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Consider a general cubic equation in two variables x,y
3 2 2 3 2 2 _
aX® 4+ BXY + XY+ 0y  + X+ (XY +ny + 60X +wy + k=0

with rational coefficients «, 3,7, 4d,¢,(,n, 0, t, k.
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The rational solutions (if there are any) are in bijection (up to a
few exceptions) with the rational solutions of a cubic

y2 +aiXy +agy = x3 + 3.2X2 + a4X + ag

with integer coefficients ay, ..., a4, ag.
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The rational solutions (if there are any) are in bijection (up to a
few exceptions) with the rational solutions of a cubic

y2 +aiXy +agy = x3 + 3.2X2 + a4X + ag

with integer coefficients ay, ..., a4, ag.

Replacing (x,y) with (r=2x’,r—3y’) takes a, to a/, = r"ay.
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In fact, we may complete the square on the left, “complete the
cube” on the right, and eventually get a cubic

y2=x3+Ax+B

with integer coefficients A, B.
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Example
Last time, we saw that rational points on the cubic

Cy: X%y +xy2 =6(xy — 1)

gave us Heron triangles with the same perimeter and area as
the (3, 4,5) right triangle.
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Example (continued)
If we replace (x,y) with (—y/x,x2/y) in

Cy: X%y +xy?2 =6(xy — 1),
we get a Weierstrald equation

Cy: y? 4 6xy + 6y = x°.
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Example (continued)
If we replace (x,y) with (—y/x,x2/y) in

Cy: X%y +xy?2 =6(xy — 1),
we get a Weierstrald equation

Cy: y? 4 6xy + 6y = x°.

Note that we got two “new” points (0, 0), (0, —6).
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Example (continued)
If we replace (x,y) with (x — 3,y — 3x +6) in

Cy: y? 4 6xy + 6y = x5,

we get
Cs:y2=x3—9x +0.
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Example (continued)
If we replace (x,y) with (x — 3,y — 3x +6) in

Cy: y? 4 6xy + 6y = x5,

we get
Cs:y2=x3—9x +0.

Note that a point (a,b) on C3 corresponds to the point on C;

b-3a+6 (3—a)?
3—-a 'b—-3a+6)/"°
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The curve
y2=x34+Ax +B

is non-singular iff the cubic in x has distinct complex roots iff

D = —4A% - 27B2 £ 0.
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Example (continued)

C1: X%y +xy2 =6(xy —1)
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Example (continued)

Cy: y? + 6xy + 6y = x3
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Ca:y2=x3-9x+4+9,D =729 =36
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Example (continued)

Our cubic C3: y?> =x3—9x +9
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Example (continued)

P#Q = (3, -3)

Our cubic C3: y?> =x3—9x +9
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P=(0,3) P+Q?é 3)

Example (continued)

P#Q = (3, -3)

Our cubic C3: y?> =x3—9x +9
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Example (continued)

P=(0, 3)

P = (9/4, -3/8)

Our cubic C3: y?> =x3—9x +9
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Example (continued)

P=

(0,3)

P+P = (9/4, 3/8)

24

P = (9/4, -3/8)

Our cubic C3: y?> =x3—9x +9
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Example (continued)

’3{(-8/9, -109/27)

Our cubic C3: y?> =x3—9x +9
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Consider a non-singular cubic
E:y?=x3+Ax+B

with integer coefficients A, B.
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Consider a non-singular cubic
E:y?=x3+Ax+B

with integer coefficients A, B.

‘+’ is a binary operation on the rational points of E as above.
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Consider a non-singular cubic
E:y?=x3+Ax+B

with integer coefficients A, B.
‘+’ is a binary operation on the rational points of E as above.

Is there an identity element?
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E:y2=x+Ax+B | Y?Z =X3+AXZ%2+BZ3
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E:y?=x3+Ax+B | Y?Z =X3+AXZ?+BZ3

(x.y)=(X/Z,Y/Z) | (X:Y:Z),Z#0
affine rational points | projective integral points
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E:y2=x+Ax+B | Y?Z =X3+AXZ%2+BZ3

(x.y)=(X/Z,Y/Z) | (X:Y:Z),Z#0
affine rational points | projective integral points
O (0:1:0)
N (vertical lines) point at co
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E:y2=x+Ax+B | Y?Z =X3+AXZ%2+BZ3

(x.y)=(X/Z,Y/Z) | (X:Y:Z),Z#0
affine rational points | projective integral points
O (0:1:0)
N (vertical lines) point at co

The rational points on E along with O form an abelian group
E (Q) under + with identity O s.t. P + Q = O#(P#Q).
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Example (continued)

P=(0, 3)

P=(0,-3)

—P = O#P since O#0 =0

Jordan Schettler

a2



Normal Forr
The Group La

Torsion Points

Jordan Schettler



Consider a non-singular cubic

E:y2=x>+Ax+B
with integer coefficients A, B. We define a torsion subgroup

E(Q)iors := {P € E(Q) : nP = O for some n € N}.
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Descent

Suppose P = (a,b) € E(Q)wrs- Then a and b are integers, and
either b = 0 (when 2P = O) or b divides D.

Jordan Schettler



More specifically,

E(Q)tors = Z/nZ
forsomen e {1,...,10} U {12} or

E(Q)wors = Z/2Z x Z/2nZ

forsomen e {1,...,4}.
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Torsion Points
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Example (continued)

R=(3,3)

3R=0

Jordan Schettler

24

a2



Normal Forr
The Grouy

Torsion Points
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Example (continued)

R=(3,3)
§ = R#R
y

3R=0
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Torsion
Descent

Example (continued)

R=(3,3)

R+R = (3, -3)
=R

3R=0
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Descent

Suppose there are integers X,Y ,Z with Z > 0 and

X4+Y4:ZZ
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Suppose there are integers X,Y ,Z with Z > 0 and

X4+Y4 :ZZ
WLOG (X,Y,Z) =1, X isodd, Y is even, so

Y4 =(Z +X?)(Z - X?) = (22 (8W*)

with (Zl,W) =1,Z,0dd,Z >2Z; > 0.
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Descent

Now
AW? = (2§ — X)(27 + X) = (2X{)(2Y7),

for some X4, Y4, SO we get another solution

X¢+Yi=22
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Descent

Now
AW? = (2§ — X)(27 + X) = (2X{)(2Y7),

for some X4, Y4, SO we get another solution

X¢+Yi=22

Continuing this process, we get a chain of positive integers
Z>272y>2y>...>2Z7 >0,

a contradiction since Z; < Z —Z = 0.
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Consider a non-singular cubic

E:y?=x34+Ax+B

with integer coefficients A, B.

We have
E(Q) = (Q1+2E(Q))U---U(Qn +2E(Q))

for some Qq,...,Qn € E(Q).
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Descent

Start with a point P € E(Q). Then
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Descent

Start with a point P € E(Q). Then

P :le + 2P,
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Descent

Start with a point P € E(Q). Then

P :le + 2P,

= Qx, +2Qx, +4P>
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Descent

Start with a point P € E(Q). Then

P :le + 2P,

= Qx, +2Qx, +4P>

= ... =Q +2Qq, + -+ 2" Q, +2"Pn
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Start with a point P € E(Q). Then

P :le + 2P,

= Qx, +2Qx, +4P>
= ... =Q +2Qq + -+ 2" 'Qx, +2"Pn

and we have a decreasing sequence of “heights”
H(P) > H(P1) >H(P2) > ... >H(Pmn-1) > K > H(Pm)

where K is a constant independent of P.
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Descent

The height of a point (a,b) € E(Q) is
H((a,b)) = max{lel, |d[}

where e, d are relatively prime integers with a = e/d.
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The height of a point (a,b) € E(Q) is
H((a,b)) = max{lel, |d[}

where e, d are relatively prime integers with a = e/d.

Note that
{Re€E(Q):K >H(R)}

is a finite set.
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Descent

E(Q) is a finitely generated abelian group. Thus

E(Q) = Zr S E(Q)tOFS

We call r the rank of E.
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