



































































































































LEFTYCraig 2024

TypesofSequences

IgE

MONOTONE

CONVERGENT
set se

set it

off sansin

the limit exists
Goal we know a lot about monotone

sequences what can we say about
bounded sequences

First recall

Def sequence A sequence is a function
whose domain is a set of the form
m m I m 2 for some me 2 We study

sequences whose range is IR

Remark While we could write sin we use

Sn to emphasize that sequences are a






































































































































e ze gue are a

special type of functions
Now we will define the notion ofsubsequence

Def subsequence Consider a sequence sn

For any sequence Nk of natural numbers

satisfying ni naans a sequence
of the form Snr is a subsequence of sn

Remark We could write Sn as sin
Nk as n k and Snk as slack

Informally a subsequence is any infinitecollection of elements from the original
sequence listed in order

I v2 m
Ex Sn f 1,2 3 4 1 11h

say I_5 5 1 1 12k 1
4 1 4 2 4 3 K

Nk 1 3 5 2kt






































































































































Note that
an sup snin N I
bn ing Sn n N 1 0 0 0

n n 2 v3 n n

Ex s n 1 3 n t
sniel Ii 1215

m 12 iii 2k

an sup snin N II
bn ing Sn n N 0 0






























































































































Etf Subsequences
Lemma Given a sequence Sn NEIN if

Snr is a subsequence then Nk k for all KEIN

PfBase case When K 1 ne 1 since NKE IN

for all k

Inductive step Assume nk i 2k 1 Since
Nk Nk 1 we have nkznk.it 2K

Def subsequential limit A subsequential limit

of a sequence sn is any real number or

symbol to or o that is the limit of
some subsequence of Sn

Ex Sn 1 34,5
0 and to are subsequential limits

Them If a sequence Sn converges to a limits
then every subsequence also converges to s



Pf Let snia be an arbitrary subsequence of SnFix E 0 Sincen'Fo Sn S F N s t n N

ensures Isn Sk E If K N then
ne k N so Isn K S K E Since E 0 was

arbitrary we have Hao Sme S

Ex SE 1 I I
03 is the set of all subsequent ial limits

Them main subsequences theorem
Let Sn be a sequence of real numbers
a Let t e IR
The set n Isn t K E is infinite for all E o

if and only if
E is a subsequentice limit of sin

b Sn is unbounded above to is asubseq limit
c sin is unbounded below N is a subseq limit

Mental image Ca
Sun

n
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Lemmas If Sn is unbounded above the
set n Sns m is infinite for all M O

Pf Assume for the sake of contradictionthat there exists m 0 for which
n Sn m is finite Define

Snax max Sm Sn M

Then define Fn max Esmax M

if Sn M Sn E Snax E Fn
if Sn E M S n E Fn

Thus for all NEIN Sn E Fn so she is
bounded above which is a contradiction O



Rfef Main Subsequences Theorem

a Suppose the set n Isn t KE3 is infinite for all e o

We can construct a subsequence of sinin the following wayChoose sne so that Is ne t KI
Choose Snz so that I Sn z t KI and non
i

Choose Snk so that IsmetKit and me nk

Note that IsmetKit t I snkett it
for all KE IN So by the squeeze lemmat E ki Fa SnKE t so HIs Snk t and t is
a subsequent ial limit

Now suppose is a subsequentice limit of Sn
Fix E 0 Since there exists a subsequence
Snk that converges to t there exists
NS.t K N ensures Isn k t K E
Therefore nk i k N E En Isn t K e

Since ni ko N3 is infinite so is

ni Isn t k E



b Suppose Csn is unbounded above

Bythe lemma for all m O En S nom
is infinite Hence we

may
construct

a subsequence as followsChoose me so that she 1
C hoose nz so that Snz 2 and nz na

Choose nk So that Snk k and Nk Nk

Fix in 0 For k m Snk Koth
Since Fri was arbitrary i'Fsu Snk

to

Thus to is a subsegrential limit

Suppose Ito is a subsequent ial limit
Assume for the sake of contradictionthat sin is bounded above that is

there exists M Ost Sn EM for all
NEIN Take Snk sit HISSnk to

Then Snk EM for all KEIN This
is a contradiction

E Note that
Csn is unbounded below
I



Fsn is unbounded above
b

to is a subsequent ial limit of Sn

I
o is a subsequent ial limit of Snl g


