2 (∇χ(x) · ∇r(x, t))
= [∆, χ(x)] r(x, t) on ω × (−T, T ),
r̃(x, t) = 0 on ∂ω × (−T, T ),
r̃(x, 0) = 0 on ω × {0}.

(123)

We have used Remark 4.4 to consider the above equation on (−T, T ). Observe
from (122) that the source term [∆, χ(x)] r(x, t) in (123) is supported on Π′.

Now, we transform (123) into a parabolic IBVP using a variant of the Fourier-
Bros-Iagolnitzer (F.B.I.) transformation Fγ , defined as in [3] by

wγ(x, z) = wγ,t(x, τ) = Fγ(w(x, t)) =
√

γ

2π

∫
R
e−(γ/2)(z−η)2θ(η)w(x, ηh) dη, (124)

where z = t− iτ . In the above, T0 > T > 0 and γ > 0 are parameters that will be
fixed later, τ ∈ (−1, 1),

θ(η) =

{
0, |η| ≥ 3T0

1, |η| ≤ 2T0
(125)

is a smooth cut-off function, and h = T/3T0 ∈ (0, 1). For w(x, t) ∈ L2(−T, T ;H1(ω)),
we have wγ,t(x, τ) ∈ L2(−1, 1;H1(ω)). Likewise, for w(x, t) ∈ L2(ω × (−T, T )),
we have wγ,t(x, τ) ∈ L2(ω × (−1, 1)). We also note that wγ(x, z) is analytic with
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respect to z = t− iτ .
Using (123), one can show that r0(x, t− iτ) = r0(x, z) = Fγ(r̃(x, t)) satisfies
(h−1∂τ −∆− p(x))r0(x, z) = −

√
γ
2π

∫
R e

−(γ/2)(z−η)2θ(η) [∆, χ(x)] r(x, ηh) dη

− i
h

√
γ
2π

∫
R e

−(γ/2)(z−η)2θ′(η)r(x, ηh) dη on ω × (−1, 1),

r0(x, z) = 0 on ∂ω × (−1, 1),

r0(x, z) = r0(x, t) on ω × {0}.
(126)

Applying the Carleman estimate (118) to r0(x, z) satisfying (126), one can pro-
ceed as in the proofs of Lemma 4.3 and 4.4 in [3] to show that there exists ϵ =
ϵ(ω) ∈ (0, 1) such that ∫ ϵ

−ϵ

∫
Ω2\Ω1

(
|∇r0(x, z)|2 + |r0(x, z)|2

)
dx dτ ≤

Ce2γe−µ0σ

σ

∫
ω

∫ 3T0

−3T0

|[∆, χ(x)] r(x, ηh)|2 dη dx

+
Ce2γ−γT

2
0 eµ̃σ

h2σ

∫
ω

∫ 3T0

−3T0

|r(x, ηh)|2 dη dx

+ e2γeµ̃σC(T0)

∫ 1

−1

∫
Γ

∫ 3T0

−3T0

θ0(x, τ)e
−2σϕ0(x,τ)

∣∣∣∣ ∂r∂ν (x, ηh)
∣∣∣∣2 dη dS dτ

(127)

for σ ≥ σ∗/h > 1, some constant µ0 > 0, and

µ̃ = 2
eλ(∥ψ0∥∞+b) − eλ(2κ+a)

1− ϵ2
. (128)

In writing (127), we used the fact that∣∣∣e−(γ/2)(z−η)2
∣∣∣2 = e−γ(t−η)

2

eγτ
2

(129)

and that γeγ < e2γ for γ > 0.
Now, if we take sufficiently large T0 = T0(ω) > T > 0 and consider σ = T0γ, we

can show that∫ ϵ

−ϵ

∫
Ω2\Ω1

(
|∇r0(x, z)|2 + |r0(x, z)|2

)
dx dτ ≤ C

(
e
−µγ

+ e
µγ
∫ 1

−1

∫
Γ

∣∣∣∣∂r0∂ν (x, z)

∣∣∣∣2 dS dτ) (130)

for constants C = C(Ω, ω,Γ,M, M̃, γ+, σ∗, T, T0) > 0, γ ≥ γ∗(ω, T0) = σ∗/T0,
and µ = µ(ω, T, T0) > 0, where we have σ∗ = σ∗(ω), T0 = T0(ω) > T , and
ϵ = ϵ(ω) ∈ (0, 1). Using (129) for the boundary integral in (130), we further have

∫ 1

−1

∫
Γ

∣∣∣∣∂r0∂ν (x, z)

∣∣∣∣2 dS dτ ≤ Cγ

∫ 1

−1

∫
Γ

∣∣∣∣∣ ∂∂ν
(∫ 3T0

−3T0

e
−(γ/2)(z−η)2

θ(η)r(x, ηh) dη

)∣∣∣∣∣
2

dS dτ

≤ γe
γ
C(T0)

∫ 1

−1

∫
Γ

∫ 3T0

−3T0

∣∣∣∣ ∂r∂ν (x, ηh)
∣∣∣∣2 dη dS dτ.

(131)

Now, if we change variables to integrate with respect to “t = ηh”, we have that∫ ϵ

−ϵ

∫
Ω2\Ω1

(
|∇r0(x, z)|2 + |r0(x, z)|2

)
dx dτ ≤ C

(
e
−µγ

+ e
µγ
∫
Γ

∫ T

−T

∣∣∣∣ ∂r∂ν (x, t)
∣∣∣∣2 dt dS) (132)

for γ ≥ γ∗(ω, T0) and constants C = C(Ω, ω,Γ,M, M̃, γ+, T, T0) > 0, µ = µ(ω, T, T0) > 0.
We have omitted “σ∗” since it depends on ω.
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Remark 4.12. We note that ϵ ∈ (0, 1) is chosen to ensure that the first term on
the RHS of (132) has a negative exponent. It is possible to pick such an ϵ due to
the bounds for the parabolic Carleman weight in (119), (121), and the fact that
[∆, χ(x)] r(x, t) in (123) is supported on Π′.

Step 2. (Estimates for r0(x, z)
∣∣
τ=0

and ∇r0(x, z)
∣∣
τ=0

). The next step is motivated
by the observation that

r0(x, z)
∣∣
τ=0

= r0(x, t) =

√
γ

2π

∫
R
e−(γ/2)(t−η)2θ(η)r̃(x, ηh) dη = (Kγ ∗ θr̃h)(x, t),

(133)
where we have denoted

Kγ(·) =
√

γ

2π
e−(γ/2)(·)2 , θr̃h(x, η) = θ(η)r̃(x, hη). (134)

In other words, (133)-(134) provide a way of relating the solution to the parabolic
IBVP (126) to the solution of the Schrödinger IBVP (91). In the following, we work
with “r0(x, z)” though similar calculations hold for “∇r0(x, z)”.

In order to make use of (133)-(134), for each fixed t ∈ (−2T/3, 2T/3) we apply
the Cauchy Integral Formula on the boundary of a disk Bϵ0(t − i0) with radius
ϵ0 ∈ (0, ϵ) small enough to ensure

z = t− iτ ∈ Bϵ0(t− i0) =⇒ Re(z) ∈ (−T, T ), Im(z) ∈ (−ϵ, ϵ). (135)

We can write

r0(x, t) =
1

2πi

∫
∂Bϵ0

(t−i0)

r0(x, z)

z − t
dz. (136)

With respect to the polar coordinates ρ = |z − t| and Θ = Arg(z − t) ∈ (−π, π],
(136) becomes

r0(x, t) =
1

2π

∫ π

−π
r0(x, t+ ρeiΘ) dΘ

=⇒ r0(x, t) =
1

2πϵ0

∫ ϵ0

0

∫ π

−π
r0(x, t+ ρeiΘ) dΘ dρ

=⇒ |r0(x, t)|2 ≤ C(ω, T )

∫ T

−T

∫ ϵ

−ϵ
|r0(x, t− iτ)|2 dτ dt,

(137)

In the last line above, we have majorized the integral over the disk Bϵ0(t− i0) by
the integral over (−T, T )× (−ϵ, ϵ). We also applied the Cauchy-Schwarz Inequality
and absorbed the resulting factors into C(ω, T ). Recall that that the choice of ϵ0
depends on T and ϵ, which in turn depends on ω.

Now, integrating over (Ω2 \ Ω1)× (−2T/3, 2T/3) and applying (132) yield∫ 2T/3

−2T/3

∫
Ω2\Ω1

|r0(x, t)|2 dx dt ≤ C

(
e−µγ + eµγ

∫
Γ

∫ T

−T

∣∣∣∣ ∂r∂ν (x, t)
∣∣∣∣2 dt dS

)
(138)

for γ ≥ γ∗(ω, T0) and constants C = C(Ω, ω,Γ,M, M̃, γ+, T, T0) > 0, µ = µ(ω, T, T0) > 0.
Carrying out the same calculation for “∇r0(x, z)” yields∫ 2T/3

−2T/3

∫
Ω2\Ω1

|∇r0(x, t)|2 dx dt ≤ C

(
e−µγ + eµγ

∫
Γ

∫ T

−T

∣∣∣∣ ∂r∂ν (x, t)
∣∣∣∣2 dt dS

)
. (139)

Step 3. (Relating “r0(x, z)
∣∣
τ=0

” and “∇r0(x, z)
∣∣
τ=0

” to (91)).

Now, we will apply the observation in (133) to (138). In the following, we set
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r̃(·, t) equal to zero outside (−2T/3, 2T/3) (and consequently r̃h(·, η) equal to zero
outside (−2T0, 2T0)). Letting ĝ(x, ζ) denote the Fourier transform of g(x, η) with
respect to η and denoting (θr̃h)(x, η) = θ(η)r̃h(x, η) = θ(η)r̃(x, ηh), we obtain∣∣∣(̂θr̃h)(x, ζ)− r̂0(x, ζh)

∣∣∣2 =
∣∣∣(̂θr̃h)(x, ζ)− K̂γ(ζ)(̂θr̃h)(x, ζ)

∣∣∣2 ≤ Cζ2

γ

∣∣∣(̂θr̃h)(x, ζ)∣∣∣2 (140)

using the estimate ∣∣∣1− K̂γ(ζ)
∣∣∣2 ≤ Cζ2

γ
(141)

for some constant C > 0. We see from Plancherel’s Theorem that∫
Ω2\Ω1

∫ 2T0

−2T0

|θ(η)r̃(x, ηh) − r0(x, ηh)|2 dη dx =

∫
Ω2\Ω1

∫
R

∣∣∣(̂θr̃h)(x, ζ) − r̂0(x, ζh)
∣∣∣2 dζ dx

≤
C

γ

∫
Ω2\Ω1

∫
R

∣∣∣ζ(̂θr̃h)(x, ζ)∣∣∣2 dζ dx =
C

γ

∫
Ω2\Ω1

∫ 2T0

−2T0

|∂η(θr̃)(x, hη)|2 dη dx

≤
C(h)

γ

∫
Ω2\Ω1

∫ 2T/3

−2T/3

|∂t [θ(t/h)r̃(x, t)]|2 dt dx.

(142)

Noting from (125) that ∂tθ(t/h) is supported on [−T,−2T/3] ∪ [2T/3, T ] and
using the estimates in Lemma 4.3, we bound the last term above by

C(T, h)

γ

∫
Ω2\Ω1

∫ T

−T
|∂tr(x, t)|2 dt dx ≤ C(Ω,M, M̃, γ+, T, T0)

γ
(143)

Using (138), we have

1

h

∫
Ω2\Ω1

∫ 2T/3

−2T/3

|r(x, t)|2 dt dx =

∫
Ω2\Ω1

∫ 2T0

−2T0

|(θr̃h) (x, η)|2 dη dx ≤∫
Ω2\Ω1

∫ 2T0

−2T0

|θ(η)r̃(x, ηh)− r0(x, ηh)|2 dη dx+
1

h

∫
Ω2\Ω1

∫ 2T/3

−2T/3

|r0(x, t)|2 dt dx

=⇒
∫
Ω2\Ω1

∫ 2T/3

−2T/3

|r(x, t)|2 dt dx ≤ C

(
1

γ
+ e−µγ + eµγ

∫
Γ

∫ T

−T

∣∣∣∣ ∂r∂ν (x, t)
∣∣∣∣2 dt dS

)(144)

for γ ≥ γ∗ and constants C = C(Ω, ω,Γ,M, M̃, γ+, T, T0) > 0, µ = µ(ω, T, T0) > 0.
In writing the first equality, we used the fact that χ(x) = 1 for x ∈ Ω2 \Ω1 and that
θ(η) = 1 for η ∈ [−2T0, 2T0]. Repeating the preceding calculation for “∇r0(x, t)”
and combining with (144) yields (114), which completes the proof of Proposition
4.7.

Remark 4.13. Recalling Lemma 4.3, we observe in relation to (143) that the
calculation for “r0(x, t)” only requires a bound on the H2(Ω)-norm of q2 − q1.
The process of obtaining the analogue of (144) for “∇r0(x, t)” leads us to estimate
∥∂t(∇r)∥L2((Ω2\Ω1)×(−T1,T1)) in place of (143). In order to estimate this term with
Lemma 4.3, we require higher regularity for the coefficients (specifically a bound on
the H4(Ω)-norm of q2 − q1).

Completing the proof of Theorem 1.5. Recall ϕ(x, t) and the parameter s > 0
defined in Proposition 3.4. Denoting

r1(x, t) = e−sϕ(x,t)r(x, t) (145)
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and

m(x, t)

=e−sϕ(x,t) [(q1 − q2)v] (x, t)− is (∂tϕ(x, t)) e
−sϕ(x,t)r(x, t)

+ s2 |∇ϕ(x, t)|2 e−sϕ(x,t)r(x, t)

− 2se−sϕ(x,t) (∇ϕ · ∇r) (x, t)− s∆ϕ(x, t)e−sϕ(x,t)r(x, t),

(146)

we note from (91) that
(i∂t +∆+ p(x)) r1(x, t) = m(x, t) on Ω× (−T, T ),

r1(x, t) = 0 on ∂Ω× (−T, T ),

r1(x, 0) = ie−sϕ(x,0)∑k
m=0

(
k
m

)
· [q1(x)− q2(x)] · ∂m

z1∂
k−m
z2 N(0, 0) · [f(x)]k on Ω× {0}.

(147)
The following estimate is proved in Lemma 3.1 of [3]:

∥r1(· , 0)∥2L2(Ω1)
≤ C

(
∥r1∥2L2(−2T/3,2T/3;H1(Ω2))

+

∫ 2T/3

−2T/3

∫
Ω2

|m(x, t)r1(x, t)| dx dt

)
(148)

for some constant C = C(T ) > 0. Further, by applying the Cauchy-Schwarz

Inequality upon expressing “e−2sϕ(x,t) =
(
se−sϕ(x,t)

)(
s−1e−sϕ(x,t)

)
” and “se−2sϕ(x,t) =(

e−sϕ(x,t)
)(

se−sϕ(x,t)
)
” wherever convenient, we obtain

∥e−sϕ(· ,0)r(· , 0)∥2L2(Ω1)

≤C
(

1

s2
∥e−sϕ(q1 − q2)∥2L2(Ω2×(−2T/3,2T/3))∥v∥L∞(−2T/3,2T/3;H2(Ω2))

+ s2∥e−sϕr∥2L2(Ω2×(−2T/3,2T/3)) + ∥e−sϕ∇r∥2L2(Ω2×(−2T/3,2T/3))

)
,

(149)

where s ≥ s0 for a constant s0 = s0(Ω2) > 1 and C = C(Ω2, T ) > 0. We refer
the reader to Lemma 3.2 of [3] for a similar computation. Using (147), Lemma
4.3 to estimate ∥v∥L∞(−2T/3,2T/3;H2(Ω2)), and the fact that e−sϕ(x,t) ≤ e−sϕ(x,0), we
further obtain

∥e−sϕ(· ,0)(q1 − q2)f
k∥2L2(Ω1)

≤ C3

(
1

s2
∥e−sϕ(·,0)(q1 − q2)∥2L2(Ω2×(−2T/3,2T/3))

+ s2∥e−sϕr∥2L2(Ω2×(−2T/3,2T/3)) + ∥e−sϕ∇r∥2L2(Ω2×(−2T/3,2T/3))

) (150)

for some constant C3 = C3(Ω2, T, γ+) > 0. Taking s = s(C3) ∈ [s0,∞) suffi-
ciently large to absorb the first RHS term into LHS while using the assumption
that |f(x)| ≥ γ− for x ∈ Ω \ ω yields

∥e−sϕ(· ,0)
(q1 − q2)∥2

L2(Ω\ω)
≤ C

(
s
2∥e−sϕ

r∥2
L2(Ω2×(−2T/3,2T/3))

+ ∥e−sϕ∇r∥2
L2(Ω2×(−2T/3,2T/3))

)
.

(151)

Using the estimate ϕ(x, 0) ≤ e2λ∥ψ∥∞/T 2
1 in a manner similar to that of (109)-

(110) in Section 4.1, we obtain

∥q1 − q2∥2L2(Ω\ω) ≤ C
(
s2∥e−sϕr∥2L2(Ω2×(−2T/3,2T/3)) + ∥e−sϕ∇r∥2L2(Ω2×(−2T/3,2T/3))

)
(152)

for some constants s ≥ s0 and C = (Ω, ω, T,M, γ−, γ+, λ) > 0. We have omitted the
dependence of C on s = s(C3) since C3 itself depends on the parameters Ω2, T, γ+.



STABLE DETERMINATION OF COEFFICIENTS BY CARLEMAN ESTIMATES 29

Now, after applying the Carleman estimate in Proposition 3.4 (with T1 = 2T/3,
λ ≥ max{λ∗, 1}, s ≥ max{s∗, s0}), the estimates in Lemma 4.3, and the unique
continuation estimate (114), we obtain

∥q1 − q2∥2
L2(Ω\ω)

≤
C

s
∥q1 − q2∥2

L2(Ω\ω)
+ Cs

2

(
1

γ
+ e

−µγ
+ e

µγ
∫
Γ

∫ T

−T

∣∣∣∣ ∂r∂ν (x, t)
∣∣∣∣2 dt dS) (153)

for s ≥ max{s∗, s0}, γ ≥ γ∗, and constants C = C(Ω, ω,M, M̃, γ−, γ+, T, T0) > 0,
µ = µ(ω, T, T0) > 0.

Recall in relation to (130) that we have γ∗ = σ∗(ω)/T0. So, there exists a constant
δ∗ = δ∗(ω, T, T0) > 0 such that∥∥∥∥ ∂r∂ν

∥∥∥∥
L2(Γ×(−T,T ))

< δ∗ (154)

implies

γ =
1

µ
ln

∥∥∥∥ ∂r∂ν
∥∥∥∥−1

L2(Γ×(−T,T ))

≥ γ∗. (155)

Taking s ≥ max{s∗, s0} sufficiently large in (153), we obtain

∥q1 − q2∥L2(Ω\ω) ≤ C

(ln∥∥∥∥ ∂r∂ν
∥∥∥∥−1

L2(Γ×(−T,T ))

)−1

+

∥∥∥∥ ∂r∂ν
∥∥∥∥
L2(Γ×(−T,T ))

1/2

(156)

for a constant C = C(Ω, ω,M, M̃, γ−, γ+, T ) > 0 where we have omitted “T0” due
to its dependence on ω.

On the other hand, if we have that∥∥∥∥ ∂r∂ν
∥∥∥∥
L2(Γ×(−T,T ))

≥ δ∗, (157)

Lemma 4.3 implies that we can write∫
Ω2\Ω1

∫ 2T/3

−2T/3

|∇r(x, t)|2 + |r(x, t)|2 dt dx ≤ C

δ∗
δ∗ ≤ C

∥∥∥∥ ∂r∂ν
∥∥∥∥
L2(Γ×(−T,T ))

(158)

for some C = C(Ω,M, T ) > 0 instead of (114). Starting from (152) and applying
the Carleman estimate in Proposition 3.4, we obtain

∥q1 − q2∥L2(Ω\ω) ≤ C

∥∥∥∥ ∂r∂ν
∥∥∥∥1/2
L2(Γ×(−T,T ))

(159)

for some constant C = C(Ω,M, M̃, γ−, γ+, δ∗, T ) > 0.
We pass from the interval (−T, T ) to (0, T ) using Remark 4.4 and this completes

the proof of (23) upon recalling from (111) that one can interchange the order of
differentiation in ∂r/∂ν. We similarly prove (22) using r1(x, t) defined by (113) and
estimates similar to those in Lemma (4.3). Combining Remark 4.5 with (22)-(23)
yields unique determination of pj(x), qj(x) (j = 1, 2) assuming knowledge of the
coefficients near ∂Ω.
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Appendix A. The solutions to (62) and (91) on (−T, T ). We wish to check

that the solutions to equations (62) and (91) are such that (1)uϵ(x, t) = (1)uϵ(x,−t)
and r(x, t) = −r(x,−t) when t ∈ (−T, 0). For example, let us verify that for

t ∈ (−T, 0), r(x, t) = −r(x, τ) with τ = −t ∈ (0, T ) satisfies (91). That is, we seek
to show that

(i∂t +∆+ p(x)) r(x, t) = −
k∑

m=0

(
k

m

)
· [q1(x)− q2(x)] · ∂mz1∂

k−m
z2 N(0, 0)·[

m · ∂t
(
(1)uϵ(x, t)

)
·
(
(1)uϵ(x, t)

)m−1

·
(
(1)uϵ(x, t)

)k−m
+ (k −m) · ∂t

(
(1)uϵ(x, t)

)
·
(
(1)uϵ(x, t)

)m
·
(
(1)uϵ(x, t)

)k−m−1
]

where (1)uϵ(x, t) = (1)uϵ(x, τ) for t ∈ (−T, 0). We may directly compute

i∂tr(x, t) + ∆r(x, t) + p(x)r(x, t)

= i∂t(−r(x, τ)) + ∆(−r(x, τ)) + p(x)(−r(x, τ))

= i∂τr(x, τ)−∆r(x, τ)− p(x)r(x, τ).

Now, suppose that q1(x)− q2(x) and

∂mz1∂
k−m
z2 N(0, 0) (m = 0, . . . , k)

are real-valued. Then, we have from conjugating and negating (91) that

(i∂τ −∆− p(x)) r(x, τ) =

k∑
m=0

(
k

m

)
· [q1(x)− q2(x)] · ∂mz1∂

k−m
z2 N(0, 0)·[

m · ∂τ
(
(1)uϵ(x, τ)

)
·
(
(1)uϵ(x, τ)

)m−1

·
(
(1)uϵ(x, τ)

)k−m
+ (k −m) · ∂τ

(
(1)uϵ(x, τ)

)
·
(
(1)uϵ(x, τ)

)m
·
(
(1)uϵ(x, τ)

)k−m−1
]
.

The required verification follows from the fact that (1)uϵ(x, t) = (1)uϵ(x, τ) and

that ∂τ (1)uϵ(x, τ) = −∂t(1)uϵ(x, τ) = −∂t(1)uϵ(x, t). One similarly verifies that if

f(x) is real-valued, we can write (1)uϵ(x, t) = (1)uϵ(x,−t).
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