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(a) We will show that the minimum of S exists if a € Q and does not exist if a € R\ Q.

Suppose a € Q. By definition of S, a € S. Furthermore, for any s € S, a < S. Thus
min(S) = a.

Suppose a € R\ Q. Assume, for the sake of contradiction, that the minimum of S exists, and
min(S) = so. Since 59 € S, we have sy > a. However, since a ¢ Q, we must have sy > a. By
density of Q in R, there exists 7 € Q so that s > r > a. By definition of S, we must have
r € S. This contradicts that sy was the minimum of S. Thus, the minimum of S must not
exist.

(b) We will show that inf(S) = a. By definition of S, a < s for all s € S, so a is a lower bound for
S. Suppose mg € R is another lower bound of S. Assume for the sake of contradiction that
mo > a. By density of Q in R, there exists » € Q so that mg > r > a. Thus, r € S, which
contradicts the definition of mg as a lower bound of S. This shows my < a, so a is the greatest
lower bound.
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We will show a,, converges to a = 7/3. Fix € > 0. Note that
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Thus, if N = %, for allm > N, we have |a,—a| < €. Since € was arbitrary, this shows lim,,_, {» a, =
a.

(b)

We will show b,, does not converge. Note that the elements in the sequence b, are (%, %, 0, —%, —%, | /R
repeating in this way. Assume, for the sake of contradiction, that b, converges to some b € R. Then
for e = % > 0, there exists IV so that n > N ensures

1 1
b, —b| <€ <= b—€e<b,<b+e <= b— - <b, <b+ -

4 4
Since there are infinitely many n > N for which b, = —%, we see that
1 1 -1
b— Z < —5 = b< T

Likewise, since there are infinitely many n > N for which b, = %, we see that

1 1 1

—<b+- = -<b

9 <0+ 1 1 <

It is impossible to have both b < _Tl and % < b. Thus, we have found a contradiction. This shows

b, does not converge.





















