








































































Homework 7 Solutions

KatyCraig 2023

t is a subsequential limit of SnI
there exists a subsequence Snk af Sn S.t

Iso Snk t
I If t is a real number this follows since limitofproductisproduct of limit If t t d this followsfrom resultfrom

there exists a subsequence Snk af Sn s.t class

Yao Sme t

I
there exists a subsequence tnk of Sn

sit Kant net
I

t is a subseguential limit of Sn

First suppose his ant his on s ER
Fix E O There exists Na Na sit N Na

ensures tan s ke and m N ensures kn ske
Furthermore there exists NS.t n N ensures

an e bn fan Let D max Na Ni N Then n it
ensures s e ant but Cn St E so Ibn sk E

This shows his bats











































































Next suppose Is an to Fix m 0

There exists Nast n Na ensures an m

There exists ns.t n N ensures an tbn
Let D max Na N Then n it ensures
bn M This shows info bn M

Finally suppose IFxcn
o Then

one but an for all but finitelymany n
and Lima on to

Bythe previous case

limo bn to Thus In bn o

Claim S 030 tile in

Since Smith is a subsequence
OES Since Snf et is a

subsequence for all le IN IES

It remains to show no other real
number or to belongs to s

Neither to non o

belong to S since

the sequence is bounded

Suppose at S for some AER By themain subsequences theorem it suffices to











































































main subsequences theorem it suffices to
show F Eo 70 So that la snl eo for
all n

Ifat then la snl la 1k corn

IfaD then la snl late Un

I et a et for some LENI then
la snl 2min la della text Eo Vn

This completes the proof
Iims up Sn max s 1
liming en min 57 0









Sn is a bounded sequence if F M O
S t Isnt M V NEIN

Assume for the sake of contradictionthat F KEN sit Be Sn Sn s I
has
finitelymany elements

Case 1 Bk has zero elementsThen snes t for all men
This contradicts the fact that s

is the least upper bound

Case2 Bk has a nonzero numberof elements Then Bk has a

maximum Mk max Bk Since
Snes for all n Miss Also
note that if Snf Bk then
Sn Es te E Mk Thus Mk is
an upper bound for shine IN

Since Mics this contradicts that
s was the least upper bound

Therefore Bk has infinitely manyelements for all ke IN



Fix E O Choose KEIN so that Ice
Then n Isn she n Isn slit

n s tesnestt
since snes tnt n s csn

Furthermore I s t su 12113kt since
each element on in Bk corresponds to
at least one index n in n's ten

Bypart we obtain 19m Isn she to

Thus by the main subsequences
theorem there is a subsequence of Sn
converging

to s

Define safe Then soup sninent
but since limos n o all subsequences

of Sn converge to
O

O



If Snk is bounded by Bolzano
Weierstrass Snk must have a convergent
subsequence sake Since she is

also a subsequence of Sn Sn has

a convergent subsequence

Suppose Isnt does not diverge to
to Then

F M 0 sit UN F n N for which Isnt EM
Since Isn 120 for all men this implies
there exist infinitely many

ne IN for which
OE Isn EM Consequently there exists
a subsequence Snr for which Oelsnklem
V KEIN Therefore Snk is a bounded

sequence so by part Sn must
have a convergent subsequence

If limsns then all subsequencesof Snalso converge to s Hence
every

subsequence Snk has a further
subsequence SneeSnk that converges to s



Suppose limsnts Then
F E O s t U N In Ns t Isn SEE

First

taking N l we have F na 1st

Isnt 512 E Suppose we have chosen

Nk c Taking Nak i we see that
I Nk Nk Sit Snk SIZE

Therefore there exists a subsequence
Snk S.t Isna SI E Uk Since

Snk is always at least distance E from
S no further subsequence of Snk can
converge

to s

If Éak ta then Sn Etar diverges to to

Since O fake bk tn É.br Sn The result
then follows from the generalized
squeeze lemma

O



Define Sn EE ak th Ee bk

Note that our hypotheses ensure Sn converges
to HER and tn converges to Be R

Ehaktbk Ling sniff Yim
is sum of limit

no Sn this tn
A B

IT can Info Csn c most CA

Since Ianto fkf IN
SntFSntlantil Sn Thus Sn is
monotone so it must either

converge or diverge to
to

Therefore EE lakh either converges

or diverges to
to

Suppose Eiland is convergent so it
satisfies the Cauchy criterion We
will show Etan is convergent by showing
it satisfies the Cauchy criterion

Fix E 0 F NS.t mom N implies



I

I Émalarike

Since IÉmakl lÉmalarll we have

that mom N implies

IÉm9K E

Thus E ak satisfies the Cauchy criterion


