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m Let p be a rational prime.

m In an 1847 attempt at FLT, Lamé claimed Z[(p] was a
UFD, or equivalently, the class # of Q(¢p) is 1.

m Liouville pointed out that this was false, but Kummer
turned Lamé’s ideas into a partial proof when p is
regular, i.e., p does not divide the class # of Q((p).
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m Let p be a rational prime.

m In an 1847 attempt at FLT, Lamé claimed Z[(p] was a
UFD, or equivalently, the class # of Q(¢p) is 1.

m Liouville pointed out that this was false, but Kummer
turned Lamé’s ideas into a partial proof when p is
regular, i.e., p does not divide the class # of Q((p).

m Actually, there are infinitely many irregular primes p,
i.e., p does divide the class # of Q((p).

o 5 = = £ DA
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Function Fields over Fg

Number Fields

h, := class # of k,

Pelhn

Thm (Weil, early 1950s)

hn := class # of k,

Pe"|lhn

Thm (lwasawa, late 1950s)

I\, v eZst. I\, p,v € Z St
eh=\n+v en = An+up" +v
vn>0 vn>0
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Generalizations

There are non-cyclotomic Zy-extensions with x # 0, but
(Ko /K) =0 = p(kl, /k’) = 0 for every p-extension k’/k.

Theorem (Ferrero and Washington, 1979)

We have u(k./k) = 0 for every abelian number field k.

o F = = =
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The )\-Invariant

Function Fields over F Zy-Fields
K K = ko,
finite finite
F(t) Qoo

Jprojective curve Xy /F:
reg, int scheme, fct fld K

char(F) #p =

Pic(Xk )[P™] = (Qp/Zp )9«

Xk = Spec(Ok[1/p]), dim = 1:
reg, int scheme, fct fld K

WK /K) =0 =

Pic(Xk )[p™] = (Qp/Zp)**

[m]

=] = = z 9ac
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char(F) # p, Gal(L/K) = Z/(p) =

Class
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ceneaiaions  Theorem (lwasawa’s Formula, 1981: Zy-fields)
p(K/k) =0, Gal(L/K) = Z/(p) =

AL =PA — (P = L)xi/k + Doxex (6x — 1)
where xk € Z.
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of%Felds  Theorem (Hurwitz Formula, 1890s: function fields over F)
Jordan
Schettler char(F) # p, Gal(L/K) = Z/(p) =
Class
Anaioges 290 = p2gk — (P — 1)2 + Yyex (6x — 1)
s

Formula

ceneaiaions  Theorem (lwasawa’s Formula, 1981: Zy-fields)
p(K/k) =0, Gal(L/K) = Z/(p) =
AL =PA — (P = L)xi/k + Doxex (6x — 1)

where xk € Z.

Note: 29, =2gx (mod p — 1) and A\ = A\x (mod p — 1)
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Applications of lwasawa’s Formula

Corollary (Ferrero, 1980; Kida, 1979)

p=2:LetL/K = Qux(v—d)/Q withd > 2 a squarefree
integer. Then

AL= =14 xex (&x — 1)

Corollary (S., 2010)

The same computation holds if we replace Q in the above
with k € Q(¢g2) suchthat F = [k : Q] € {3,5,17,257}.
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Applications of lwasawa’s Formula

Corollary (Kida, 1979)

p > 2: Let L/K be CM Zp-fields, Gal(L/K) = Z/(p). Then
AL=pPA—(P—1)d+3 " (ex — 1)

where

1 ifpekK
0 if¢p¢K

and A\ = AL — A_+, etc., with the assumption p,, = 0.

0= XL/K — XL+/K+ = {
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Let K, be the function field of the curve over C given by

xP" +yP" 4 zP" = 0.
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n
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Then K, /K_1 is cyclic of order p, so

20k, = 20k, _,

(mod p —1)
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A Motivating Example

Let K, be the function field of the curve over C given by

xP" +yP" 4 zP" = 0.

Then K, /K_1 is cyclic of order p, so

20k, = 20k,_, (modp —1)

but, in fact, 2gx, = (p' — 1)(p' — 2) and

(P"—=1)(p"-2)=(p" - 1)(p" "t -2) (mod p"*(p—1))
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Definition
For G = G; or N; and M a G-module we define xg(M) by

[H?(G, M)

— pXG(M)
[HY(G, M)

when these quantities are finite.

Definition

l, := invertible fractional ideals of Ok
Pk, < Ik, subgroup of principals

CKi = IKi/PKi
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Theorem (S., 2009)

n—1

Ak, — PP -
2o 2P o _ P" xe,(Cky) — D 2(P")xa,(Ck,)

p—1

pn
- np—n+1XNo

i=1
P'(P — 1)xn,_(Ck,)

n—-1
(CKn) + Z (I
i=1

p—i+p)ip—i+1)
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Corollary

n—1
> 0Pk, ="M+ n(p — 1)k, + 2(P")xe, (Cky)
i—0

Corollary
Akn = Ak, (Mod (p"))

_ L pip - 1)?xn,_; (Cks) n
p*“_l:‘AKf‘:i;(ip—wp)(ip—iﬂ) (mod p")
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Theorem (S., 2011)

Suppose K, /Kp is unramified at every infinite place and that
Ko = ks for a number field k s.t. k has exactly one prime
above p and p 1 class # of k. Then

" P,

=0.
IkoPkn

Ak, = 0 < ordp

Note: T. Fukuda et al proved the n = 1 case in 1997 using
Iwasawa’s formula.
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NIEOETE have the following decomposition:
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Thosko = Mgen © BB (Ck,) — X611 (Chiy )i

Generalizations i—1

where 7, is the regular representation and 7y is the faithful,
irreducible representation of degree d € {x(p),...,»(p")}.

Note: Comparing degrees of both sides recovers a
generalized Iwasawa’s formula.
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