
Math 117: Midterm 1 Draft Solutions

Question 1

(a) S is bounded above if ∃M ∈ R so that s ≤ M for all s ∈ S.
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Question 1 (continued)
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Question 2
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Question 3

Let k,m be positive integers and let a, b, c, d ∈ R, with a ̸= 0 and c ̸= 0.

(a)

Suppose xn converges and yn converges, where limn→∞ yn ̸= 0. Then

lim
n→∞

xn
yn

=
lim
n→∞

xn

lim
n→∞

yn
.

(b)

Let M > 0 and choose

N ≥ max

{
1,

M + |d|
|c|

}
.

Since m is a positive integer, n > N implies nm ≥ n.

If c > 0, then for n > N , by the reverse triangle inequality,

cnm + d ≥ cn− |d| > M.

By the definition of divergence to +∞, this proves cnm + d → +∞.

If c < 0, then for n > N ,
cnm + d ≤ cn+ |d| = −|c|n+ |d| < −M.

By the definition of divergence to −∞, this proves cnm + d → −∞.

(c)

By part (b), if c > 0, then cnm + d > 1 for all sufficiently large n. If c < 0, then cnm + d < −1 for all
sufficiently large n. In either case, cnm + d ̸= 0 for all sufficiently large n.

(d)

Divide the numerator and denominator by nm:

ank + b

cnm + d
=

ank−m + b/nm

c+ d/nm
.

Since m ≥ 1, we have b/nm → 0 and d/nm → 0, so the denominator on the right converges to c ̸= 0.

If k < m, then nk−m = 1/nm−k → 0, so the numerator converges to 0. By the quotient theorem,

lim
n→∞

ank + b

cnm + d
=

0

c
= 0.

If k = m, then nk−m = 1, so the numerator converges to a. By the quotient theorem,

lim
n→∞

ank + b

cnm + d
=

a

c
.
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Question 4

(1) We have S = (0, 1].

(i) Yes. The maximum is 1, and sup(S) = 1.

(ii) No. There is no minimum, and inf(S) = 0.

(2)

(i) (b). The factor n does not have a finite limit, so the product theorem does not apply.

(ii) (b). Every monotone real sequence has a limit in R ∪ {−∞,+∞}.
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