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Let Fo/F be a Zp-extension, i.e. as topological groups
M:=Gal(Fs/F) = Zp

where T is given the Krull topology.
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closed subgroups « intermediate fields.
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Also, all nontrivial closed subgroups of Z, are of the form
P"Zp

for some n € Ng.
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Schettler F: FogF1 ngggFoo

Classical

Theory for such thatvn> 0

Number
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[h:= Gal(Fx/Fn)

has index p" in I and

Gal(Fn/F) = T/Th = Z/(p").
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There is always at least one Zp-extension of F.
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Classical

Theory for In particular, there is a unique subfield

Number
Fields

FS C F(lp)

s.t. FS /F is a Zp-extension, so-called cyclotomic.

Note: Kronecker-Weber = Q, is the only Zy-ext'n of Q.
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SRS We define the cyclotomic character
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Jordan

Schetler Y GaI(F(Cpoo)/F) — Z;,( = (finite group) x ZLp

Classical

Theory for by
Number

Fields

o(Con) = ggn(") for all n € Np.

For example, if (op € F, thenim(x) = Zp, so

Fe% = F(Gp)-
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Classical W|th
Theory for
Number

Fields go g Q(pr )+ g R

E.g.,.ifp=3and F =Q, then

F(Eo = Q(<3°°)+ = U Q(C3n+1 + <3_,71_1 )

n=0
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Classical Theorem (IWasawa’S GrOWth FormUIa)

T Let F../F be as above. Then 3\, u,v € Z with \, u > 0 s.t.
Fields Vn > 0

ordp|C(Fp)| = An+ pup" + v

where C(F) is the class group of F,.




Idea Behind Growth Formula
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Ciassica Xn := Gal(L,/Fn) = Sylow-p subgroup of C(Fp).
eory for
Number

Fields

Then Gal(F,/F) acts on X, via the SES

1 — X, — Gal(L,/F) — Gal(F,/F) — 1.
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Classical g Xn = &Xnai‘l
Theory for

Number

Field:

ields Where Xn (= Xn and

& € Gal(Ly/F)

extends
o € Gal(Fp/F).
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Zp[Gal(Fn/F)]
e I
Number (given the product topology), so
X :=lim X,

is a A-module where

A = lim Zy[Gal(Fy/F)].
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SO We may view

Zp[l] C A.

In fact, Zp[l'] is dense in A.
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: /\L»Zp[[T]]:'yHT—G—‘I
o

Number where v € I has v|f, nontrivial.

Here ~ is a topological generator, i.e.

M= (7).
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Rumo If M is finitely generated N-module, Ipseudo-isomorphism

Theorem

t

S
M Ar@@ pn, @

—1

where each f; € Zp|T] is distinguished and irreducible.
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Number Taking M = X, there’s a well-defined characteristic
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t
char(X (H p’“) 1T
j=1

which generates the so-called characteristic ideal of X.
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We can compute )\, i in the growth formula:

Classical
Theory for
Number

Fields p=ny+---+ ns = ordp(char(X))

A = mydeg(fy) + --- + mydeg(fy) = deg(char(X))
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Fix Q — C, and let x be a primitive Dirichlet character.

Classical
Theory for
Number
Fields

Jp-adic meromorphic function Ly(s, x) with

Lp(1—=n,x) = (1= x(p)p" ")L(1 = n, x)

whenever p —1|n > 1.
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Then G := Gal(F/Q) © X via

Classical
Theory for
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Fields

o - (Xn) = (0wlF, - Xn)

where

0., € Gal(Q(¢p=)/Q)

is the “Teichmdller lift.”
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_ ()
Classical O-UJ(Cp”) — C n
Theory for
Number

FBl for all n € N where

W (Z/(P))* — pp1 C Z;
is determined by

a=w(a (modp).
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as Zp[G]-modules where

1 .
& =7 > wi(g)g".
p geG
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., p — 2}. Then we have the following result.

Classical

Theorem (Mazur, Wiles)
Theory for
'F“iglggéf There is a generator f of (char(¢; X)) such that

f(k$ = 1) = Lp(s,w'™)

for all s € Z, where v = x~ (k).

Note: We can choose « =1 + p.
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o Define a functor on topological A-modules
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Classical (_)* = Homcom(_7 QP/ZP)

Theory for
Number
Fields

With diagonal I'-action and compact-open topology this
functor interchanges compact and discrete A-modules.

Note: Qp/Zp, is taken to have trivial [-action.
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Classical (1) For m € No U {oo} we may view
Theory for

Number
Fields

X < H'(Fm, Qp/Zp)

as the classes which are unramified at all places of Fp,.
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Thaory for Xr, 2 X/(/P —1)X = X,
Number
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induce
Xy — (X7

which are isos when there is a unique prime ¢ in F lying
over p and 3 is totally ramified in F/F.
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(1) reminds us of a Selmer group for an elliptic curve E/Fp,:

e Sele(Fm)p < H'(Fm, E[p™))
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consists of the classes [¢] with certain local restrictions.
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Schettler In detail, taking K := Fp,, such [¢] satisfy

[¢lay, ] € im(sv)

Theory for for all places v of K where
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kv - E(K) ® (Qp/Zp) — H'(Ky, E[p™])

are the Kummer homomorphisms.
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Iwasawa
Theory of
Elliptic Curves
and BSD in

Rank Zero Let [d)] c H1 (Fom E[poo]) and suppose

Jordan
Schettler

7 € Gr extends y € T.

Then we define

Theory for

Elliptic Curves v - [<]5] = [¢?]

where for a € Gg__

¢5(a) =F(7 o).
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Every [¢] € H'(Fw, E[p™]) is killed by a power of T, so both

Theory for
Elliptic Curves

H'(Fw, E[p™]) and Selg(Fuo)p

are torsion A-modules which we give the discrete topology.
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Theorem (Mazur)

U  Suppose E/F has good, ordinary reduction at every prime
of F lying over p. Then the natural maps

Sele(FS)p — Sele(FS,)y"

have finite ker, coker of bounded order as n varies.
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S8 Say £/F is “nice at p’ if it has good, ordinary reduction at
every prime of F lying over p and |Selg(F)p| < .

Theory for
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Note: The assumption |Selg(F)p| < oo is equivalent to

rankz (E(F)) = 0 and [IIIg(F),| < co.
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If E/F is nice at p, then

Theory for X = Se/E(Fgo);

Elliptic Curves

is a finitely generated torsion A\-module.
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Apply control theorem for n = 0, and get

Theory for X/TX = Xr = (Selg(FS)p)* ~ Selg(F)j is finite.

Elliptic Curves

Done by Nakayama’s lemma and structure theorem. O
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Theorem (Growth Formula)

If E/F is nice at p, then 3\, p,v € Z with \, n > 0 s.L.
vYn> 0

Elliptic Curves Ol’dp|IH(F,‘7:)| =An+up" +v

Theory for

assuming the LHS is always finite.




Connection Between Growth Formula and X
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p=pE
A= X\g —rankz(E(F%)).

Theory for
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E.g., we can find A by applying (—)* ®z, Qp to the SES

0 — E(F3) ® (Qp/Zp) — Sele(FS)p — We(F3)p — 0.
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Iwasawa
Theory of
Elliptic Curves
and BSD in

Rank Zero Take F = Q. Then we have the following conjecture.

Jordan
Schettler

If E/Q is nice at p, there is a generator fg of (char(X)) s.t.

Theory for

Elliptic Curves fE(l<;S_1 = 1) = Lp(E/Q, S)

for all s € Zp where v = x~'(x)|qe. -

Note: Again we can choose x = 1 + p.
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[E(Q)] < oo,

SO

Application to

a Special E(Q) ® (Qp/Zp) = 0 and SeIE(Q)P = IHE(Q)P

Case of BSD
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1X/TX| < o,

butif Y = A/(TK), then

Application to Y/ TY = /\/(T) = Zp

a Special
Case of BSD

is infinite, so T 1 fg(T), and, in particular,

fe(0) # 0.
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If ¢ is a finite order character of Z; /11 with conductor p”,

5.1) = B" ~1y2L(E/Q. . 1)
g F(E/Q 0, 1) = 0501 = PRS0 9)

Case of BSD

where 7(—) denotes a Gauss sum.
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¢ = ¢ has conductor 1 = p°,

SO

Application to
a Special

Case of BSD

fe(0) = Lp(E/Q,1) = (1 — Bop™") QF
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ax
Qf = / o
E®) |2y +aix + a3
— 2 3 2
Application to Vot aixXy + asy = X° + ao X + asX + as

a Special
Case of BSD

is a global minimal Weierstrass equation.



Notation

Iwasawa
Theory of
Elliptic Curves
and BSD in
Rank Zero

Jordan 1

Schettler (1- app_s)(1 - 5pp_s)

is the Euler factor at p in L(E/Q, s) with
Application to Qp + ﬂp = 1+ p— ’E(Fp)l
S of BSD apfp = P

and choosing
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If E/Q is nice at p and fg generates (char(X)), then

(1 = Bop~ "2 TIE(Q)p| TTume &

=(0) = E(@)P

mod Z;

Application to
a Special
Case of BSD

where cép) = p-part of the Tamagawa factor for a prime ¢.

y
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If E/Q is nice at p, then
Sepecl L(E/Q,1) _ [He(@)[TI, e

ase o = mod Z; .
C f BSD QE |E(Q)|2 p
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If Y = A/(g) with g(0) # 0, then |YT| = 1 and

Y A 7
Vel = \ ]— p

— =g(0) mod ZX.
e TY‘ ’(T,g) (g(o»’ 9(0) p
e

Case of BSD
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Taking Euler characteristics yields

S _ X

Srl - 1XT]

fe(0) mod Z;

Application to

sl where we fix the notation S = Selg(Q%, )p.
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We have a commutative diagram with exact rows

Selg(Q)p H'(Q, E[p>]) 9e(Q)

ls | ¥

H'(QS,, E[p™])" — Ge(Q%,)"

Application to
a Special S r
Case of BSD
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Turns out coker(h) = 0, so we get an exact sequence
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0 — ker(s) — ker(h) — ker(g) — coker(s) — 0.

Application to ThUS

a Special
Case of BSD

|S"|/|Sele(Q)o| = [coker(s)]/|ker(s)| = |ker(g)|/Iker(h)].
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ker(h)| = |H'(T, E(Q%)p)l = I(E(Q%)p)r]
= |E(QS)pl = IE(@)l

Application to SO
a Special

Case of BSD

_ W@l kel
B0 = st @ ™%
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ker(9)| = —=———

er(g) |E(Q)pl

where we have a natural map

r:Pe(Q) — Pe(Q%)

Application to
a Special

Case of BSD W|th
Pe(K) := J] coker(xy).

places V

on K
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IE(Q)] - [ker(r)
50 = Q)P

mod Z;.

It remains to compute

Application to ’ker(r)‘ = |ker(rp)‘ H |ker(rZ)’

a Special bad ¢

Case of BSD

where
ry : coker(ky) — coker(kw)

[
for some place w|v of Q<.
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lker(rz)| = P,

while

Application to |ker(rp)| = |E(FP)P|2 = |E(FP)|2 = (1 +p - Qp — ﬁp)z
Sl (BT — o = (1 — ap)?
(1 - Gop")2 mod 7,

which completes the sketch.
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Consider the elliptic curve E : y? = x3 — x. We have
A=25 and [j=25.33
so E has additive reduction at 2 & good reduction otherwise.

Three
Concrete

Examples



Example 1. Continued
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Then the coefficient of xP~1 in

(—1)P=D/4£0 (mod p),

Three
Concrete
Examples

whence E has ordinary reduction at p.
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(Xay) = (_Xaiy)

has order 4 in Autgy;)(E), so E has complex mult over Q(/).

In fact, the Coates-Wiles theorem applies, and we get

Three
Concrete
Examples

E(Q) € E(Q() = E(Q(1))wrs:
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ES(IFS) = {07 (07 0)7 (:IZ1 > 0)}

and

ES(]FS) = {07 (07 0)’ (:l:1 ) 0)7 (27 +1 )7 (_27 :|:2)},

SO

Three

Concrete

Bvamps E(Q) = E[2°] = E[2] = {0, (0,0), (+1,0)} = (Z/2Z)?.
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In fact, it can also be shown that
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g(Q) = 0.

In particular, E is nice at p and |E(Q)p| = 1, so

Three

Concrete fE(O) = ’E(Fp)p‘z . Cép) mod Z;;

Examples
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Also,
E(Q) — E(Qp)[2] — E(Fp),

so if |E(Fp)p| > 1, then

Conrete 4p < |[E(Fp)| <1+ p+2yp

Examples

which is a contradiction.
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Three
Concrete
Examples

Example 1. Continued
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Now consider E : y? = x® 4+ x? — 647x — 6555. We have

6 q713
A=2°.3> and j:ﬂ

3

so E has additive reduction at 2, multiplicative reduction at
3, & good reduction otherwise.

Three
Concrete
Examples
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The coefficient of x>~ in

(x3 4+ x% +3x)(5-1/2

Three

Concrete 7 7_é 0 (mOd 5),

Examples

whence E has ordinary reduction at 5.



Example 2. Continued
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E:y?=x34+x®-7x+5.

This curve has the property that

Selg/(Q)s — Sele/(Q%,)5

Three

Concrete is surjective.

Examples
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E’ = E mod 5, so again we have good, ord red’n at 5.
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Selg/(Q) = 0 assuming BSD, so E’ is nice at 5 and

X' |TX = X{ = (Selg/(Q5,)5)" = 0.

Thus X’ = 0 by Nakayama’s lemma, giving

Three

Concrete

Examples HE = )\E/ =0.



Example 2. Continued
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A\e = \gr = 0.

E.g., we can find Ag by applying (—)* ®z, Qs to the map

SeIE(ng)g, — SeIE/(ng)g, =0

Three
Concrete
Examples

with ker and coker of exponent 5 induced by an isogeny.
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Also, E has split mult red’n at 3 since

by =22 +4a, =02 +4-1

Three . . .
Concrete is a square in F3, so c3 = —ords(j) = 5.

Examples
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EEEN  In fact, |E(Q)| = 2 and |E(Fs)| = 4, s0

fe(0)=5 mod ZZ.

Thus ug =1 and
X ~ N/(5).

Three
Concrete
Examples
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Now consider E : y? 4+ xy = x3 — 3x + 1. We have

 53.29°

—6. P —
A=2°-17 and | 56 17"

so E has multiplicative reduction at 2, 17 & good reduction
otherwise.

Three
Concrete
Examples



Example 3. Continued

Iwasawa
Theory of
Elliptic Curves
and BSD in

Rank Zero Let p — 3

Jordan
Schettler

Then we can check that

E(]F3) = {Ov (07i1)7 (i1 ) 1)’ (_170)} = Z/(6)7

whence E has ord red’n at 3.

Three
Concrete
Examples

Selg(Q) = 0 assuming BSD, so E is nice at 3.
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{07 (:|:2, 1 )7 (07 :I:1)} - E(Q) — ES(IFS) = Z/(6))
SO
E(Q) =7Z/(6).

Three
Concrete

Examples
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Also, E has split mult red’'n at 2,17, so
Jordan
Schettler

co = —orda(j) =6 and c¢7 = —ordy7(j) = 1.

Hence

fe(0) =3 mod Zj5,

Three
Concrete
Examples

and, in particular, fg is irreducible.
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Qf = Q(w)
and
(a, —a) € E(QY)
where
a:= (g + (g "

Three
Concrete
Examples
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E(ng)tors = E(Q)a

)
V= E(Q}) ® Q3

is a nonzero, faithful Qs-representation of

Three
Concrete

Examples G := Gal(Qf/Q) = Z/(3).
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Elliptic Curves
and BSD in
Rank Zero We know

Jordan dImQS(V) - rankZ(E(Q1C)) <00

Schettler

and Jexactly 2 finite dim’l, simple Q3 G-modules up to iso...

namely, Q3 with trivial G-action and the module W afforded
by the matrix representation

ree 0 _1
Az, p: G— GLa(Qs3) : vlge — (1 _1> :

Examples




Example 3. Continued

Iwasawa
Theory of
Elliptic Curves

d BSD i
sl Therefore 3n € N s.t.

Jordan

Schettler V ~ Wn

since no point of infinite order in E(QY) can be fixed by G.

Consider

Qs

M = (W@ZSZ ) V®23Q

5~ E(Q) ® Q:

Three
Concrete
Examples

as A-mods where p : Z3[l'l — M2(Q3) is a hom of rings.



Example 3. Continued

Iwasawa
Theory of
Elliptic Curves
and BSD in

Rank Zero Note that

Jordan
Schettler

-1 -1
(D =o-0= (7 3)
has characteristic polynomial

0(x) = x> 4+ 3x + 3,

SO

Three
Concrete

Examples Char(M*) = 0( T)n



Example 3. Continued

Iwasawa
Theory of
Elliptic Curves
and BSD in
Rank Zero

o On the other hand, M is a submodule of X*, so

Schettler

0(T)"|fe(T),

giving (0) = (fg). Thus pg =0, A\g =2 and

Three XN/\/(T2+3T+3)

Concrete

Examples
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