








































































Homework 3 Solutions

Katy Craig 2024

Suppose a sup s Bydefinition a is

an upper bound of S Fix Eso Then
a E ca Thus a E must not be an

upper bound of S Hence there exists
stS sit a Ecs

Suppose a is an upper bound of S and
for all 70 stS sit Sa E

Let M be an upper bound of SAssume for the sake of contradictionthat Mca Then E a Mso
Thus Fsts sit Ssa e M
This contradicts that M was an

upper bound Therefore Mza
This shows a is the least upperbound or supremum of S











































































We estimate as follows

x E 2 x 2 ex ez 2 4 qÉEx't SE

ly et ya 2eyteÉy2 4etez
2 4 e

Since 22 2 E 2 x2 0 Let E I
Then x2 5 E x2 E C x2 E 2

Since ye 2 Ey 270 Let ez E
Then y2 4 ez 92 É 92 E 2

We estimate as follows
Ate Éx2 5e 22

ly ed 42 492 2

O











































































As shown in class 02 0 Thus OES

so S 0

Define M max a 1 Suppose CES
If c l then c 1 m If 21
then by 1057 C c so c c a m
This shows S is bounded above by M
By definition S is bounded below by

0

By definition of R for any nonemptysubsetof IR that is bounded above
the supremum exists

In we showed M max 2,13 2
is an upper bound for S thus b 2
Since 120 and 1242 IES so

b 1

If b 2 by E ECO 1 sit
bte

2 2 Thus bte ES This contradicts
the fact that b is an upper bound of S











































































If 52 2 by 2240 1 sit
b 212 2 Thus if C b Ez

0 2224

c c b Ez b 2 2

so c S By Q1 this contradicts
that b is the supremum

0











































































We first show liman 0 if lal l

Note that if a 0 then for all
870 and

any
NER n N ensures

1am 01 OLE Thus liman 0

Now suppose that ato
Fix E O Note that Ian oke

lanke 1am e nloghal log
since lak ensures loggaffince lant lain

n Egan Let N a

Then n N ensures an Oke so

lim an 0
r

We now show liman 1 if a 1
Note that if a l then an for all n
Fix 0 and choose N 1 Then n N

ensures Ian 11 022

We conclude by showing
a

does not converge if a 1

































Suppose forthe sake of contradictionthat an converges
to some a ER

Let 1 Then there exists NS.t
NN ensures latak a chat
For neven an 1am 1 so Katt Oca

For n odd an lane 1 so a k l aco

This is a contradiction since no a ER
can satisfy both

aso and aso

assessed
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A sequence Sn does not converge
if

for all s ER F E O S.t V NER
F n NS.t Isn St E

Fix E o Note that
Isn Ol It sin 2n I Isinank E
if n te Thus for N te we have
that for all n N Isn OKE
Since E 0 was arbitrary this showslim Sn O

Fix E 0 Note that
Idn 31 137 31 INFINITY

5151371 3 h E En E
if n Ie Thus for N te we have
that for all n N Idn 3 KE
Since E 0 was arbitrary this shows
lim du 3

Fix SER arbitrary Let E 2 Suppose
I NER Sit U n N Ian SKE











































































Note that

Ian s 12cosma s E
S E Zcoshit stE

5 2 2 cosma 45 2

In particular for n N even we

have 2 5 2 s 0 Similarly for
n Nodd we have s 2 2 so
Since it is impossible to have both
5 0 and so we obtain a contradiction

Thus NER n NS.t.lan skE
This shows an does not conver

A sequence sn converges to a limit
SER it SO

FNERS.t.MNensures Isn skE

A sequence sn does not convergeto a limit SER if 2 0 sit
for all NER n NS.t
Isn s E

O











































































Fix 2 0 Let N Then n N ensures

Ice a IF Ence

Eke I Ke LIKE IIIa OKE

Since 2 0 was
arbitrary

this
gives

the
result

Assume for the sake of contradictionthat Sn
converges

to some SER
Then for 2 1 there exists NER
so that n N ensures

Isn skl s te snest
s t mar 22st

St Int 1 st3

By the lemma following the Archimedean
Property MAN so that m st3
Let k max m Nt 1 Then k m st3
and K N The latter ensurest





















11)

(a) 




(b)


4 112 5 3 K K 2kt 1 5 3

This contradicts thus Sn
must not

converge to any
SER























































































































































































































































































































































































































