








































































Homework 5 Solutions
KatyCraig 2024

Suppose 2 1 Define tri and
note that im It him im him

For the sequence infant the assumption that
Sn to n ensures the denominator is

not zero We also know that the
denominator converges and its limit is Lsl
hence nonzero Therefore bythe factthat the limit of a quotient is the
quotient of the limits

m III t

Since bydefinition tn 0 n and
the fact that ensures

im 2141
pingHW4 07 we conclude that

tn 0 Since ten is a sequenceof
positive numbers by the theorem

from class im In lim Isn to

Base case When n t s 2

Inductive step Suppose sn We aim to

show snti By definition Snti snt1
Since sn snt 123 so

Snt Isnt 1 2 1











































































This completes the proof

We aim to show Snt Sn for all new

By part sn so Esn Thus

by definitionof the sequence
Suti snt 1 52 3 sm

which completes the proof
Since sn is a decreasing sequence
5125m nElN Since sn nGN
we have sn 51 1 NEIN Thus
sn is a bounded decreasing sequence
Since all bounded monotone sequences
converge has sn's for some SER

This is an immediate consequence HWY
for m 1

By part and the limit theorems

5 150 Snt 1 anti stl











































































Thus 35 13 so 5 12

We must show

ont sit sat t Sati I sits at tsa on

which is equivalent to showing
sits at tsui

n
s t.at tsn t sit tsn

it tsn sits

Subtracting sit tsn from both sides shows
this is equivalent to showingSmith sit tsn Multiplying

both sides

by n this is equivalent to nsnt sit tsn

Since Su is increasing Sati Si t it in
which gives the result











































































By HW4
K5 there exists MeO

and Nt sit for all n Nt th Me

Fix MO Since Lsn to

and Mmt 70 there exists
Ns so that for all n Ns
5m Mmt

Take Nemax Nt Ns

Then for all n N th Me
and Sn Mmt so
tnsn M

Since MSO was arbitrarythis shows I tnsn to

Assume for the sake of contradiction that
a b Define E a b 0 Then
bte bt Ca b a This contradicts
our assumption that acbte for all e 0

Thus we must have a b

0











































































Cat sup s
to Assume for the sake ofcontradiction that M is an upper bound

for KS Then s Etf tests which is a contradiction
Thus sup 1257

0

Cast sup s ER Since sup s is an upper
bound for S s esup s ks f S Kse ksup s
Ust S 3 Ksupls is an upper bound for KS
Furthermore if Mis another upper bound ofKSthen me is an upper bound ofS so sup 5 E

Ksup S EM This shows Ksupls is the least

upper bound of KS

FIB Ksm Iso sup ks n i n N
I Eso ksup sn non

Ifan converges I k limosuplayintsthis is because
limit ofproduct isproduct of limitsIf liman to it K IME Snis 04 If
l im an o it
is 44 and HW4 010











































































If CCO c 0 Thus for any TER

inf CT sept 1
to
f c supt supt

Fifo KS and ok Then
S T Thus

sup ks Supt king
T
kings

Call the first definition DEFI and the
second DEF2 Suppose sn convergesbyDEFI Fix 9 0 DEF 1 ensures

NS.t.MN Isn ske Let Ñ NH
Then n Ñ Isn ske Thus sn

converges by DEF 2

Next suppose she converges by DEF 2
Fix 930 DEFZ ensures NS.t.NZN

Isn ske Thus non Isn ske

Thus Sn convergesby DEFI

0











































































First suppose limsno By HW 3,04l im Isnt 0 so limsup Isnt liningsnl limisnto

Now suppose limsup Isn1 0 By definitionthis implies find an 0 where

an sup Isnt in N Fix E 0 and choose
No so that N No ensures law 01 E lanke
Dance since an is nonnegative In

particular a not E so by definition
of a no we have that n Nott ensures
Isnt E Therefore It sn 0

Assume Sn is a bounded

sequence
Then F Mo sit Isn Mo

t NEIN Hence sup Isnt in NE Mo
H NEIN By HW4 Q1

I
hims sup Isnt in N E Mo so

lineup Isnt E Mo to

Now assume 1242 Isnt to Recall that
limns B Isnt Is supElsulinn an

Since an is a convergent sequence
it is bounded and F Mo Sit

law E Mo V NEIN In particular
last Mo E Isupisulin 13 E Mo











































































I 1
so I Snl Imax Isil Mo Thus sn

is a bounded sequence

False Consider sn 172
Then limsupsitting sup su in N

n D

Ins 2 2
However all odd elements of Snare strictly less than 1.99

False Consider snob th
Since Su is convergent
limos n b lineup sn

However snob for all n

Define xn As shown in class
T2 is an irrational number Since Q is

a field the product of two rational
numbers is a rational number Since INE Q
and xn n Tze Q we must have that
xn Q so xn is a sequenceof
irrational numbers

Claim his xn 0 We must show that











































































for all
e 0 there exists NS.t n N

ensures Ixnke Note that
link EnI En CE Een
Therefore for all e o if we take N E
then for all n N Anke

Define rn t.IEhtdigitsag decimal
approximation of 52

Or more precisely we define
rn by rn Lt 107 1 on where Las

represents the largest integer less than
or equal to a Then rn EQ

Claim Iso rn 52 Note that

Irn 521 10 4 LIZ 103 E l on El o
n

and lo n e es te ton log n

Therefore for all e 0 if we take
N logote then for all no
Irn 521 E



12)

a) 0

b) 2

c) 0

d) 2

e) 0+0 = 0

f) 0+2 = 2

g) 2+2 = 0

h) 2

i) 1

j) 3

k) 0





















