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How do subsequences relate to

lining and limsup
Sup Sn n N

Downside ingeneral an bn are not

subsequences of Sn infesnin N

Upside

Thm For any sequence
sn limsop Sn and

lining sn are subsequential limits

Pf First we will show FSB Sn is a

subsequential limit

ffIgEIt suppose II sn o Since
no Sn I B Sn then kiss sn 0 so



n Isn then so
1 50 sn o

CASEI Suppose III snito that is

450am to Fix arbitrary MO Then
there exists No sit N No ensures an M
Thus M is not an upper bound of
snin N when N No so there exists
Siva M Thus Sn is not bounded above
Hence to is a subsequential limit

KASEI Suppose III set for R that is
5 an t Fix arbitrary

2 0 We will show
n t e snette n Isn the is infinite

Bydefn of convergence of an to t No
sit N No ensures law the

sup snin N aN ttE In particular for
N With sup snin With att E Thus

for all n Nott Snette



Suppose for the sake of contradictionthat n t e sn t E is finite
Since we know ns Not ensures snette
there must be N Not for which
sn t e for all n Ni

Then an sup sn n N Et E for N Ni
This implies FAN t E This contradicts
that kin an if snit Therefore
n t e snct E is infinite Since 270 was

arbitrary by main subseq theorem t is
a subsequential limit

Next we show ifs sn is a subsequential
limit

Fact limit sn I Sn

Thus by what we've already shown
ist su is a subsequential limit of s

Fact t is a subseq limit of sn
t is a subseq limit of sn



Thus missn is a subseq limit of sn

In fact EI sn and is sn aren't just
any subsequential limit they are the

largest and smallest subsequential lini

Recall squeeze lemma
Given an bn cn for all new it
has an harem then has an for bn lien cm

Thm Let s denote the set of subsequential limits

of sn then limsupsn maxes and liningsn mins

Pf By the previous theorem we have
1in snes and If snes so it suffices
to show that for all tes we have
lines sn link sn Suppose Iso snit



Since nk k Snk k N snin N

for any NER Thus

bw inf snin N inf snik N

sup snik N sup snin N an

Sending No

158 sn HSobNEHEIsnit MEYsnE lfwa.FI Sn


