








































































Homework 4 Solutions

Katy Craig 2024

First suppose sn is a bounded sequence
then Most Isn EM NEIN so

Mesne M new This shows
M is a lower bound for S and M

is an upper bound for S Thus Sisa
bounded set

Next suppose 5 is a bounded set Then S
is bounded above and below so

m.ME Rs.t.mEsnEMVnEIN Let
L max 1mi MI Then

Imlemesne ME MIEL KNEIN
so Isn EL NEIN This shows Sn is
a bounded sequence

Let sn f1M tn 1 then sntn 1
for all new As shown in class
neither the limit of sn nor the limit

of tn exists Thus Lifosnton 1 Climsndlint











































































Both sequences sn and tn must converge

for
the limit ofthe product to be the

product of the limits



Q2 Since inns an tin Fabris for all E 0

there exists Na and Nb so that n Na
ensures Ian s KE and n Nb ensures

Ibn SK E Recall that Ian skE s e anaste
and Ibn sk E s E bn st E Define
A max NaNB Then for all ESO n N

ensures S E can and bn STE Since
an Sn E bn this shows that for all
E SO n N ensures S E c Sn St E

Isn Sk E i.e Lifo Sn S

Apply the squeeze lemma since

tnf Sn Etn

and lineztn O Ling tn 4 1101 0

Q3 Suppose for the sake of contradictionthat info area for some AER Then

for E I there exists N s't n N
ensures Ian a k l a I can eat I
a l 2coslnitka.tl For n odd

2 cos Cmt 2 and for never

2 cos Cn I 2 Therefore a la 2 as I









































































M3

t Ef

necessarily
true that tiny trio

For example it Sn man
and tn t Unf IN then Isn Ktn
Unf IN and tiny sn o but lingtal 0











































































Fix E 0 Note that by the reverse

triangle inequality
11th Hnl Elt tnl

Since k7otn t NER s.t.MN
ensures It take hence 11th Anil E
Since 2 0 was arbitrary this showy
limitnl Ftl

The converse is not true
Let tn l 11 then Hnl l is
a convergent sequence but tn
is not a convergent sequence

First suppose hifosn sfors.ca If
we define E a s then 20

Bydefinition of convergencethere exists NERS.t n N
ensures Isn SKE s easnaste











































































Thus n N ensures snest E a

Hence NEIN sn a 1,2 LNJ
Thus NEIN sn2a is a finite set

Next suppose osn o Let
Me min 1 a ThenNS.t.sncmeafor all n N

Thus NEIN sn2a is a finite set

First suppose his tn too Then
n 50th Applying part with
sn th and a we obtain that
NEIN sn a nF IN thII

MEN the nF IN tn
are all finite sets This shows the
result for b E

Now suppose histn a Then
NS.t.tn N tn71 Thus
NEIN tn 1 MEN tn 1 is
finite This shows the result for
b 1

By part beo so that the b

all I











































































for all but finitely many
n and

be 0 so that Sntn be for all
but finitely many

n Thus
there exists N1 N2 so that
n NI ensures tn 26120 and
mNz ensures tnsn 6220
Thus n Max Ne Nz ensures
5m20 This shows ME IN sn 0

has at most max Nz Nz elements

Suppose 1 Sn S

Fix 0 Since sun converges to s

there exists NS.t.MN ensures

Isn Sl E

Let Ñ max N m Then n Ñ
ensures











































































Itn s l Ism Sts E

Since E 0 was arbitrary this showy
Min tn s Ifs Sn

Fix E 0 Since sun converges to s

there exists NS.t n N ensures

Isn SI E

Since n N implies ntm N we have

Itn s t Isnt m s E

Since E 0 was arbitrary this showy
Min tn s Ifs Sn

0 t











































































Since 2 1 if we define a then
Lead By Q6 MEIN 15 12 a isfinite
Thus there exists NS.t.n N ensures
1 Ka or equivalently test
We now prove that Isn an n l snail
for all non using

induction For

the base case of n Ntl note
that Israel a snail an n l snail
For the inductive step assume

Isnt an n l snail By above this

implies Isnt a snl anti n t which
completes the proof of the inductive step

Finally we use that Isakan t snail
to prove that ksn O.BY Question
it suffices to show Loan n l snail 0
Since act Iso an 0 Thus usingthat the limit of the product is theproductof the limits we obtain
like an Isnt Ioan at snail 0











































































By the inequality
Itn tPl p max Ital ftp.BItn tl
Since tn is a convergent sequenceit is bounded and MO sit
Itn am for all n By Question 5
Isotta It Let Ñ max M 1

Then the above inequality ensures

I tnP tPl p MP Itn t

Fix 2 0 Since tn
converges

to t
NS.t now ensures Itn tkpm

Then by G n N ensures
IMP Pl E Since 70 was

arbitrary this shows limtnP.to

The correct definition is

Consider Sn 1 1,1 1 5 0

Then for E 2 and all NER MN
ensures Isn ske











































































ensues

Consider sn 5 0 For 8 0 there
is no NER so that n N ensures
Isn Ol E

Consider sn 5 0 For
Isn SKE is not true for all NEIN
If Lisa rn o the result is immediate

Thus it remains to consider the remaining cases

Case 1 Suppose her rn rER
Case 1a If 12th to we are done
Case Ib Suppose 12th FEB Assume for

the sakeof contradiction that tar Let e Eᵗo
Then Nr Nt sit n Nr ensures

Irn rke and no Nt ensures Itn tke
Let N max Nr Nt Then n N ensures

the tie r Ez r Earn
This contradicts that rn th Une N
Thus kinth tar inform

Case Ic Suppose otn o Then Nest
no N ther 1 There also exists
Nest En Nt r 1 Crm Thus for
Nimax Nt Nr n N ensures











































































a

enter term

Again this contradicts that rn tn Knew
thus kFotn o is impossible

Case2 Suppose Form to Fix Moo Then
NS.t nzN MernEtn This

shows Hooth to

Suppose sn is increasing
Fix NEIN

We will prove
men Sm Sn

by induction
Base case m n Bydefinition sm sn

Inductive step Suppose m n and smash
Since it is an increasing sequence Smt smash
This shows the inductive step

Now suppose men Smesn n.me N
Take m ntt Then Sntish nE N
This shows Sn is increasing

00











































































Assume for the sake of contradiction thatSn converges to some SER Then N
st HMM 5 14 snest 1 Thus it
is impossible for Sn to diverge to

to

since for M still there is no Nm
s.t.sn M 1st last n Nm

Likewise it is impossible for Sn to diverge
to 0 since for m Is 11 there is no

Ñm sit snam Is 11 5 1 n Ñm

Suppose ksosn t o Fix m O Then
m 0 so NS.t n Nensures
son m m Sn Thus 150 sn 0

Now suppose 8 sn o Fix M O Then
M O so NS.t.MN ensures

Sna M sn M Thus her sn to



13)

















