

















Homework 1 Solutions

KatyCraig 2023
Base case When n 1 we have 3 4.12 1

Inductive step Suppose 3 1 It 8m 51 422 n

Then 3 11 t 18m 5 186 1 5 4n2 n 186 11 5
4m nt 82 3 462 22 1 ht 17 46 15 Int
which completes the proof
Base case When nel we have 1 2 2 t
Inductive step Suppose it ft In 2 In
Then I t t t t Int Int 2 Int Ent
2 Intl Ent 2 Int which completes
the proof

Base case When n 2 we have 22 4 3 2 1

Inductive step suppose me ntl Then
Inti get 22 1 Int 1 Int 12 1 I
which completes the proof
Base case When n 4 we have 4 24716 4
Inductive step Suppose n n Then
2 1 nti n Int in By part Caln at 1 for all n 2 Therefore we

may continue
the previous inequality

to

obtain Intine Cnt11 Hence Intl all
which completes the proof



I p of
Assume for the sake of contradiction that
q p By the proposition from classthere exists re Q so that q r

p
Byassumption since r p we must
have qtr This contradicts the fact
that q r Therefore we must have

qEp



Case 1 azo
Then laka 0

Case 2 a 0
Then a O so lat azo

Case 1 abzo
Then either azo and b 20 or

at 0 and beo In the first case

lablab all bl

In the second case

lablab a b tallbl

Case 2 abt 0
Then either azo and bed or

at 0 and b o By commutativityofmultiplication we
may

assume WLOG that
azo and be 0 Thus

table ab at b tallbl



Case 1 azo
Then laka so laka Furthermore
since a so part it ensures
late Oz a

Case 2 at 0
Since azo and part ii ensures
taktillaltal by case 1 we have

lakh al za and lat tale aka

Case 1 atb 20

Then pastPEatibilaltlbl

Case 2 atb 0

Then by part iii
lat bl Catb a be lattlbl



Suppose lblea

By belbka and belblea

Multiplying
the second inequalityon both sides by 1 we obtain

at b Thus a Eb Ea

Now suppose a Eb Ea Then
a Eb be a Since bea and bea
the definition of the absolute valueensures Ibl Ea

First we will show lal ble la bl
for all a b ER This is a

consequence of the triangle inequality64 since

lat ta b t bl E la bl Ibl

Now note that since a and b were

arbitrary we also have

C



I bl late la bl Gt

for all a be R
Combining

4 and CA

by the definition of theabsolute value we obtain

Il al lbl le la bl

Applying the result from 65

la ble c É c e a be c b c Eat btc

Note that if either la ble or if
b c ca cbtc we must have c 0

Thus we assume 00
It suffices to show that
la bl c E a b c and a btc

Case 1 azb
Since c 20 we always have a b c

Furthermore
la bl c a b c a btc



Case 2 b Za
Since c 20 we always have a btc

Furthermore
la bl c b a C at b c

If so max s then so E S and so s ts es

Consequently so is an upper bound of S
Suppose s is another upper bound ofSSince so ES si so Thus so is
the least upper bound of S so

so sup 5


