A Riemann-Hurwitz Formula
for Number Fields

Jordan Schettler

Department of Mathematics
University of Arizona

11/25/08

Jordan Schettler Department of Mathematics University of Arizona

A Riemann-Hurwitz Formula for Number Fields



Outline

Introduction

Classical Formula for Surfaces
m Background
= Statement and Applications

Kida’s Formula for Number Fields
= Background
= Statement and Applications

Kida’s Argument in a Special Case

Jordan Schettler Department of Mathematics University of Arizona

A Riemann-Hurwitz Formula for Number Fields



Introduction

m The well-known Riemann-Hurwitz formula for Riemann
surfaces (or more generally function fields) is used in
genus computations.

Jordan Schettler Department of Mathematics University of Arizona

A Riemann-Hurwitz Formula for Number Fields



Introduction

m The well-known Riemann-Hurwitz formula for Riemann
surfaces (or more generally function fields) is used in
genus computations.

m In the late 1970’s, Kida proved an analogous formula for
CM-fields which is used to compute lwasawa invariants.

Jordan Schettler Department of Mathematics University of Arizona

A Riemann-Hurwitz Formula for Number Fields



Introduction

m The well-known Riemann-Hurwitz formula for Riemann
surfaces (or more generally function fields) is used in
genus computations.

m In the late 1970’s, Kida proved an analogous formula for
CM-fields which is used to compute lwasawa invariants.

m I'll discuss/compare both formulas, give examples/uses,
and sketch the ideas involved in the proof of Kida’s result.
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Classical Formula for Surfaces
[ Jele)

Background

Definition
Recall that a Riemann surface R is a connected 1-dimensional

complex manifold.

In other words, R is a second countable, Hausdorff topological
space and Jcharts {(U;, ¢;)}ic; such that

m {U;}ics forms an open cover of R
m Vielp;: U — Cisahomeomorphism onto its image
= Vi,j € | pjop; ! is holomorphic on ¢;(U; N U)).
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Classical Formula for Surfaces
oeo

Background

Remark

Let f: Ry — R> be a nonconstant holomorphic map between
compact Riemann surfaces and fix p € Ry.

dcharts ¢ : U — C around pand ¢ : V — C around f(p) s.t.

m o foyp~"is holomorphic on o(U N f~1(V))
u wlog ¢(p) = 0 = ¢ (f(p))-
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Classical Formula for Surfaces
ooe

Background

Remark (continued)

*. Ja disk |z| < r on which

(Wofop 1) (2)= Z anz"

n=e(p)

where ag(,) # 0 and e(p) > 1 (independent of the charts ¢, 1))
is called the ramification index of f at p. When e(p) > 1, we call
p a ramification point of f.
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Classical Formula for Surfaces
000000
Statement and Applications

Theorem (Riemann-Hurwitz, late 1800’s)

With f as above, 3d € N (= degree of f) such thatVq € R»

> elp)=d.

pef="({q})

Moreover, we have the formula

291 —2=d(2g2 —2)+ > _(e(p) — 1)
PER,

where for i = 1,2 the surface R; has genus g; (= # of “holes”).
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Classical Formula for Surfaces
0@0000
Statement and Applications

Consider the Fermat curve

Fs={[x,y,z] € CP?: x® + y® + 28 = 0}.
Note that F3 is a compact (" it's a closed subset of a compact
space) Riemann surface and we have a natural mapping
f: F3 — CP!

given by
[x.y,2] =[x, y].
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Classical Formula for Surfaces
[e]e] Jlelele)
Statement and Applications

Example (continued)
Fix [x, y] € CP'. Then either

[Xv.y] € {[1?_1]? [1a_w]7 [17_w2]} where w = 627”./3’ in

which case
1 {x y13) = {[x, ¥, 01},

or

f71 ({[Xay]}) = {[X’ya _a]v [vaa —wa], [X7 y, _wza]}

where o® = x3 + y3 £ 0.
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Classical Formula for Surfaces
[e]e]e] lele)
Statement and Applications

Example (continued)

.. the degree of f is 3 and Jexactly 3 ramification points
[1,-1,0],[1, —w,0],[1, —w?,0],
each having ramification index 3.
-+ CP' ~ S? has genus 0 the Riemann-Hurwitz formula gives
290—-2=32-0-2)+[(3—-1)+(3—-1)+(3—-1)] =0,

whence F3 has genus g = 1.
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Classical Formula for Surfaces
[e]e]e]e] o)
Statement and Applications

Example (continued)

.. F3 = T?, so the torus may be cut into three spheres as
illustrated below where the ramification points are the
intersections of multiple sheets.

|
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Classical Formula for Surfaces
00000e
Statement and Applications

More generally, the Riemann-Hurwitz formula implies that the
genus g of the Fermat curve

Fa:={[x,y,z] € CP?: x9 + y9 + z9 = 0}
is given by

_(d-1)(d-2)
9="7%
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Kida’s Formula for Number Fields
00000

Background

Remark

Assume E is a Zp-extension of a number field F for some prime
p, i.e. E/F is Galois and

G := Gal(E/F) = Zp.

The nontrivial closed subgroups of Z, are p"Z,, for each
n € Ny, so the extensions F, of F contained in E form a tower

such that

VneNy Gal(Fn/F) = Zp/p"Zp = Z/p"Z.
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Kida’s Formula for Number Fields
[e] Telele]e)

Background

Theorem (lwasawa’s Growth Formula, 1973)

Let E/F be as above. Then 3\, u,v € Z with X\, u > 0 such that
the exponent e, of p occurring in the class number h(Fp) is
given by

en=An+pup" +v

for all sufficiently large n.
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Kida’s Formula for Number Fields
[e]e] Tele]e)

Background

Remark

Let E/F be as above. Then the only primes of F which ramify
in E/F lie over p, and one such prime must ramify. Moreover, if

pt h(F)
and exactly one prime of F ramifies in E/F, then

VneNg p1h(Fp),

A=pu=v=0;

in particular, this is always the case for F = Q.
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Kida’s Formula for Number Fields
[e]e]e] lele)

Background

Remark

For given F and p, there may be infinitely many Z,-extensions,
but 3! Zy-extension Q. of Q, so there’s a canonical choice

Foo:FQoo

called the cyclotomic Zp-extension of F.

.. by taking E = F in the growth formula we may define the
Iwasawa invariants of F as

Mo(F) =X, pp(F) = p, vp(F)=v.

Department of Mathematics University of Arizona
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Kida’s Formula for Number Fields
[e]e]e]e] o]

Background

Definition

A CM-field K is a totally complex quadratic extension of a
totally real number field K. In other words, [K : K} ] = 2,
[K+ : Q] < o0, and

Vembeddings . : K — C im(:) Z R

while
Vembeddings ¢ : Ky — C im(:) C R.
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Kida’s Formula for Number Fields
[e]e]e]e]e] )

Background

REINES

Given a CM-field K and a prime p, the exponent e, of p
occurring in the relative class number h™(K;) = h(Kn)/h(Kn +)
is given by

en = Ap (K)n+ 1y (K)P" + v (K)
for all sufficiently large n where for v € {\, u, v} we take

Yp (K) = 7p(K) — p(K3).
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Kida’s Formula for Number Fields
0000000
Statement and Applications

Theorem (Kida, 1979)

Suppose L/K is a finite p-extension of CM-fields with p an odd
prime & p, (K) = 0. Then u, (L) = 0 and we have the formula

2)5 (L) — 20 = [Loo : Kxol(2X5 (K) —20) + > (e(B) — 1)
PeS(L)

where § is 1 or 0if(p € K or(p ¢ K, respectively, e(B) is the
ramification index of B in L /K, and

S(L) := {prime ideals P t p in Lo : P splits in Lo /Lo +}.
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Kida’s Formula for Number Fields

O®000000

Statement and Applications

The hypothesis 1, (K) = 0 holds in many useful contexts.

Theorem (Ferrero-Washington, 1979)

Let F be an abelian number field and p be a prime. Then

pp(F) = 0.

Conjecture (lwasawa)

Let F be a number field and p be a prime. Then pp(F) = 0.
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Kida’s Formula for Number Fields

[e]e] le]e]e]e]e)

Statement and Applications

Remark

We may be able to replace the relative Iwasawa invariants
A7, u~ with A, i in Kida’s formula, as the following conjecture
suggests.

Conjecture (Greenberg)
Let K. be a totally real number field and p be a prime. Then

Ao(Ky) = pp(Ky) = 0.
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Kida’s Formula for Number Fields

[e]e]e] lelelele]
Statement and Applications

Theorem (lwasawa, 1980)

Suppose L/K is a Z/ pZ-extension of number fields with p
prime, L, /K unramified at every infinite place of K, &
pp(K) = 0. Then up(L) = 0 and we have the formula

Ao(L) + ha = hy = [Log = Koc](Ap(K) + a2 = hy) + > _(e(w) — 1)
wip

where w ranges over all non-p-places of L, e(w) is the
ramification index of w in L. /Ky, and fori = 1,2

hi = rank of H'(Leo /Koo, O ).
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Kida’s Formula for Number Fields
[e]e]e]e] Telele]
Statement and Applications

Consider the ! field F in the

Q(¢13) tower. Then F/Q...
2 m is totally real
Q(cos(27/13)) = is Galois
2 m has Gal(F/Q) = Z/3Z
F m is unramified outside 13
3 m is totally ramified at 13
Q m remains prime at 3.
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Kida’s Formula for Number Fields
[e]e]e]e]e] lele]
Statement and Applications

Example (continued)
Note that F(/)/Q(/) is a Z/3Z-extension of CM-fields and

A3 (Q(7) = p5 (Q(7) = 0

-3 remains prime in Q(/)/Q and Q(/) has class number 1.

Using Kida’s formula with p = 3, K = Q(/), and L = F(i), gives

2X3(L) =20 =[Loo : Kc](2:0-2-0)+ > (e(P)—1).
PeS(L)
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Kida’s Formula for Number Fields

[e]o]e]e]e]e] Jo)

Statement and Applications

Example (continued)
Also, [Lw : K] =[L: K] = 3, so we get

N = 3 X (e®)-1)
PeS(L)
= #{BeS(L):e(P)> 1)
= #{prime ideals P in L : P[13}

2.
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Kida’s Formula for Number Fields

0000000

Statement and Applications

In fact, using a more general construction, Kida’s formula can
be used to prove the following result.

Theorem (Fujii-Ohgi-Ozaki, 2004)

Letp € {3,5} and n € Ny. Then 3CM-field L such that
ip(L) = i (L) = 0 and
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Kida’s Argument in a Special Case

Theorem (Special Case)

Suppose L/K is a 7/ pZ-extension of CM-fields with p an odd
prime & p, (K) = 0 such that

B [Llo:Ks]=p
m dprime ideal Q t p in L which ramifies in L/K.

Then i, (L) = 0 and we have the formula
Ap (L) = PAg (K) + (P = 1)(So0 — 0)

where ¢ is as above and 2s., = #{B € S(L) : e(P) > 1}.
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Kida’s Argument in a Special Case

Vn e Ny Lyr1/Kn is a type (p, p)-extension, so 3p + 1 proper
intermediate fields L, ;. The analytic class number formula =

#A #A (L) 1 (Ln,)
#A-(Kn) H #A (Kn)

where A(F) = A= (F) @ A(F4) is the Sylow-p subgroup of the
class group CI(F).
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Kida’s Argument in a Special Case

Sketch Continued.

® pp(K)=0= pp(L)=0andfor F =K, L

Ap (F) = log,(#A™ (Fny1)/#A™ (Fn)) = dP(A™(Fy))
for sufficiently large n where d®)(X) = dimg,(X/pX).
m (poddand Q 1 p ramified in L/K) =

A~ (Kn),A™(Lp ;) naturally embed into A~ (Lp41)
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Kida’s Argument in a Special Case

Sketch Continued.

The above two facts can be used to show

d(p)(A_(Ln,i)G"’i) =N (K)+sp—4¢
for sufficiently large n where G, ; = Gal(L,;/Kp) and

2s, = #{P1pin L, : ramifies in L,/Ky, splits in Ln/Lp 4 }.

Jordan Schettler Department of Mathematics University of Arizona

A Riemann-Hurwitz Formula for Number Fields



Kida’s Argument in a Special Case

Sketch Continued.

Now L, = Lpj, Kni1 = Ly for some j, k, so for large n

Ao (L) = dPA(Lp))
1)dPI(A™ (L) %) + dP)(A™(Kp))
1)(A(K) + 80 — 8) + A~ (K)

A (K) + (p—1)(8 — 0)

< (p—

~ G-

Jordan Schettler Department of Mathematics University of Arizona

A Riemann-Hurwitz Formula for Number Fields



Kida’s Argument in a Special Case

Sketch Continued.

and

A (L) = A (K)+ ) log, (#A™ (L) /#A™ (Kn))
i£j,k

AT(K)+ > dP (A (Ly, )0
i#j,k

= A (K)+(p—1)(N\(K)+sp—9)

= PA(K)+(p—1)(Sx — 9).

v
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