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ABSTRACT. We consider the inverse problem of recovering time-dependent coefficients in a system
of Schrodinger equations with coupled nonlinear terms. We first address the well-posedness of the
system for small boundary data and trivial initial data. Then, we show that the linearized Neumann
data stably determines the nonlinear coefficients provided that, at any given time, they are known in
some neighborhood of the boundary. The proof relies on linearization and complex geometric optics
(CGO) solutions for the linear Schrodinger equation. We conclude by outlining an approach based
on the direct use of Carleman estimates in the setting of trivial boundary data but non-trivial initial
data.

1. INTRODUCTION

Letting © be a smooth bounded domain in R"” (n = 2,3) and denoting the linear Schrédinger
operator by T; = i0; + A + pj(x,t), we seek to study the following system of coupled nonlinear
Schrédinger equations:

Tiug + (2, t) Jur |* ur 4 G (2, t)|ug|?uy = 0 on Q x (0,T),
Tous + qo(x, t) \qu2 ug + Go(, ) |ug[Pug = 0 on Q x (0,7,
ui(z,t) = g1(x,t), ug(z,t) = ga(x,t) on 92 x (0,7,
ui(x,0) = u2(x,0) =0 on Q x {0}.

(1.1)

When the coefficients ¢;,¢; (j = 1,2) are real constants, it is noted in [2] that could model
a two-component Bose-Einstein condensate with wavefunction u = (u1,u2) or coupled modes in
birefringent media, where u; and uy are the electric field intensities along each birefringence axis. It
is also noted in [37] that variable coefficients can arise in the nonlinear Schrodinger equation when
modelling optical pulses through nonlinear optical fibers.

We begin by recording some notation used in the paper. We will denote @ = Q x (0,7) and
Y = 0Q x (0,T). Taking I'; (j = 1,2) arbitrary relatively open subsets of 02, we also denote
¥; =T; x (0,T). Throughout the paper, we will use the Sobolev space

(1.2) H™ (S % (0,T)) = H"(0,T; L*(S)) N L*(0, T; H*(S)).

For a given Banach space B, we will consider when needed the product space B! for [ € N and equip
it with the norm given by

l
(1.3) (01,0l =Y [1bill 5 -
=1

We will also use the permutation ¢ : {1,2} — {1, 2} defined by ¢(1) = 2 and ¢(2) = 1.
We are interested in the following inverse problem:
(IP) Do the coefficients ¢;,G; (j = 1,2) depend continuously on the Neumann data

(1.4) (am Jouly,, ,ous /aV\ZQ)?
1
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That is, we seek to stably recover the nonlinear coefficients of from the Neumann data .
This question is related to the Calderén problem for the conductivity equation V- (yVu) = 0, which
seeks to determine the coefficient v from the knowledge of the Dirichlet-to-Neumann map (DN-map)
f— 7 (Ou/ov) ]| 50 Where f is the Dirichlet data. In [41], the unique determination of + from the
DN-map was addressed in the affirmative for a smooth v with positive lower bound and since then,
a large body of work has emerged to address the Calderén problem for other equations. We briefly
mention references for the dynamical (time-dependent) Schrodinger equation and coupled PDE sys-
tems.

The proof of the uniqueness result in [41] relies on a transformation of the conductivity equation
into a time-independent Schrédinger equation. However, the Calderén problem for the dynamical
linear Schrodinger equation began with the work of [4]. In this work, the time-independent electro-
magnetic potential was stably recovered by the Neumann data measured on a part of the boundary
satisfying a geometric constraint. Subsequent work on the recovery of coefficients in the linear dy-
namical Schrodinger equation includes [18] B9, [7, [44], 23] 13| 8, 2], 24] [6]. Inverse problems for the
dynamical Schrodinger equation with polynomial nonlinearities began with the work of [32], where
the time-dependent linear and nonlinear coeflicients were recovered from the source-to-solution map.
Polynomial nonlinearities were also considered in [29] [30]. In [29], the authors considered the recov-
ery of a nonlinear coefficient from the DN-map. The authors of [30] treated a nonlinear magnetic
Schrodinger equation and recovered both the linear (including the magnetic and electric potentials)
and nonlinear coefficients from the DN-map. The results in [32] 29] [30] apply to the setting of time-
dependent coefficients and trivial initial data. In [3], a modified setting (with trivial boundary data
but nontrivial initial data) was considered for the Schrodinger equation with locally analytic nonlin-
earities and the time-independent nonlinear coefficient was recovered from the linearized Neumann
data. We mention that while the studies [29] 30} 3] only require measurements of the Neumann data
on an arbitrary relatively open subset of the boundary, they require the coefficients to be known a
priori in a neighborhood of the entire boundary.

Previous work on the Calderén problem for PDE systems with coupling through linear terms in-
cludes [36}, 43}, 16}, 22}, 17, 20}, [35], [42], O] [10]. We also mention [33] which concerns an inverse problem
for a single nonlinear elliptic equation but whose analysis relies on boundary determination and
unique continuation for a coupled linear elliptic system. Studies on the Calderén problem for PDE
systems with coupling through nonlinear terms include [15, 14, 25, 12]. The work in [38] uses a neu-
ral network to numerically reconstruct the coefficients in a reaction-diffusion system with nonlinear
coupling.

The studies in [16, 17, 22, 20] are concerned with systems of linear Schrédinger equations and
they establish the stable recovery of coeflicients through measurements of the solution in a subset of
the interior of the domain or by measurements of the Neumann data on a subset of the boundary.
In either case, the proof relies on an appropriate Carleman estimate requiring geometric conditions
on the set over which measurements take place. The use of Carleman estimates in the style of
[16l 17, 22 20] (and for example [4], 39, 7, [44] 2T], B] in the case of a single equation) goes back to A.
L. Bukhgeim and M. V. Klibanov in [II]. To our knowledge, the present paper is the first to study
the recovery of coefficients in a system of Schrodinger equations with coupled nonlinear terms.

We conclude our literature review by noting that the strategy used in [32} 29, [14], B0, B] to study
the inverse problem for nonlinear equations is to consider derivatives of the solution with respect
to small parameters in the source, boundary, or initial data. The differentiated solution satisfies a
linear equation for which the inverse problem is more tractable. This linearization technique goes
back to V. Isakov in [28] and was further developed in [27, 26}, [19] B1].

In order to address (IP), we introduce small parameters €1, €2, €3 € R into the boundary data of



to consider
Tiujk + qjk(x, 1) luj,k|2 Uk + (Ij,k(% )|,y 1 *uje = 0 on Q,
(1.5) wj gz, t) = (61 FD L) + e fgﬁ) (z,t) on %,
uj(x,0) =0 on Q x {0},
where j € {1,2}, k € {1,2}, and
(1.6) fl(j) e 122 (%) = {g e HY2912(x) |9g(-,0) = 0 for integers 0 < m < 9/2}

for I € {1,2,3} is real-valued. For (L.5), we assume that p; € W(Q), q;x € H3(Q), Gjx € H3(Q)
are real-valued and that there exist constants N;, M; > 0 such that

p' 11,00 S N"
7) 1pjllwite (@) < NV;

5.6l 3 Q)» NGkl 3 @) < M-

We also suppose that there exists a relatively open neighborhood O C €2 of 92 such that on Ox (0,7,
we have
pi(z,t) = pj(z),
(1.8) 95,1 = 4q;,2,
gjn = qj2-
That is, the coefficient p; is time-independent on O x (0,7"). Then, our main result is as follows.

Theorem 1.1. Let Q2 be a smooth bounded domain in R"™ (n = 2,3) and let O C Q be a relatively open
neighborhood of OS2 such that 0O\ 0 is C2. For , suppose p; € Wb>°(Q), qjr € H*(Q), Gk €
H3(Q) are real-valued and that the coefficients satisfy —. Suppose that the boundary data
of are real-valued and satisfy .

Then, for j € {1,2}, 1 € {1,2,3}, and any T* € (0,T), there exists . ; € (0,1) such that if
is well-posed for all sufficiently small ¢, € R, and
B2 cyes (B (uj1 — uj2))

(1.9) <€ (0,04),

L2(35)

e€1=ea=€3=0

we have that

_ -1/2
lgj1 — qg',zHiz(Q\OX(O’T*)) < [<1n5 1/2) " 51/2] ’

2 ~ _ —1/2
L2(Q\Ox(0,T%)) <Cj {(ln& 1/2> + 6172

for constants Cj, C’j > 0 that depend on Q,I';,0,T,T*, N;, M;.

(1.10)

i1 — 2

The proof of Theorem 1.1 relies on the linearization of ([1.5)) with respect to the small parameters
€1, €2, €3 € R. In particular, we consider the first-order linearization

@ ._
(1.11) vy = aeluj,k\qzo
and the third-order linearization

(1.12) wlt??) = g
i

3
e1ege3 Uk ’q:@:fg:ﬂ'
The partial derivatives in —are taken in the sense of the mapping from the boundary data

7.k

12))
of (|1.5)) to the unique solution of (1.5 (the existence of these derivatives will be justified through
Corollary . We will also consider v ; the solution to the adjoint problem corresponding to the
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first-order linearization. From here, we apply the method developed in [29] to recover nonlinear
coefficients. In particular, we begin by multiplying

1,2,3) . 1,2,3 1,2,3
(1.13) W) (129 129

with a smooth cut-off function x(x) that will restrict the linearized equation to O x (0,7). Then,
(

we use the equation satisfied by ij1’2’3) to derive an integral identity involving the products of

g1 — q2,q1 — g2 with the functions {vj(l,)g,m} and the product of [A, X]w](-l’Q’g) with v ;. We then

substitute complex geometric optics (CGO) solutions constructed for the linear Schrédinger equation
in [29] in place of the functions v](l,)f and v ; appearing in the integral identity. By carefully picking
the vectors defining the exponential phases in the CGO solutions, we can derive an estimate of the
Fourier transform of either ¢; — gy or ¢; — g2 in terms of an integral involving [A, X]w§-1’2’3). This step
uses an observation from [30] that allows one to separately recover the coefficients of polynomials of
the same order. Then, we use a unique continuation estimate from [7] to introduce the linearized

Neumann data defined by (1.9) through the [A, X]w§1’2’3) term.

Remark 1.1.

(a) Owur requirement that qj,G; € H(Q) is related to the fact that H3(Q) is a Banach algebrcﬂ
when Q is a smooth bounded domain in R? or R3. For example, we will use the Banach
algebra property in the proof of the well-posedness of for small boundary data. The
assumption p; € WLoo(Q) will later ensure that the CGO solutions we use for the linear
Schrédinger equation have sufficient reqularity.

(b) The restriction that p; is real-valued is used in the proof of an integral identity stated in
Proposition . Moreover, we stipulate pj(x,t) = pj(z) on O x (0,T) in order to use a
unique continuation result from [7]. The assumption that pj, q; i, @k fl(J) are real-valued
along with the fact that 0O \ 9 is C? are used in the proof of this unique continuation
result. Further details about the unique continuation result and its proof are provided in
Proposition [{.3 and Remark[{.34.4).

(c) One can uniquely determine the coefficient p; by applying existing results in the literature to
the first-order linearization defined by (L.11)). This is discussed in Remark .

(d) The effect of the nonlinear coupling in 18 present in the quantity § defined by .
Indeed, we will see in Section @ that the function defined by satisfies an equation
(namely ) whose source term involves derivatives of the nonlinearity

2 -
0o, ) i i+ Gk (2, 0) sy e
that appears in (1.5)). As a result, § implicitly depends on both uy ) and ug .

Remark 1.2. In , we consider nonlinear terms that are third degree polynomials in {uy, U1, u2, uz}.
Howewver, the methods in the present paper can be carried over to the case of more general nonlinear
terms that are locally analytic in {u1,ur,us,uz}. We refer the reader to [3] for a treatment of such
nonlinearities for a single equation.

The rest of the paper is organized as follows. We begin by establishing the well-posedness of
for small boundary data in Section . In Section |3 we linearize with respect to the small
parameters €1, €2, €3 € R. In Section 4] we prove the main result by using the previously discussed
method from [29] to recover nonlinear coefficients via an integral identity for the linearized equation
restricted to O x (0,7T). In Section [5| we outline a method from [3] based on the direct application

1See Theorem 4.39 in [1].
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of Carleman estimates to obtain a stability estimate similar to that of Theorem in the setting of
trivial boundary data but non-trivial initial data for (1.1)).

Acknowledgments: The authors are partly supported by the NSF grant DMS-2408369 and
Simons Foundation Travel Support for Mathematicians MPS-TSM-00008046.

2. THE FORWARD PROBLEM

We seek to show the well-posedness of (1.1)) in (H 3(Q))2 in Theorem Our argument will rely
on Theorem which addresses the well-posedness of the linear Schrodinger equation in H™(Q)
for integers m > 1. We begin by noting the following result from Lemma 2.2 and Remark 2.3 in [24].

Lemma 2.1. Suppose p € WH®(Q) and F € H'(0,T; L*(Q)) satisfies F(-,0) = 0. Then,

(10 + A+ p(z,t))v = F(z,t) on Q,
(2.1) v(z,t) =0 on X,
v(z,0) =0 on Q x {0}.
has a unique solution v € C ([0, T]; H*(Q) N H(Q)) satisfying the estimates

V|| 7 00y . < C|F ,
22 [0l oo (0,722 (62 1| 20

lolleo,rmz@) + 10l oz < CUIE Lo, c2@)
for some constant C = C (Q,T, HpHWLoo(Q)) > 0.
Now we note a linear well-posedness result that is similar to Proposition 2.1 from [29] and Lemma 4

from [32]. We still provide the details of the proof to emphasize that it suffices to take p € W™ (Q)
(whereas the authors of [29, [32] assume smoothness for the linear coefficient p).

Theorem 2.2. Let Q be a smooth bounded domain in R™ (n > 2). For m > 1 an integer,

suppose that p € W™>®(Q), h € H™(Q) satisfies OFh(-,0) = 0 for integers 0 < k < m, and
g € HMG/2m+G/2)(%) satisfies 9" g(x,0) = 0 for integers 0 < k < m + (3/2). Then,

(10 + A+ p(z,t))v = h(z,t) on Q,
(2.3) v(z,t) = g(z,t) on X,
v(z,0) =0 on Q x {0}.

has a unique solution v € H™(Q) satisfying the estimate

(2.4) loll @) < C (llgllgmrararmrcarar sy + Il e )

for some constant C' = C (Q,T, ||pHWm,oo(Q)> > 0. Moreover, we have that dfv(-,0) = 0 for integers
0<k<m.

Proof. Using Theorem 2.3 in Chapter 4 of [34], we have that there exists vy € H™ 2" +2(Q) such
that

(2.5) OFva(-,0) =0

for integers 0 < k < m + (3/2) and that g = va|y. The same theorem in tandem with the Bounded
Inverse Theorem (e.g. Theorem 8.34 in [40]) implies the inequality

(2.6) [v2]| rmtzam+2(q) < Cllgll gm+sr2.me 62 (5
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for some constant C' = C'(2,7") > 0. We also have from Proposition 2.3 in Chapter 4 of [34] the fact
that

(2.7) vl grm+2(q) < Cllvall gm+2.m+2(q) (S C||9||Hm+<3/2>,m+<3/2>(2))

for some constant C' = C(Q2,T) > 0. Since p € W™>°(Q), we have that —(i0; + A+ p)va € H™(Q).
We will consider the solution vy (z,t) to

(0 + A + pla))vr = F(w,t) = h(z,t) — (i0; + A+ p)vs on Q,
(2.8) vi(z,t) =0on X,

vi(x,0) =0 on Q x {0}
and show that v := v; + vy satisfies the estimate in (2.4)).

From Lemma we know that (2.8) has a unique solution in L>(0,T;L?(2)) satisfying the
estimate

(2.9) lvillzee0,1,2()) < CIF 120

for some constant C' = C (Q,T, ||p||W1,oo(Q)) > 0 provided that F(-,0) = 0. In fact, recall that we

have assumed 9f°h(-,0) = 0 for integers 0 < k < m. So, it follows from (2.5)) that 9F F(-,0) = 0 for
integers 0 < k < m.
We will now show that
aaaﬂle < C|F|l ym for 0 < a+|8] <m,

210) |ozatn] , o) < C1FIm@) 2

09Pv1(-,0) =0 for 0 < a + |B| < m,
where 3 is a multi-index and C' = C(€, T, [|p|lyym 0o (g)) > 0. Indeed, (2.10) holds when o + [B] = 0
by the estimate in (2.9) and the initial data in (2.8]). Seeking to apply strong induction, suppose
that the statements in (2.10)) hold for 0 < o+ |8| < m — 1. By differentiating (2.8) and rearranging

terms, we have that when a + |8| = m,
(2.11) 8298, = iA (af*laf) v+ (83*185) (pv1) + 8218 .

Thus, the induction hypothesis implies that 8,?‘85 v1(-,0) = 0. By differentiating (2.8 again, we have
(with a + |B] = m) that

m—1
(2.12) (0 + A + p) (agafvl) —oplF+ Y Clao, Bo) (af—aoaffﬂop) 92090y,
ao+|Bo|=0
The estimate in now follows from and the induction hypothesis. We conclude that
(2.13) villzm @) < CIF | am )
for a constant C' = C(Q, T, [|p|lwm.(g)) > 0, which combined with yields (2.4). The fact that
OFv(-,0) = 0 for integers 0 < k < m is a result of and (2.10). O

Using Theorem we can establish the following result for the well-posedness of ((1.1)) with small
boundary data. For later use, we define for r» > 0 the neighborhood of zero

(2.14) B.(0) = HY>92($) N {g e HYY2(S) | gl roszor2(sy < 'r} ,

where we recall that H%/29/2(%) was defined in (I.6). We work in the space H™(Q) with m = 3
since this is the smallest integer for which H™(Q) is a Banach algebra when € is a smooth bounded
domain in R? or R3.
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Theorem 2.3. Let Q be a smooth bounded domain in R™ (n = 2,3). In (1.1), suppose that p; €
W3(Q) and that qj,G; € H*(Q). Then, there exists v € (0,1) such that whenever (gi,g2) €

(B,(0))?, there is a unique solution (u1,us) € (H3(Q))2 to (1.1) satisfying

(2.15) lwjll 3@y < Cllgillaorzorz s,

for some C > 0. The constants C' and r depend on Q, T, [|pjllyys.ce (g 1951l g3y - 16l g3 () More-
over, we have that dyu;(-,0) = 0u;(-,0) = 0.

Proof. The proof relies on a standard argument based on the Contraction Mapping Principle. We
refer the readers to [3], 29, 30, 32] for related examples.

Step 1 (A Fized Point Equation).
We seek to show that there is a solution of the form (u1,u2) = (@1 +w1, 2 +ws) where @; satisfies
7;'@]' =0 on Q,
(2.16) uj(x,t) = gj(z,t) on X,
@j(x,0) = 0 on Q x {0}.
and w; satisfies
Tiw; = fi(ur,uz) = —q;(x,t) [u;|* uj — G (2, 1) u,j)[u; on Q,
(2.17) wj(z,t) =0 on X,
w;j(z,0) =0 on Q x {0}.

For g; € B,(0), Theorem (with m = 3) implies that (2.16) has a unique solution in H3(Q).
Moreover, we have that

(2.18) Ayti; (-, 0) = 021;(-,0) = 0.

Now, in addition to g; € B,(0), suppose that

(219)  w; €C0) = {w e BYQ) | [wlmq) <7 w(-0) = duw(:, 0) = PP (-,0) = 0},
where 7 > 0 will be specified later. One then has that

(2:20) 31402 0)) = By 1 (- 0), (-, 0)) = O f(ur (- 0), s, 0)) = 0

and as a result, we can apply the results of Theorem to (2.17)).
Fix g; € B,(0) and consider the unique solution to (2.17), which we denote by S; := S(f;) €
H3(Q). We seek to find a fixed point (w1, ws) such that

(2.21) (w1, we) = S(t1 + w1, U2 + wa) = (S1(U1 + wi, g + w2), S2(t1 + w1, g + w2))
We will show that (2.21]) has a fixed point by showing that the solution map
(2.22) (w1, w2) — S(t1 + wy, U2 + w2)

is a contraction map on (C,(0))? when r > 0 is sufficiently small.

Step 2 (Closure of the Solution Map).

We now check that if (g1, g2) € (B-(0))? and (w1, ws) € (C.(0))? for » > 0 sufficiently small, then
S(f1, f2) € (C.(0))%2. Now, observe from the estimate in Theorem and the fact that H3(Q) is a
Banach algebra that
(2.23) 1551123 (@) < Cllay + wj|* (@5 + wy) + |G,y + wip (@5 + wi) | gsg) < Cr* <r

for an appropriate choice of r € (0,1).
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Step 3 (Verifying the Contraction Mapping Property).
Now, we will show that if » € (0, 1) is sufficiently small and

(91,92) € (B-(0))%,
(w1, w2), (W1, Wa) € (C,(0))?,
then there exists C' € (0, 1) such that
15t + w1, Gy + wa) — S(a1 + Wi, e + Wo)ll 53

<C (H(wl,wz) W1, W)l (7302 )

When we apply Theorem to (2.17)), we obtain the following estimate for each component of the
solution map:

(2.24)

(2.25)

||Sj(ﬂ1 + wy, Uy + we) — Sj(ﬂl + Wi, a9 + WZ)HH3(Q)
< Ol f;(G1 +wi, tig + wa) — fi(ar + Wi, da + Wa)l g ()

To further develop the estimate in (2.26]), we recall the definition of f; in (2.17)) and note for example
that

(2.26)

H|€Lb(j)+wb(j)‘2(ﬂ’j+w]) |ty + W)l (UJ+W)HH3

(227 < Mgy + wa (@5 + wj) = ) + wiip P @ + Wil s o)
‘ + ([l + wiy (@5 + W5) = LGy + W P @+ Wi s )

< C7? |Jwj = Wjllms(@) + Crlllug) + wipl® = gy + Wi Pl s

In (2.27), we used the assumptions in (2.24) along with the Banach algebra property of H3(Q).
Now, by adding and subtracting (i,;y + w,(;))(t,(;) + Wy(;)) inside the last term on the right-hand
side of ([2.27]), one can show that

(2.28) @iy + wy® = g +

< Cr[wigy = Wagi) |l s

2
W)l HH3(Q)
Taking r € (0, 1) sufficiently small and similarly estimating the other terms in resulting from
the definition of f;, the inequality in follows. So, the Contraction Mapping Principle implies
that there is a unique fixed point (wy,ws) € (C-(0))? satisfying (2.21]) and thus a unique solution
of the form (u1,us) = (41 + w, Uz + w2) to . From (2.18) and (2.19), we have the fact that
(-, 0) = O2u;(-,0) = 0.

Step 4 (Proof of the Stability Estimate).
Note that we can use the first inequality in (2.23) along with the assumptions that

(91, 92) € (Br(0))?,

(2.29)
(w1, wa) € (Cr(0))?
to write
(2.30) lwillgs) = I1Si @) < Cr* (190 m3 (@) + lwill s q)) -

Upon taking r € (0, 1) sufficiently small and applying Theorem to estimate ||%;|| g3 (g), we obtain
(2.31) lwillms@) < Cllgsllgorzor(sy-

Now, the fact that u; = 4; + w; yields the stability estimate in (2.15). We see from Theorem
and the use of the Banach algebra property to absorb contributions from ||g;|| ;s Q) @51l s (@) that

the constants C,r depend on the parameters Q2,7 HijW&OO(Q) , quHHS(Q) , H(jj||H3(Q).



Remark 2.1. The estimate (2.15) is a special case of the more general inequality

(2.32) H(Ulau2)”(1{3(Q))2 < C||(glag2)H(H3(Q))2

That the stability estimate (2.15) involves only g; rather than (g1, g2) is a consequence of the structure
(2.17)

of the nonlinear term f; in . In a general coupled system, both g1 and go contribute to the
solution. As an example, suppose that we instead considered a system where

(2.33) filur,uz) = —gjluj*uj + Gjuly).

We will now replace the nonlinearity in (1.1)) with the one defined by (2.33) and try to prepare an
estimate similar to (2.30). We begin with an estimate similar to (2.23), namely

(2.34) lwill s () = 155113 (@) < Clllas + wj|* (@5 + wy) + (@) + wi)  las @

Now, we seek to factor 2 as in (2.30) using the assumptions (g1,92) € (B,(0))? and (wy,ws) €
(C-(0))2. This yields

(2.35) wjllm3g) < Cr* (165l gs @) + lwillrs @) + Nt a3 @) + lwuillmz@)) »

where we majorized the terms |i; + w;i|* and () + wb(j))Q from the right-hand side of (2.34)
by r2. Applying Theorem to ||t g3y and ||, m3(q), we see from (2.35) that both g1 and
go contribute to the solution in this case. Repeating the argument yields the same estimate for
|w.y |3 (@) So, adding the estimates for |i; + wj|lgsq) (J = 1,2) yields (2.32).

3. LINEARIZATION FOR THE COUPLED SCHRODINGER SYSTEM

In this section and the rest of paper, we assume that € is a smooth bounded domain in R? or
R3. We also take j € {1,2}, k € {1,2}, 1€ {1,2,3}, and ¢ € R. We now define vj(-l)(x,t) the unique
solution in H3(Q) to

(i0y + A —I-pj(a: t))v (l)(x t)=0on Q,
(3.1) o (@, t) = 7 (x,1) on B,
ol (2,0) = 0 on © x {0}.

By Theorem we have that
(3.2) 0" (-,0) = 820 (-, 0) = 0.
We also define wj(.f};’ﬁ ) (x,t) the unique solution in H3(Q) to
(i0h + A +pj(a, 1) wly (@, 1) = S5 (@, 1) + S377 (@, 1) on @,

(3.3) wi? (@, t) =0 on %,
wj(o];ﬁv)(x 0) =0 on 2 x {0}.

The source terms of (3.3) are given by

7ﬁ Tr
ka D) = —gn Z § a0
(3:4) (08 iy ), ™)
3057 Ty
St =~k y_ v Lu V)

TES3
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where S5 is the set of all permutations of {1,2,3}. Note that (3.2) ensures that we can apply

Theorem [2.2{ to (3.3).
Denoting
(3.5) Lj(x,t) = (elv]m + 621)](-2) + 631)](-3)) (z,1),

we note the following result which is analogous to Proposition 3.3 from [29].

Lemma 3.1. Suppose that p; € W3°°(Q) and the coefficients in (L5) satisfy (L.7). Recalling
the neighborhood of 0 € HY/?9/2(%) defined in ([2.14)), suppose that the nonlinear equation (L) is
equipped with boundary data

(3.6) af? + eaf) + esf € B.(0)
for r € (0,1) small enough to ensure a unique solution in H>(Q) satisfying
(3.7) Ouj k(- 0) = fu;k(-,0) =0

and the estimate (2.15|) in Theorem . Then, the solution to (1.5) can be written in the following

form:

1 o
(3.8) wip(z,t) = Lj(x,t) + - S sV @) |+ Ryula,t),
{a.p}E{1.2:3)

where R ;1. satisfies the estimate

3 5
(39) 1Rkl sgq) < Cllal + lea] + les])? [Z Hff”HHg/Q,g/z(E)]

for some constant C = C (Q,T, HijWaoo(Q) ,Mj> > 0.
Proof. Using (3.1))-(3.4)), one can check that if (3.8)) holds, then R, satisfies

N 2
TiRjk = —qjk (|Uj,k|2Uj,k: - |£j|2£j> — Gjk (|ub(j),k|2uj7k — L, Ej) on @,
(3.10) Rj(x,t) =0o0n X,
R;i(x,0) =0 on £ x {0}.

Since gj k, Gjks Wjks L € H3(Q), the Banach algebra property of H3(Q) implies that the source term
in (3.10) belongs to H3(Q). In view of (3.2) and (3.7), (3.10) has a unique solution in H3(Q) by
Theorem 2.2

The calculation leading to (3.9) makes use of the fact that u;; — £; satisfies (1.5) but with trivial
initial and boundary data. Then, for example in the first source term in (3.10f), we can add and
subtract terms to obtain

— Gk <|uj,k|2uayk: — |57 ﬁj) = —qg',k(lug',k|2 (ujp — Lj)

(3.11) 7
+ Liug (@ — L5) + (L5)° (uzpe — L) )
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The estimates from Theorem [2.2 say that

3
| )
asikll sy < C; il Hfl HH9/2’9/2(E) ’

3.12 3 ‘
(3.12) 15 g3 () < C; €] Hfl(j)HHs/z,m(z) ’

ik = Lillgsigy < € (s lrsiqy + Nl s o) Nkl sy )

for a constant C' = C (Q,T, ||pj||W37OO(Q) ,Mj> > 0. The Banach algebra property of H3(Q) and

(1.7) were applied to obtain the last inequality in (3.12). If we use (3.12)) to estimate the right-hand
side of (3.11)) while similarly treating the second source term in (3.10), we obtain the inequality in

(3-9)- O
As a consequence of ([3.8)), we have the following result.

Corollary 3.2. Suppose that the conditions of Lemma|3.1| are satisfied. Then, we have that

(aaﬂﬂ/) — 83

0 _
(313) U; —aeluj,k‘ and wj,k 6a6g67ujvk’ea:eB267=0’

J

€l:0

where the partial derivatives are taken in the sense of the mapping from the boundary data elfl(j) +
62f2(]) + egféj) € B,(0) to the unique solution of (L.5)) in H3(Q).

This justifies the definitions of the first and third-order linearizations in ((1.11)-(1.12)).

Remark 3.1. In view of Corollary[3.4, one can apply Theorem 1.1 from [6] to (3.1) in order to
show that the linearized Dirichlet-to-Neumann map defined by

(3.14) 17 € B:(0) — 8,0 s,

uniquely determines the coefficient p;.

4. PROOF OF THE INVERSE STABILITY ESTIMATE

We will now use the linearized equation (3.3)) and the method developed in [29] for the recovery
of nonlinear coefficients in a single equation to prove the inverse stability estimate in Theorem

4.1. An Integral Identity. We will now prepare an integral identity that will enable us to derive
a Fourier transform estimate for the coefficients in . To prepare the integral identity and also
to eventually apply a unique continuation result, we need to restrict the solution of to a
subset of O (previously defined in relation to (L.8)) away from I'; and to a subinterval (0,7*) where
0<T*<T.

To this end, we define the relatively open subsets O; (I = 1,2, 3) satisfying

(4.1) 0, CcO_1CO,

where we denote Oy := O in the above. We also denote Q; := Q \ O;. Consider the smooth cut-off
function

(42) xmr:{3§§2302
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satisfying 0 < y < 1.
Define vg ;(z,t) to be the unique solution in H3(Q) to the adjoint problem
(10 + A + pj(x,t)) vo; =0 on Q x (0,T),
(4.3) vo,j(x,t) = fo(x,t) on 0 x (0,1%),
vo,j(2,0) =0 on Q x {T*},

where fo ; will be specified later.

Proposition 4.1. Recalling the functions 8(1’2’3) SJ(.EQ’S),w](.}k’Q’S) € H3(Q) defined by (3.3)-(3.4),
consider

8(1,2,3) _ 8(1,2,3) 8(1,2,3)

J 7,2 9

(4.4) 5](1’2’3) 8(1,2,3) SJ(»,1272’3),
1,2,3 1,2,3 1,2,3

w](- ) = ](71 ) w](,’2 )

We have thal

(4.5) / / x (8029 4+ 5029 1 (1Al )| 75 e, ) dadt = 0.
Proof. The function x(z)w"*? (x,1) satisfies with source term

(4.6) X (s§1’273> +S§17273>) (,) + <[A Juwlt 23)) (,1).

Let us now multiply both sides of the equation satisfied by Xw§1,2,3)

over Q x (0,7*). Integrating by parts on the resulting left-hand side, we obtain

/QX(O - [(z‘at + A +pj) (Xw<172,3)>} o (o, £) d dt

T* T*
= z/ / O <Xw](» = )vo,j> dx dt — z/ / Xw](-172’3) (Oo5) (z,t) da dt
0 Q 0 Q
T* T*
+ / / Oy (Xw§1’2’3)> To;(x,t)dS dt — / [V (Xw(l % 3)> Vf} (x,t) dzdt
0 o0
/ /Xw( 23 (pjo,;) (z,t) dx dt.

The boundary integral in vanishes since w( 23 = 0 on O x (0,7*) (owing to the fact that

¢i1 — 92 = Gji1 — Gj2 =0 on O x (0,7*) from the assumption in (1.8])).
Again integrating by parts, note that

T T
1,2,3 _ 1,2,3) 1 -
/0 [V (Xw](. )> . V’U()J:| (x,t)dxdt = / /&)Q Xw(- ) (0,0,;) (z,t)dS dt

/ / ) (ATo;) d dt.

by vg; and integrate both sides

(4.8)

ZNote that [A, x] = Ax 4+ 2(Vx - V).
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The boundary integral in (4.8)) vanishes again using the fact that w§1’2’3) =0on O x (0,7%). Then,

since w§1’2’3)(-,0) =0 and v (-, T*) =0, (4.7) becomes
/ [(iat + A +pj) (Xw§1’2’3))} vo;(x,t) dx dt
(4 9) Qx(0,T*)
= / (Xw§1’2’3)) (—i0r + A+ p;) 0o (x, t) dz dt.
Qx(0,7*)

The right-hand side of (4.9)) vanishes by (4.3)) assuming that p; is real-valued. As a result, we obtain

the identity in (4.5). We point out that the calculations in (4.7)-(4.9)) are justified since we had
1,2,3) &(1,2,3 1,2,3

taken SJ(- ),SJ(. ),w§ ) € H3(Q). O

4.2. CGO Solutions for the Linear Schrédinger Equation. We seek to substitute the CGO

solutions for the linear Schrédinger equation

(4.10) (10 + A+ p(z,t)u=0

(with vanishing data at either ¢ = 0 or ¢ = T™) constructed in Section 4 of [29] into the integral
identity (4.5). Denoting

(4.11) O(z,t; w) = p(z - w— plw|*t)
for a fixed parameter p > 0 and some fixed w € R™ (n = 2, 3), these solutions are of the form
' N
(4.12) u(z,t) = eP@ED N o R ap (2,1) + (2, 1),
k'=0

where N > 0 is a fixed integer.
We introduce a smooth cut-off function
0,tel|0,h|U[T* —h,T*
9u() = { 0.1 U )

4.13
(4.13) 1, t € [2h,T* — 2h)

satisfying 0 < 6,,(¢) < 1, where h € (0, min{1,7™/4}) is chosen to ensure the estimate

(4.14) HehHWJ%OO(R) < th_j
for j € N. Then, in (4.12), we either take leading order amplitude
(4.15) ag(x,t) = Op(t)  or  ag(x,t) = Oy (t)e’ ™)

for some fixed ¢ € wt.
In the case of ag = 6;,(t), we take

(4.16) ay(z,t) = —(1/2)|w| 2040y (z - w).
Now, taking a fixed y € 90, we define

(4.17) ap (x + sw, t) = ;/ (i0; + A+ p)aw_1(z + 5w, t)ds (2 <K <N)
0

for

(4.18) rel={reR"|w-(xr—y) =0}

In the case of ag(z,t) = 0,(t)e’“" 8 we use [(.17) to define the higher order amplitudes for
1 <k < N. We observe from (4.13)) that in any case,

(4.19) ak/(-,O) = ak/(-,T*) =0 (0 < k/ < N)
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The remainder r(z,t) satisfies

(10 + A +p)r = —p~Ne'® (i, + A + play on Q,
(4.20) r=0on X,
r =0 on Q x {0},

We now establish estimates in L*°(Q) and H™(Q), where m > 1 is an integer, for the solution
constructed in . The H™(Q) estimates that we record have already been proven in Proposition
4.1 and Remark 4.1 from [29] under the assumption that the linear coefficient p is smooth. We provide
the details again to emphasize that it suffices to take p € W2V M. (), where N > 0 is the fixed
integer in . In the rest of the paper, we shall denote

(4.21) (1,8) =1+ 712+ |€]2.

Proposition 4.2. Fiz an integer N > 0 in [(#.12)), an integer m > 1, and let p € W2NTm22(Q).
Further consider a fized vector w € R™ along with fized parameters h € (0, min{1,7%/4}) and 7 € R.
For ag(z,t) = 0,(t), we have the estimates

lag || () < Ch™F (0 < k' < N),

4.22

2 7]l gy < CpNF2p N2
and

(4.23) lax i) < CHTH7™ (0 < K < N),

7| grm(qy < Cp~ NFT2mR—N=m=L

For ag(z,t) = 0,(t)e" ™8 we have the estimates

lag || ooy < C (r, &) h™F (0 < k' < N),

(4.24)
7]l oo () < Cp N2 (7, €)2NH2 p= N2

and

(4.25) lar |l () < C (r, & T h7F =™ (0 <K < N),

”THHm(Q) < é«prJer <7_’ §>2N+m+2 thfmfl'

For the L>(Q) estimates in (4.22) and ([4.24)), we have C = C (Q,T, ”pr2N+1,oo(Q)> > 0. For the
H™(Q) estimates in ([4.23) and [#.25), we have C = C(Q, T, [Pl m.eo(qy) > 0.

Proof. Our primary tool will be the estimate of ||04||yyj.«(r) provided in (4.14)).
(I) We first consider ag = 0},(t) (whence a; = —(1/2)|w|"2(0;05)(x - w) from (4.16))). In this case,

when £’ = 0 or 1, the amplitude estimate in (4.22)) follows directly from (4.14). For 2 < k' < N, we
observe from (4.17))-(4.18) that we can write

S\ K =1 sy Sp/_1 ,
(4.26) ap (x,t) = <;> / . / (10 + A+ p)* Lay (@ — sjw + spw, t) dsp - - - dso,
0 0

where s; € R is such that x — sjw € L (recall that L was defined in (4.18))). In (4.26]), we note that
the highest order derivative of p arises from A*~2p while the highest order (nonzero) derivative of
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0, arises from (i8;)¥'~'a;. Since h € (0, min{1,T*/4}), it follows from (£.14) that
law [l gy < CRTF,

< éh—k‘l—m

(4.27) ‘
L2(Q)

998 ay

for 0 < a+|8| < m and constants C' = C (Q Il yr2v—2), (0 )) >0,0=C Q DIl r2v— 2)+moo(Q)) >
0. This completes the proofs of the amphtude estimates in

To prove the remainder estimates in -, we apply Lemn% and Theorem-to -

which (when combined with the Sobolev Embeddlng Theorem) yield the inequalities

17l Lo (@) < Cllrlleqommz@) < Co M€ (i0: + A + p)an || 10,7020

(4.28) Ny i
7]l ) < Cp N (10 + A+ p)an || grm (o)

for some constant C' = C(Q,T,][pHWm,oo(Q)> > 0. Upon substituting (with ¥/ = N)
into ||e*®(i0y + A + p)an|lgio1L2()), we see that the highest order derivative of p arises from
O(Aay) (that is, 9;A(AN~2p)) while the highest order (nonzero) derivative of ), arises from
Oy (i@t (z'(?t)N_l a1>. We also obtain a factor of p? from 0 (e@). Likewise, in ||e'®(i0; + A +

p)an||gm (@), the highest order derivative of p arises from 0202 (Aay) (v + |8] = m) (thus from
8385 A(AN=2p) (a + |B] = m)) while the highest order (nonzero) derivative of 6, arises from
o (10, (i@t)N_l a1>. We obtain a factor of p*™ from 9" (eq)). These considerations, along with
(4.14) and the fact that h € (0, min{1,7%*/4}), yield the estimates

(4.29) 17l (@) < CpNF2RTIVER),
| Iy < Cp~NH2mp-(NHmAD

for constants C' = C' (Q,T, Hp”v[/QNfl,oo(Q)) >0,C=C (Q,T, HPHW2(N_1)+m,oo(Q)) > 0.

(IT) The proofs of (.24)-([@-25) when ag = 0, (t)e’*™ 7 are similar except that we obtain fac-
tors of (7,&) from the exponentlal term. In what follows, we dlscuss the proofs of the [|r|| e (g) and

7]l zrm () estimates in (4.24)-(4.25). First, we observe from ) that in this case

-\ K rso Spr_q ,
(4.30) ap (z,t) = <;) / - / (10 + A + p)¥ ag(x — sow + spw, t) dsys - - - dsy,
0 0

where sg € R is such that x — spw € L.

Let us substitute (4.30) (with ¥ = N) into the first and second inequalities listed in (4.28)). Note
that we obtain factors of p?, p>™ due to 0, (eiq’) , o (6‘1’) in the first and second inequalities from
([4.28)) respectively. In ||e®(id; + A + p)an || g1(0,m;2(0)), We have that the highest order derivative
of p arises from 9;(Aay) (thus from 9;A(AN=1p)). The highest order derivative of ag with respect
to t arises from 0;(i0san) (thus from 9;(id" T ag)) while the highest order derivative of z arises
from Aay (thus from AN*lag). In ||e’®(i0; + A + p)an || gm(q), the highest order derivative of p
arises from GfaanN (o + |B] = m) (thus from 8?8§A(AN_1p) (o + |B] = m)). The highest order
derivative of ag with respect to t arises from 87" (idsay) (thus from 97"(i0 1)) while the highest
order derivative with respect to z arises from 95 Aay (18] = m) (thus from O ANTL g, (18] = m)).
Now, by majorizing each factor of 7 or £ that appears in these derivatives by (7,&) and invoking
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(4.14), we can develop the estimates in (4.28)) into

|7l zoo () < Cp N2 (1, )N T2 N2,

4.31 >
e Il (q) < Cp = NF2m (7 g)2N+m+2 p=(N4m+1)

for constants C' = C (Q,T, ||pHW2N+1,oo(Q)) >0and C =C (Q,T, ||p||W2N+m,oo(Q)). O

Remark 4.1. We comment on our motivation for recording L*(Q) estimates. We observe from
[4-23) and ([4.25) that an O(p~') estimate for the remainder r(z,t) requires N >2m+ 1. On the
other hand, such a remainder estimate can be fulfilled by taking N = 3 in ) and - This

smaller choice of N allows us to reduce the reqularity required for p; in the fOrthcommg arguments.

4.3. A Fourier Transform Estimate. In what follows for the rest of the paper, we illustrate
the proof of the inverse stability estimate (1.10]) for §;x, where we fix some j € {1,2}. A similar
argument holds for the other nonlinear coefficients in ([1.5)).

We will now substitute CGO solutions of the form (4.12)) for vj(l) and vg ; into the integral identity

[@3):
T*
(4.32) / / S123) 8(1,2,3)> n ([A»d w§1,2,3)>} g drdt =0,

which implies

(4.33) L/ /ﬁ s 3023§“*dxdt<
Q\Og

Recall from (3.4) and (4.4) that

851,2,3) (x,t) = —2(gj1 — ¢j2)(x, 1) [v§1)v§2)v(3) + oMy 4 0(2)v(3)v(1)] ,

T*
/ / AX (123))’00]d$dt

5(1,2,3 - - 1 3 2) (1 D 3) (2

(4.34) 812w, 1) = (@ — 132) (.0 [0 Vol + o olhold) + o)
3,0 5@ 4 @, 0 3,2 0

UGG TN ) T owm}

Also recall the definition of ®(z,¢; w) in (4.11]) and 6,(¢) in (4.13)). Denoting
(.l) o i@(z,t; o.);.l))

(4.35) a;’ (z,t) =e On(t),

ap j(.’L‘, t) = ei@(z,t; WOJ)Gh (t)ei(tTer{j),

we shall fix N = 3 and put

(4.36) vj(.l) (z,t) = gl) (z,t) + o mt "J Z p—k akl’)J )+ T(l)( £)
k'=1

for some choice of wj(-l) € R™. For the adjoint IBVP (4.3)), we put

3
(4.37) voj(x,t) = ag j(x,t) + '@t @) Z p ai}] (x,t) +104(x, 1)
k'=1
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for some choice of wp; € R" and §; € w&j. With N = 3, we observe from Proposition H that

1) A
Haj HLOO(Q) ) HGO,JHLOO(Q) <C,

Ha,j, ’jHLw(Q) <Ch " (0<K <3),
(4.38) Ir (l)HLw(Q By
o], o, < Cme n ¥ @<k <3,

Im0ll (g < Co7" (&) A7°
for a constant C = C (0,7, Ipsllyrivq) ) > 0

In what follows, we refer to ag-l) and ap; as leading order amplitudes and the other terms in
(4.36)-(4.37) as non-leading order amplitudes. Now, observe that if we stipulate

(2)‘ + lw

(4.39) wy('l) + ) — Wl - woj =0 and — ‘Wj(l) “u

2
i)~ Y ‘

B[+ g2 =0,

the exponential phase for the vj(-l)vf(zj?)vf?})m term in left-hand side of (4.33) vanishes. That is,

denoting ® (wj(l)) = (33, t; w§l)), we have

3
(4.40) o ( a )) o ( f(]))) —® (wf(})) — @ (o) = 0.
This results in the leading order amplitudes for that term combining to yield
T*
(4.41) / / X (Gj2 — Gja1) Ore —UTtHe8) dg dt.
ON\O3

The idea of the subsequent calculation is to isolate the above term in the left-hand side of
and to show that the other terms are of order p~—*.

We Will next look at the other leading order amplitude products that result from substituting
-— into the left-hand side of - We demonstrate with an example that such terms

are of order p —1. Let us consider the product of the leading order amplitudes in the U](2) (( )) L(é))vo’

term from . Denoting

2 3 2)[2
(4.42) W' ( ) —I—w(()) wf(]?) —wp; and W= ‘w]( )‘ + |w L(j ‘ - L(J ‘ — |wo;l?,
we obtain
™ . ’ .
(4.43) / / X (Gj2 — Gj1) g i@ =pWH) o =iTtHT8) g0 gy
0\03

for the product of the leading order amplitudes. Observe that we can guarantee w’ # 0 if we stipulate

in addition to (4.39))

(4.44) w? 4wt # Wl +0?).

Now, denoting V' = (0y,, ..., 0x,,0¢), we observe (as noted in Section 5 of [30]) that
(—ipw',ip*W)

(4.45) eip(@w'=pWit) _ 7/ ip(zw'—pWt) | .
[(pw’, p*W)|
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Substituting (4.45)) into (4.43)), we may integrate by parts to obtain

4 /’ ; 2W ' , '
/ R e AL BN A N e I P
A((Q\O3)x(0,T*)) [(pw!, p2W))|

(4.46)
/ (—ipw',ip* W)
@\09)x(0.7%) |(p!, P2V [?

Due to the assumptlon that ¢j,1 = ¢j2 on Ox(0,T) and the deﬁmtlon of O (t) in - the boundary

integral in vanishes. Denoting the non-boundary term in 6) by I, we have from the fact
that w’ # 0 that

V[ (@2 — @30) ()] €700 e =) g gy,

pfl
4.47 I <
(4.47) = 100 Jononeion)

By (1.7) and n, we can further say that
(4.48) < Cpt (B + (1 8))

which is what we sought to show. In , the factor of h~! resulted from applying to V'6p,
the factor (7,§;) came from Ve Tt+2&) and the contribution from V'’ (Gj,2 — ;1) was absorbed
into the constant by . We also absorbed the contribution of V’y, which depends on (92 and O3
in view of (4.2)), into the constant. The leads to the parameter dependence C = C'(w’, 0, T*, M;) > 0

in (.19,

The other leading order amplitude products in the left-hand side of (| can be treated as in
- - by stipulating a condition similar to | - 4.44) for all the terms (except the U(l) (( )) L(?j)) U0,;
term) that appear in the left-hand side of (4.33 - This is possible by stipulating (4 and

1 2 1 3
(4.49) span {wj( ), L((j))} N span{ ]( ),w]( ), L((j)) wf(;)} = 0.

To see that this condition can be satisfied, first pick some linearly independent unit vectors 7,72 €
R". Then, define

v’ [X (Gj2 — jn) [05,(6)]* 6_"(””’53')} ‘ dx dt

w(l) =m ((2)) =M
J Y ’

(4.50) (2) ( ) w(l) _ w(3) _ = _
Wi T W) T W) I W0 = 2

Remark 4.2. Henceforth, we will indicate the dependence of the constant C' on vector combinations
resulting from the product of exponential phases (for example the expression |(w',0)| in ) by
writing C;, with the understanding that we have chosen a specific set of vectors for the purpose
of recovering the coefficient g;. If we were concerned with recovering the coefficient q; for a fized
j €4{1,2}, one could stipulate

) ) 3 2 912 312
(4.51) w](.)—l—w](.)—w](-)—w@j:O and —‘w](-)‘ —‘wj()‘ +‘w](-)‘ —|—|wo’j|2:0,

(1)()()

which ensures that the exponential phase in the v v v 0 5 term vanishes. In order to ensure that
the exponential phase for the other terms doesn’t vanish, we can additionally stipulate a condition

sitmilar to (4.49) and then pick

A iy, o =y
(4.52) ! !
w(2) g w(B) = w(l) = w(S) = ’)’/2 WO R — —772
u(4) J ¢(4) u(4) ey

for some linearly independent vectors ni,ne € R™.
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Next, we seek to estimate terms that result from products with non-leading order amplitudes after

substituting (4.36))-(4.37) into (4.33)). One may use the estimates in (4.38) to majorize such terms

by expressions of the form
(4.53) Cp~'h= (7,¢)°

for a, > 0 sufficiently large. Indeed, we see from the exponents in (4.38) that all such products
can be majorized in magnitude by

(4.54) o (p 0 rg))

for a constant C' = C (Q,T, T, ”ijWZw(Q) 7Mj) > 0. Combining the considerations in (4.42])-

({4.50), Remark [4.2} and (4.53)-(4.54), we can develop (4.33) into the estimate
T*
/ / X (Gj2 — Gj1) Ofe " THEE) da qt
0\0;

/ / 1A, ] w 123))Uojda:dt

for some constant C; = C;(2,0,T,T*, ”ijWZoo(Q) , M;) > 0. Extending x, ¢;x, and 0} to be zero

outside (), we obtain the estimate
/ / [A, x]w 123))U03dxdt

where “F” denotes the Fourier transform in the conjugate variables (7,&;).

(4.55)
< ij_lh_QO 7_ gj

(4.56) F[x (G2 — 1) 0] < Cip ' h20 (1,&;)™

We now seek to introduce the Neumann data through the commutator term <[A X] (123)>

appearing in (4.56)). For this, we will use a unique continuation result that can be established
by following the proof of Lemma 2.1 in [7]. To state the result, we need to recall the subsets
O, CcO(1=1,2,3) (and ; = Q\ O;) defined in (4.1)).

Proposition 4.3. Suppose O is a relatively open neighborhood of 0Q such that 0O \ 09 is C2. Let
p(z,t) € L®(Q) with p(x,t) = p(x) on O x(0,T) and T a fized relatively open subset of ). Suppose
u(z,t) € HY(0,T; H(Q)) is a solution to

(10 + A+ p(x,t))u = g(x,t) on Q,
(4.57) u(z,t) =0 on X,

u(z,0) =0 on Q x {0},
where g(x,t) € L*(Q) is supported in (2\ O) x (0,T). Then, for any T* € (0,T), there exist
constants C = C(Q,T,0,T7*,T) > 0,7« > 0, and m > 0 such that

(4.58) lul 2o @y < € (77 + €™ 10vulaw o)
for any v > ..

Remark 4.3.

(a) The proof of Pmposition 1s based on considering the linear Schréodinger equation satisfied
by xu on O x (0,T), where x is defined by . The proof also requires extending xu to the
interval (=T, T) in order to later apply a Carleman estimate with a non-vanishing weight
function at zero. This can done by defining

u(z,t) =u(z,—t) and g(z,t) = g(z,—1)
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for (z,t) € O x (=T,0). Since p(z,t) = p(x) and g(x,t) =0 on O x (0,T), the equation
satisfied by xu then reduces to equation (4.13) in [7]. The rest of the proof then follows as in
equations (4.12) — (4.51) in [7]. In fact, the proof in [7] holds under the weaker condition that
O is a relatively open neighborhood of I' rather than the entire boundary. However, the fact
that O is a neighborhood of the entire boundary is essential for other steps towards the proof
of the main result in [1] and our proof of Theorem . In particular, we need to know that
qjk and q;p are determined near the entire boundary in order to derive the integral identity
(4.5). The reason for the regularity requirement of 0O \ 9 is explained in Remark 4.5 in
[3].

Strictly speaking, the inequality in Lemma 4.6 of [1] estimates |ullp2¢ 1. m1(0q\0,)) fOr @
specific choice of Ty € (0,T) such that the constant in 1s independent of T1. Howewver,
the proof in [7] still holds for any choice of T* € (0,T) and in this case, the constant that
results in (4.58) now depends on T*. Also, the estimate in [T] is in terms of 0vull L2 (0 x (—1,1)
on the right-hand side. However, this can be majorized by a constant times ||Opul| 121y (0,1))
in view of how we defined the extended solution in (a).

Regarding , the dependence of the constant on I is not explicitly mentioned in Lemma
2.1 from [7]. However, such a dependence is apparent from the Carleman estimate (Lemma
4.2 in [7]) used to establish the Lemma 2.1. We refer the reader to Remark 4.6 in [3] for
further details.

Remark 4.4. We seek to apply the estimate in (4.58) to the commutator term in (4.56)). In view of

the discussion in Remark (a), we seek to extend w

(1,2,3)

; to O x (=T,T) while ensuring that (3.3])

is still satisfied. We can use the extension defined in Remark (a) if j, 4k, Qi are real-valued
. (1 . . .
and if vj(-) (which defines the source terms in (3.4)) satisfies

v](.l)(a:, t) = vj(.l) (z,—t)

for (z,t) € O x (=T,0). This requires the boundary data fl(j) to be real-valued.

Let us now estimate the commutator term in (4.55):

(4.59)

T*
/ /Q ([A, X] w§1,2,3)) To,;(x,t) d dt
0

<o uf2?)

L2(Qx(0,T*)) lvo.g ||L°°(Q><(0,T*))

<l

&,w(-l’2’3)‘

L2(0,T*;H (Q3\Q2)) HUO,j ”LOO (2x(0,T*))

<C (’yjl + ™ ;

Lz(zj)> 100,51l Loe (2x (0,2+)) (75 2= 7.9

for some constants C' = C(Q,I';,0,T7*,T) > 0,7.; > 0,m; > 0. The last line resulted from
substituting the estimate (4.58)) from Proposition
Next, observe from (4.37)) and (4.38)) that

(4.60)

3
—k' 07‘
o0, e 0.7y < N0l Loy + D P H“’f’J

) + HTOJHLOO(QX(O,T*))
k=1

HLOO(QX(O,T*)

<C (1 + o n5 (i, gj>8) :
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where C' = C (Q,T, Hp||W7,oo(Q)) > 0. In (4.60), we majorized each term by p~th= (7, §j>’8 for
a, B > 0 sufficiently large. Substituting (4.60|) into (4.59) and then substituting (4.59) into (4.56]

yields the following Fourier transform estimate:
F (X (@52 — @i1) 04] < Cip th=20 (7, &)™
&/wj(-l’Q’g)‘ ) (1 +p 0 £j>8)

for some constant C; = C} (Q,I‘j, o, T,T, Hpj||W7,oo(Q) ,Mj> > 0.

4.61
(460 +Cj (7].‘1 + ™M

L2(I'x(0,T))

4.4. Completing the Proof. In (4.61)), let us fix 7; > 1 and choose p := ;. Also, pick m; > m; > 0
such that

(4.62) emivipTt = emjijy;l < M,
With these choices, (4.61) becomes
F [x (@2 — @31) O] < Cyry h2 (r,65)*

R S R (1,2,3) —1;,-5 \8
(4.63) +C; (%‘ + " Opw; ‘Lz(zj) (1+7j h <T,§J>)

J
(1,2,3) —20 132
d,w )L2(Zj)) W2 (7€)%

J
We will now use (4.63) to estimate the H~!(R"*!)-norm and subsequently use interpolation to pass
to the L2(Q2 x (0,T*))-norm. To begin with, we have the following for some constant M > 1 that
will be fixed later:

X (G52 = Gj.2) 9%\\271@%1) = /< (7, &) 2| F [x (@1 — Gi2) 1] dr de;

T,85) <M

e <’Y{ e

(4.64) )
+/ (&) 2| F X (@i — Gi2) 04| dr dg;.
(r65)>M

Denote the first and second integrals in (4.68]) by I; and Is respectively. Upon substituting (4.63])
into I;, we have that
2
h_40M64_2
L2(%;)

2
9 w(}ﬂﬁ)” 1,—40 762
o L2(35) ’

L] < CM™ .y (fyj—l + ™ |9, 0]

d,w(-l’z’g) ‘

(4.65)
<CM* -y (7;1 + €M

where the factor of C M"*1 arises from the measure of
(4.66) {(r.§) e R (1,&) < M} (C {(1,&) e RM 72+ | < 2M7}).

Since we are in the setting of R” (n = 2,3), we have majorized M"*! by M*. From (1.7) and
Plancherel’s Theorem, we have that

(4.67) L] < M72 - [[xX(gja — G52)0]| 2 gnsny < CM 2
for a constant C' = C(Q, 0, T*, M;) > 0. Combining (4.65|) and (4.67)), we have that

1 (G = @3.2) Onll g1 gy

(4.68) 2 1/2
o' H ) roMm?| .
L2(%)

< (th—40M66 (,yj—l 1M
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Now, interpolation yields
. - 2 - - 2
(g1 — d.2) G%HL%Q\OX(O,T*)) < [Ix (@1 — @2) G%HL%QX(O,T*))
(4.69) < Ix (@1 = @2) Onll gy oy X (@r = @52) O g sy

ayw(;,z,s)‘

< th_20M33 (,yjl + eﬁlj’yj ;

where we used (1.7]) and (4.14)) in order estimate
(4-70) HX (ij,l - ‘1312) G%HHI(RnJrl) < Ch!
for a constant C' = C(Q2, 0, T*, M;) > 0. Thus, we have that

> 4 oMY
L2(%y)

1351 = Gi2ll72 @ 0x 0.7
5 - 4112 ~ ~ 45112
(4.71) <C H(qJ':l —Gj2) HhHLz(Q\OX(O,T*)) +C H(qJ‘J — qj2) (1 - eh)HLZ(Q\Ox(O,T*))

< Ch 2N (%‘1 + M 31,10](.1’2’3)”

+CMh™! + Cyh,
L2(%5)

where we estimated
- - 2
(4‘72) H(Qj,l - Qj,2) (1 - ei)HLQ(Q\OX(O,T*)) < COh
for a constant Cy = Co(T™, M;) > 0. This uses (1.7) and the fact from (4.13) that 1 —0;11 is supported
on [0,2h] U [T* — 2h, T"].
Setting h :== M~12 (for M > 1 large enough to ensure h € (0, min{1,7*/4})), the estimate in
(4.71]) becomes

g5, — ffj,2Hi2(Q\(9x(o,T*))
(4.73)

8ij(‘1,2,3)‘

< C;MET? <vj1 + ™% ) +CM?

L2(35)

for constants C; = Cj (Q,I’j,(’),T, T, HijW7,oo(Q),Mj) >0and C =C(Q,0,T% M;) > 0. We will
also pick M > 1 so that it satisfies

_ ~1/2 1/87
(4.74) M2y = TP e M=l
As a result, (4.73)) becomes

q 5012 -1/2 Fr v
(4‘75) HQj,l - qj’QHLQ(Q\OX(O,T*)) < Cj (’yj / + M7

ayw§1,2,3)‘

L2(2j)>

1/267%].7]‘ < €™ and Cj = Cj (erj’ Oa T, T*7 HijW7’°°(Q)7 MJ) >

where m ; > m; is such that 7
0.
We finally consider d,; € (0,1) such that when

4, ‘ } (17273>’ < y

(4.76) dyw; ey S d € (0,04;),

we have that

(4.77) v = ﬁzfjl In (5_1/2> >,; and h=M"Y?= 7;1/174 € (0, min{1,77/4}).

Then, (4.75) becomes

- - _ —1/2
(4.78) ||q]',1 — %‘2”%2(9\0)((071«*)) < Cj [(ln (5 1/2>) + 51/2:| :
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when ([4.76) holds. We have C; = C; (Q,T;,0,T, T* pjllwr.e @y, ) > 0 in (4.78).

The proof of (4.78) relied on the CGO solutions constructed in ([4.36))-(4.37) for v; ") and V0,
respectively. In relation to equations (3.1)) and (| ., we shall define

(479) f(]) - U ‘E’ fU,j = Uo,j|2

and check that the boundary traces have sufficient regularity to ensure Well posedness by Theorem

2.2] Indeed, we have from Theorem 2.3 in Chapter 4 of [34], equations (4.36)-(4.37)), the Banach
algebra property of H™(Q) (m > 3), and the estimates in Proposition [4.2] E that

"]

.
HY/2, 9/2(2) H HH5 5(Q) H 5(Q)

(480)  <( <Ha§’)HH5(Q) + |lexp {i@ (-,-;w§.l)>}“H5(Q)£p_k/ akl/)’JH H ") HH5(Q)>

< C'plOh 9 = 'y 1749/174

where we substituted p = v;,h = 7;1/174, and C" = C'(Q,T,N;) > 0 (recall that N; is defined in
(1.7)). Likewise, we can show that

(4.81) ||f07j||H9/2,9/2(2) < Cph (7, fj)lg ho=cC (T, §j>13 7;749/174

for a constant C' = C(2,T, N;) > 0. This shows that {fl(j), foj} € HY29/2(%). The construction
of the CGO amplitude and remainder terms in Section (in particular, recall equations (4.15),

(17, and [T20)) ensure that {£, fo;} C HY2V2(x).

We lastly check that given 6 € (0,0 ), we can pick €1, €2, €3 € R sufficiently small to ensure that

(4.82) af? +eff) + ety € B(0),
where B,.(0) is defined by (2.14). By (4.80)), it suffices to take
roamgpm_ T [y g\ LTA0/1TA
(4.83) @ <35 = o [ ;! n (5 / )] (1=1,2,3).

This choice of ¢ ensures the well-posedness of (|1.5) by Theorem
The argument in Sections can be repeated in a similar manner for the other nonlinear
coefficients in (1.5)) and this completes the proof of Theorem

Remark 4.5. By passing derivatives onto test functions in C*°(02), we can exchange derivatives
in the weak sense for the Banach space-valued mapping

t— gwl PV (1), € HY(09),

which justifies (1.9)).

5. RECOVERY BY CARLEMAN ESTIMATES

In this section, we consider the setting in which is equipped with trivial boundary data but
non-trivial initial data and outline the main idea for deriving an estimate similar to using
the method from [3]. However, the method in [3] is only able to treat time-independent coefficients
and as a result, we assume in what follows that the coefficients p;, g x, Gjr in depend only on
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x € €.
Denoting 7; = i0;y + A + p;(z), we now consider
Tiujk + g5 (x) |Uj,k:|2 Ujk + q~j7k($)|UL(j)7k|2Uj7k =0on Q,
(5.1) wjk(z,t) =0on X,
uj(z,0) = (elfl(]) + 62f2(]) + ngé])) (x) on Q x {0},
where j € {1,2}, k € {1,2}, and £¥) € HY(Q)NH3(Q) for | € {1,2,3}. We take p;, ¢, djx € HA(Q).
We further have the regularity assumptions

1pjll2 () < Mo,

g1 — @l e < M,

(5:2) 121 — G2l ae) < Mo,
(j)‘ <

Hfl mi) =t

for some constants My, My, Ms,v+ > 0. Letting O C Q be a relatively open neighborhood of 0f2,
we also assume that

qj,1 = gj2 on O,

(5.3) dja = gj2 on O,

@) 25— on @\ O

for some constant v_ > 0. Then, we have the following result.
Theorem 5.1. Let §2 be a smooth bounded domain in R™ (n = 2,3). ConsiderI'; (j = 1,2) relatively
open subsets of 9Q and let O C Q be a relatively open neighborhood of O such that 0O\ 0K is C?.

For (5.1)), suppose we have real-valued fl(j) € HYQ) N HZ(Q) and the conditions in (5.2)-(5.3)
satisfied.
Then, for j € {1,2}, there exists 0, ; > 0 such that when

(5.4) djr; = ’ Oy (3315263@(%;1 — uj2) > <0
a=e=a=0/1lL2(r;x(0,1)

we have
I -1

(5.5) G50 = G2laon0) < Cs | (0 (55,)) + fm}

for a constant C; = C; (1,0, My, My, M2, T,~v—,v4+) > 0.

Remark 5.1.

(a) The conditions pj,qjk.Gix € H*(Q) and fl(]) € HY(Q) N H3(Q) ensure that the solutions
to linearized versions of (namely equations —) have unique solutions in
C ([0,T); H*(Q) N Hy(Q)). Moreover, the conditions in (5.2)) ensure that we can prove esti-
mates similar to those of Lemma 4.2 in [3] for the solution to (5.10)).

(b) The reason we need the conditions in is related to (5.15)-(5.18)) in which we need to

estimate
- () p((5) £(e(4))
(5.6) [ =@ [ AP AL

where we recall that € (I = 1,2) was defined in relation to (4.1). By the Sobolev Embedding
Theorem, fl(]) € HY(Q)NHF(Q) becomes arbitrarily small near the boundary. As a result, we

2
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need to stipulate that q; 1 and q; 1 are determined near the boundary. Moreover, converting
(5.6) into an estimate of @1 — EijHiQ(Ql) requires a lower bound for the initial data fl(])
away from the boundary.
When ¢ € R is sufficiently small, one can show as in [3] that (5.1) has a unique solution in
C ([O, T); H2(2) N HOI(Q)) Denoting this unique solution to (5.1)) by u; x (ac, t; elfl(J) + leQ(]) + €3féj)>,
one can also show that the map

(5.7) (e1,€2,€3) € R —s Uj ks (m,t; elfl(j) + €2f2(j) + €3f:§j))
is differentiable to third order at (€1, e€2,€3) = (0,0,0). So, we can consider
!
(5.8) vj(. )(az,t) = 8€luj7k|q:0
and
1,2,3 .
(5.9) wj(. )(x,t> = 8?16263 (Uj,l — Ujg) ‘61:62:63:0

as in Section We can show that r;(z,t) = Btw](l’2’3) satisfies
1,2,3 1,2,3 5(1,23)  &(1,2,3
Tirg = o0 |(SI5*Y = 81577 ) + (8129 = 85| on @,
(5.10) rj =0on X,
. 1,2,3 1,2,3 5(1,23)  &(1,23
ri(z,0) = — [(S;I Do SEY) (S -8 ))] (,0) on Q x {0},

7

where we recall the notation in (3.4]) for the source terms.

Remark 5.2. We can define the solution for t € (=T,0) by taking vj(-l) (x,t) = vj(-l)(x, —t) (this is
why we assumed fl(j) was real-valued in Theoremﬂ) and rj(x,t) = —m. This allows one to
bound ||0r/0v||L2(r, x(—1,T)) bY a constant times ||Or/0v||p2(s)-

We also need the following Carleman estimate from [7] (also see Proposition 3.3 in [3]):
Proposition 5.2. Let p(x) € L>°(Q) with ||p|| gy < M for some M > 0. Picking a point xo ¢
and T* € (0,T), define () = |v — z0|? and
e2MYlloe _ oAU (@)

(T*)2 — 2
on Q x (=T*,T%), where |[Y|lcc = [|¥llre(). Now, there ewist A = A(,T*,21,Q2) > 0, 85 =
3 (Q,T*,91,Q2) > 0 such that for all X > A\, s > sy, and a constant C = C(M,Q,T*, s, A) > 0,

(5.11) o(z,t) =

(5.12) S AP ullF e, x (e ey + SAT VU a0y (e 7y < Clle™* P LullT2(qu —e o)
+C (53>\4||€_S¢UH%2(93\92x(fT*,T*)) + 3)‘||€_S¢VUH%2(93\92x(fT*,T*))) '

The above holds for w € L* (=T*,T*; H}(Q)) such that Lu € L? (Q x (=T*,T*)).

Remark 5.3. One can show that (5.12)) also holds with Q3 in place of Qo on the left-hand side (e.g.
see Remark 3.2 in [3]).

Now, note for example that if we pick initial data where fl(j ) = f2(j ) = 0, we have in (5.10) the
initial data

(5.13) ri(2,0) =i (Gj1 — Gj2) [féj)fl(L(j))fg(L(j))
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and also the fact that the source term can be written in the form (G;1 — §;2)v;, where v; depends
only on 3](.’1]6’2’3).

We can then proceed as in the calculation after Remark 4.8 in [3] to obtain an estimate of
ldj1 — dj2ll L2(Q)- In the following, we summarize the calculation while omitting the parameter

dependence of the constants (this is discussed thoroughly in [3]). One can show that e=*¢r;(x,t)
satisfies

2
le=34C 0. ’0)||%2(92) < C<5_2 He‘“’("o) (@1 — @'2)‘

(5.14) L2(Q3x (=T*,T*)) Iv; ||L°°(—T*7T*;H2(Q3))

20 ,— 2 — 2
+ s7e sgberL?(ng(fT*,T*))_" lle $¢vrj||L2(QBX(,T*7T*)))

for s > s, where sg > 1 and C' > 0 are constants. Using estimates similar to those of Lemma 4.2 in
[3] to estimate ijHLoo(fT* T+ 12(0y)) @0 the initial data lower bound in (5.3), we further obtain

2 2

HG_W("O) (Gja — (ij,z)’

< 0(3_2 “e_5¢("0) (Gj1 — qj,Q)‘

2

L2(Q) L2(Qax (—=T*,T*))

(5.15)
+ 52 He‘“’q‘

=S5O\ . [|2
L2(Q3X(*T*7T*)) + He VTJHL2(Q3><(—T*7T*)))

for s > sg. Taking s > sg large enough to absorb the first term on the right-hand side of (5.15)) into
the left-hand side, we now obtain

2 2
< 0(82 H6_8¢Tj‘

(5.16) “e‘s¢("0) (Gj1 — (jj,Q)‘ ) S + \|€_S¢V7"j”%%ng(fT*,T*)))-

L2(Qax (=T*,T*))
Let us note the estimate

e2M ¥ llo
(5.17) o(x,0) < W

Now, applying (5.17)), the Carleman estimate in Proposition with fixed A > max{\., 1}, the
unique continuation estimate in Proposition .3} and the assumption that gj1 = gj2 on O yield

~ ~ 2 —1y~ ~ 2
(5.18) 1350 = G2l 720 0) < C<S 15,0 = qj,2||L2(Q\O))
. 2 —1 m;ivy; ) 2
+C's (7]' +ev Harj/ayup(zj))

for constants C,, j, m; > 0 and sufficiently large s > s9,7v; > 74;. We can again take s > sg large
enough to absorb the first term on the right-hand side of ([5.18) into the left-hand side. Now, the
required result follows by defining

(5.19) v = mj_l In \|8rj/8u||221(2j)
for
(5.20) 1730 s, < 6

which is chosen small enough to ensure that «; > v, ;. Through considerations similar to those of
Remark we can interchange the order of the derivatives in Or;/0v and this completes the proof
of Theorem [5.1] Similar reasoning can be used to obtain estimates for the other nonlinear coefficients

in .
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