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Def Cauchy sequence A sequence son is a

Cauchy sequence if
for all 70 there exists NER s.t.mn Nensureslsn smkE
Sn

I soi

r II

n

N

How do Cauchy sequences fit in with
the types of sequences we

alreadyknow

Lemma Convergent sequences
are
Cauchy sequences

Pf Suppose sn is a convergent sequencethat is 1505ns for s ER Fix 70

Since his snes NS.t.MN ensures Isn 5k
Thus for min N we have

Isn Sm Isn Sts Sm sn s.lt sm skE E E

Fdd and subtract neg



Since 9 0 was arbitrary Sn is Cauchy

Lemma Cauchy sequences are bounded

Theproof is similar to theproof that
convergent sequences are bounded

Remarks Recall the reverse triangle inequality fora.be
Hal 1bllEla bl

Since 1 1 xER we have lal lb Ela bl

Pf Let 9 2 Since son is Cauchy NS.t

min N ensures Isn Sm 22 which

implies by reverse triangle inequalityIsnt Ism 2 Isnk Ism 2

In particular if no N we have NTH N so

Isnt 2 Ismail Define
M max 2 15 11 Isil Isal Isnt

Then we have Isn em for all ne N

Thus Sn is a bounded sequence



MAJOR THEOREM 4

The A sequence is govergent iff it is Euchy
Here you must know Here you must know

what the limit is and that elts of sequenceshot elts of sequence bunchup Den't need

get close to it to know what they
are bunchingup around

a b for all but finitely many n

and the limit of sin exists then Iso sn b

If a btE for all e o then a b

PjWe already proved that convergent
sequences are Cauchy sequences so

it remains to show that Cauchy
sequences converge

Suppose sn is Cauchy By theoremfrom last time it suffices to show
timid son line Sn to conclude
that Isosn exists Since we

alreadyshowed Cauchy sequences are bounded



Cau hy s gue as
it would be impossible for limo Sn to

equal
to or o Thus the sequence

must
converge

Fix E o Since Sn is Cauchy F N
S t Nim N ensures Isn Sm K E

Sm Ed Sn c Smt E

Thus form N we have

an sup su n N Esm E an e Esm

Thus for m N we have
an E e ing sm m N bn

Since an is a
decreasing sequenceand bn is an increasing sequencefor all K N

Ak EEa N E E D N E b k

By Remark

III Sn E Isak E e bi la bk limit Sn

Thus IFI Sn I lined Sn t E



Since EDO was arbitrary by remarklines sn sn

We always have kind sn mÉBsn Thus
EIsn limffsn

TypesofSequences
MONOTONE NOT MONOTONE

IEE

site sn sn t1
n

CAUCHY SEQUENCES

CONVERGENT SEQUENCE

A sn n sn 4 n 4 sit In
n n 5

ÉTÉ

DIVERGE TO NOR 0

THE LIMIT EXISTS


