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Analogies
Function Fields: overlF,, Number Fields:
k:F,(t)] < oo, F, Nk =T, k:Q] <o

k Is the function field of
= Spec(O%), dim =1
(regular, integral)

k 1s the function field of
a projective curveX; overl,
(regular, integral)

(. (s), Riemann Hyp. (1 (s), Riemann Hyp.
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Figure: Z(7~°) for a curve/FF Figure: Riemann zeté(s)
h(k) = |Pic’(Xs)| < o h(k) = |Pic(Xg)| < oo
UnZO quPn UnZO k(Cp”)

Growth Formula:
A\, v € Zst.Vn >0

Growth Formula:
dA\,veZstVn >0

ord,h(kn) = An + v ord,h(kn) = An + pp™ + v

Remark:
lwasawa conjectured that = 0 for the Z,-extensionsk., /k as above

Here we assumg = 0 for such extensions A field K = k., for some

number fieldk is called aZ,-field; equivalently, K : Q] < co. We take
Ak to be the) in the growth formula foii /k since it does not depend én

Known Formulas

Let[K : F,(t)] < oo with p 1 q. ThenK is the function field of a projectivg

curve X i (regular, integral) oveF, and

Pic’ (Xi)[p™] = (Qp/Zy)"

(Hurwitz): Gal(L/K) = Z/(p) =

291, = p2g9x — (p— 1)2

Z (ex — 1)

re Xy,

Let [K : Qx| < oo with = 0. ThenK is the function field ofX x =
Spec(Ok|1/p]) (regular, integral) withidim = 1 and

Pic(X k) [p™] = (Qp/Zy) "

(lwasawa):Gal(L/K) =2 Z/(p) =

)\L:p)\K_( —1

GPL—|—Z

re Xy,

Special Formulas for Z,-Fields

Notation:
Let Ky : Qx| < oo with . = 0. Consider a tower:

Ky
H2(G, M)
— =G |Kn Kz :Nz Kn_ G,M — d 7
) - MG = o 6 )

I, = Invertible ideals o0

Pr, = principal invertible ideal$ Kl G, := Gal(K;/Kg) =

(p")

Ck, = IKi/PKi

Ko
Main Result:
Ak, — PUAK 1
2 > =p"" " x(Gq, X (G,
p—l CK ZQO CK)
n—1
p" p'(p— 1)x(Np—i, Ck,,)
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Applications of the Special Formulas

Extending Ferrero’s and Kida’s Computations:

Let K be the cyclotomi@,-extension of the first layet in the cyclotomic
Z.,-extension ofQ wherep is 2 or a Fermat prime ankl(k) is odd (e.g.p =
2,3,5,17,257,...), and letL be the cyclotomicZ,-extension ofk(v/—d)
with d € Z squarefree and > 2 > (d, p). Then

AL =S| -1

whereS Is the set of finite places di not lying above2 which are ramifiec
in L/K.

A Vanishing Criterion:

Let ./ K be a cycligp-extension o, -fields which is unramified at every i
finite place. SupposE = k., for a number field: having exactly one placg
abovep with p { h(k). Then\y, = 0if and only iford,|(I¢ Pr)/(Ix PL)| =

0 whereG = Gal(L/K). Note that(I¢P.)/(Ix P;) is generated by thE
cosets of certain products of finite placed.afiot lying abovep and ramifiec

in L/K.
Congruences:
Ak, = Mg, (mod ¢(p'™)) forall: =0,...,n
Ak, = 0" 'X(Gn,Ck,) — (p— 1) ng X(Gi,Ck,) (mod p")
andifptn —1
n—1
M = p@if__ ;f;)% :i;in)) mod p")

Note: The first congruence above can be thought of as an atmathg cor-
responding congruences for twice the genera of functioddial cyclicp-
extensions. For example, the genus of the Fermat ctfve y¢ = 29 over
Cis(d—1)(d — 2)/2, so we can see a special case of the congruencefgui
easlly by noticing that

(" —De" -2 _ 0 - -2

2
2 2

(mod ¢ (p*1)).
Inequalities:

ord,|H*(Gp, Px,)| < nAg, +ord,|H' (G, Pr, )| + X(Gp, Ik, )
and if A\, =0

ordy|H*(Gy, Pxk,)| < x(Gn, Ik,



