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& gemers iditer nullam in f jtum Vitra quad i

ef in duos einf-
dem nominis fas rﬂ dinidere cuius rei demonftrarionem m:nhleu [anc detexi,
Hanc marginis exignitas non caperet,

Fermat proved this conjecture in the case n = 4 by the
method of infinite descent.

Thus the conjecture boils down to the case n = p.
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If p1 xyz, the ideals (x + C{,y) are pairwise relatively prime.
Thus (x + {py) = JP is the pth power of an ideal J in Z[(p).
If p 1 class number of Q((p), then J = («) is principal,

but x + (py = e (some unit ¢) leads to a contradiction.
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Regular versus Irregular Primes

oycotoric We say a prime p is regular if p 1 class number of Q((p).

pr SIS Conjectured Distribution of Primes

lwasawa

Modules There are ooly many irregular
The Main primes: 37,59,67,101, ...
Conjecture

Irregular
39% s .
Regular but it's unknown if there are

o1 coly many regular primes

Theorem (Kummer’s Criterion)

An odd prime p is regular if and only if p t numerator of B;
forallj=2,4,...,p—3 where ;25 => "2, anF’!"
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B, has numerator = ???

Theorem (Kummer Congruences)

Ifn=m# -1 (mod p—1),

Bn+1 _ Bm-|—1
nil-myt1 (Modp)
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Zeta Values

In 1735, Euler showed

i 1 1 1 2
Fags rtetet =%
In general,
1 1 _ |Bag|(2m)?"
T2 Tz T = oy

In 1913, Ramanujan suggested

1T+243+. =7,
In general,

By
1M+ 2"+ 3"+ = =70
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For R(s) > 1,
()= =

¢(s)

(=)

Jlmeromorphic continuation of ¢ s.t

(2r)S12sin(st/2)¢(1 — 8)
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Let A denote the p-primary part of the class group of Q((p)-

Theorem (Kummer Criterion)

Then A # 0 if and only if p|¢(—n) for some odd n.

E.g., we have 691|((—11). What does the —11 mean here?
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Let n be odd. Then A" 0 < p|¢(—n).
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J. Herbrand (1908-1931), K. Ribet (1948-)

Theorem (Herbrand showed =-, Ribet showed «)
Let n be odd. Then A" 0 < p|¢(—n).
E.g., we have A>"" £ 0 for p = 691.

Conjecturally, A“~" = 0 for all p and all even n.
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p-Adic Interpolation

E— Theorem (Higher Kummer Congruences)
T:l:sl Ifn=m# —1 (mod p—1)andn+# m
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where | - |, is the normalized p-adic absolute value.
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p-Adic Interpolation

Theorem (Higher Kummer Congruences)

C_yclotomic
. ffn=m#-1(modp—1)andnm
lwasawa
Modules C(—n) C(—m)
- —m
o TP G -p |, =7

where | - |, is the normalized p-adic absolute value.

Theorem (Kubota and Leopoldt, 1964)
Jlcontinuous function Ly(s,w’) from Zp to Qp S.t.
h__ S(=n)
Lp( n:wj) - (1 _pn)_-]

whenevern=j—1 (mod p—1).

)

u)
g
|
{l
U]



Summary So Far

Cyclotomic
Fields
Zp-Extensions
lwasawa
Modules

The Main
Conjecture

Fermat’s Last Theorem for exponent p (an odd prime)

RN Ge



Summary So Far

Cyclotomic
e Fermat's Last Theorem for exponent p (an odd prime)

Zp-Extensions

lwasawa
Modules

The Main

. ~ Study A = p-primary part of the class group of Q(¢p)

u]
o)
1l
n
it

RN Ge



Summary So Far

Cyclotomic
Fields

Fermat’s Last Theorem for exponent p (an odd prime)

Zp-Extensions

lwasawa
Modules

The Main

. ~ Study A = p-primary part of the class group of Q(¢p)

p—1
~ ‘Eigenspace’ decomposition A = HA*™"

n=1

RN Ge



Summary So Far

Cyclotomic
Fields

Zp-Extensions

lwasawa
Modules

The Main
Conjecture

Fermat’s Last Theorem for exponent p (an odd prime)
~ Study A = p-primary part of the class group of Q(¢p)

p—1
~ ‘Eigenspace’ decomposition A = HA™"

n=1

~~ For nodd, Lp(s,w™") contains information about A"
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B so (for p odd)

Gal(@(cp: szv <p37 . /Q) J__ (Z/ n))><
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The field Q. above is the only Zy-extension of Q.
There is at least one Zp-extension of any number field F.
Namely, there is the cyclotomic Zy-extension FQ/F.

Note: If (p € F, then FQo = F((p, (e, - - -)-
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— Now let p be any prime, and suppose F is a number field s.t.
p~ Xtensions
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The subfields of F,, which contain F lie in a tower

FCFchkcC...CFyg

s.t. forall n
Gal(Fn/F) = Z/(p")
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Iwasawa spoke about the next result in his
talk A theorem on Abelian groups and its
application to algebraic number theory

at the 1956 summer meeting of the AMS.

Theorem (lwasawa’s Growth Formula)

Suppose F C Fy C F»... is a Zp-extension of number fields.
Let An denote the p-primary part of the class group of F.
Then Jintegers \, u, v s.t.

A = A

for all sufficiently large n.
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Trivial lwasawa Invariants A, pu, v

Cyclotomic
Fields

Zp-Extensions Theorem

lwasawa

Modtlos Let F be a number field with exactly one prime above p. If
The Main p t class number of F, then A = . = v = 0 for any
o Zp-extension Fy,/F.

In fact, p t class number of F, for all n in this case.

E.g., consider F = Q, or F = Q((p) for a regular prime p.
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Modules Suppose F is a number field in which p splits completely.
The Main Then X > r, for the cyclotomic Zy-extension FQ,/F where
B r, = # complex primes of F.

E.g., consider F = Q(v/—1). If p=1 (mod 4), then p splits
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Theorem

Suppose F is a number field in which p splits completely.
Then X > r, for the cyclotomic Zy-extension FQ,/F where
ro = # complex primes of F.

E.g., consider F = Q(v/—1). If p=1 (mod 4), then p splits
in F/Q, so here A > 1 for Q. (1)/Q(f).

What about r, = 0 (F is totally real)? Can we have A > 07?7
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Iwasawa’s Idea to Derive Growth Formula

Let L, = p-Hilbert class field of F,. Take Lo, = U, Ln.

Cyclotomic
Fields

Zp-Extensions

lwasawa We have Gal(Ln/Fn) = A, by class field theory.

Modules

The Main
Conjecture

gel:=Gal(Fx/F)actson x € X := Gal(Lw/Fx) as

g-x = gxg~ " where § extends g to L

If F has only one prime above p, and this prime is totally
ramified in F,,/F, then

X/(v"" —=1)X = A, where () =T
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Serre’s 1959 Seminaire Bourbaki: let
T acton X as v — 1. Then X becomes
a finitely generated, torsion A-module
where A = Z[[T]].
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Then use the structure theory for A-modules to compute

IX/((T+ 1) =1)X]|
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Structure Theorem for A-Modules

T N = Zp[[T]] is a local Noetherian UFD, but not a PID.
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Structure Theorem for A-Modules

R N = Zp[[T]] is a local Noetherian UFD, but not a PID.
yclotomic

Fields

" The prime ideals of A are (0), (p), (p, T) and (f(T)) where
Moguies f(T) = x%9(") (mod p) is an irreducible polynomial.
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Structure Theorem for A-Modules

N = Zp[[T]] is a local Noetherian UFD, but not a PID.

The prime ideals of A are (0), (p), (p, T) and (f(T)) where
f(T) = x%9(") (mod p) is an irreducible polynomial.

Theorem

Suppose M is a finitely gen'd A-module. Then
3Jhomomorphism with finite kernel and cokernel

s

M— Ao @ A ® Gt} "
SACONSAGED

where each fi(T) = x%9() (mod p) is an irred. poly.
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Characteristic Polynomial

Cyclotoric In particular, 3homom. with finite kernel and cokernel
Zp-Extensions s t

Iwasawa

Modules X ” @ (pm/ ) @ f(T)n/

The Main j=1

Conjecture

where each £(T) = x%9(%) (mod p) is an irred. poly.

u]
o)
1l
n
it

RN Ge



Characteristic Polynomial

Cyclotoric In particular, 3homom. with finite kernel and cokernel
Zp-Extensions s t

\

oo X— P (pm, *@D (T )

The Main i=1 ]=1
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where each £(T) = x%9(%) (mod p) is an irred. poly.

We have a well-defined ‘characteristic polynomial’

s t
char(X) = [[e™ [[ ()"
= =1
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Connection to lwasawa Invariants

Cyclotomic
Fields

Zp-Extensions

P In fact, if A, u, v are as in the growth formula for F,/F,

The Main
Conjecture

p = ordp(char(X)) =my +--- + ms

A = deg(char(X)) = nydeg(fi) + - - - + nrdeg(f;)
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‘Eigenspaces’ of X

Fos If F =Q(¢p), then G = Gal(Q(¢p)/Q) acts on X.
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‘Eigenspaces’ of X

If F=Q(¢p), then G = Gal(Q(¢p)/Q) acts on X.

Again, we have a decomposition

and each X“ " is a finitely gen'd torsion A-module.
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‘Eigenspaces’ of X

If F=Q(¢p), then G = Gal(Q(¢p)/Q) acts on X.

Again, we have a decomposition

and each X“ " is a finitely gen'd torsion A-module.

n

Again, Ly(s,w™ ") contains info about X« .
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Main Conjecture

Cyclotomic
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T s n+1y _ n+1
et Lo(1+p)° —1,0"") = Lp(s,0™™)
. forallsezZp,.
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Main Conjecture

Cyclotomic

Froids There is a power series Lp(T,w™ ) € A = Z,[[T]] s.t.
Zp-Extensions

T s n+1y _ n+1
et Lo(1+p)° —1,0"") = Lp(s,0™™)
. forallsezZp,.

Theorem (Mazur and Wiles, 1984)
Suppose nis oddandn#1 (mod p—1). Then

(char(X“ ")) = (Lp(T, ™))

as ideals in A.
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Thank You!
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