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Wow we will apply the theory of sequences
of real numbers to

study continuous functions

Heuristically a function is continuous if it is
an unbroken curve with no holes
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We can make the heuristic notion ofcontinuity
precise using sequences



Def continuous functionA function f is continuous at a point xoedom f
if for

every sequence xn in dome satisfying170 Xn Xo we have Is faint fko
f is continuous on a set S dom f if it is
continuous at

everypoint
in S

f is continuous if it is continuous on all ofdam f
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Remark If a function fix is continuous

you can pass the limit inside the function

If xn and xo are in dom f and Isoxnx

limo fly flu f limo xn

Ex One can show that fix sink is continuous
Thus for any convergent sequence xn

Ifn sin xn sin Iso xn

The definition ofcontinuity that appears in mosttextbooks involves E's and S's The next theorem
shows that this is equivalent to our definition

The E S characterization ofcontinuityGiven f and not do m f

It is continuous at to l if and only if

for all
e 0 there exists 8 0 such that

x Edom f and Ix xok8 imply If A fix c l E

there exists E o so that for all 870
there exists x Edom f with lx x ok8
Satisfying If x f xo Z E



Mental image for E S characterization ofcty
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Assume Fix xn in dom f S.t Is xn xo

We aim to show his flan f xo Fix E 0

By there exists 500 so that xn xoks
implies I flat flu k E Since In xn xo

there exists NS.t n N kn xo ks
Thus n N ensures flat flat E Since
E 0 was arbitrary this shows limo fkn fix

To prove we will show
Assume 710 that is

there exists E o so that for all 870
there exists x Edom f with lx xoks
satisfying If x fix o l E In particular
since I O for all n EIN there exists
Xn Edom f satisfying Hn Xo k In



and If kn fol E Then his xn x

but often f xo This shows O

Ex Consider fix 3 2 2 dom G R

Step 1 prove fix is continuous via

sequences definition Fix Xo E IR Fix
Xn in IR with It xn xo Then by thelimit theorems the limit of product sum

is the product sum of limits we have

his fun info 31 42 2 31 12 2 f xo

This shows f is continuous at Xo Since
Xo t dam f was arbitrary f is continuous

xn Xo
3xn 3x limit of product isproductof
Bxn xn 3 0 xo limit ofproduct l3 2 2 33 2 2 limit of sum

Step2 prove fix is continuous via E S
characterization of continuity
Fix Xo E R Fix E O

Let S minEtzion 1 so 8 Faxon and 5 1



Scratch work
Ifk fol CE x2 2 3 5 2 KE
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Since set if lx not 8 by the
reverse triangle inequality1 1 Hole lx xol 28 El so txt It hot
so Ix Xo El xlt Hot E 1 21 01

Since 8 I sitzixoll if lx xol 8
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If A FADI C E

Since E 0 was arbitrary f is continuous
at Xo Since xotdomlf was arbitraryf is continuous


