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Often the easiest way to prove that a function
is continuous is to show that it is a

combination of simpler continuous fins

g x 11 7 96 dometty dom f Adomly
g

x fix glx dom fg domain domlg

g x dom f dom f ndomlghx.ge 8

gof lx g
f x dom gof domCf nEx flxledoing

Tmt sum product quotient cts fns

If f and
g

are continuous at ER then
a ftg is continuous at to

Ib fg is continuous at to
c f is continuous at xo provided ghetto
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Pf Let hefty he fg heg For it 2 and
take in Edom hi that

converges
to xo

We aim to show hi lxii converges to hiko
Since f and

g
are continuous functions

flexin converges to fix o and gain
converges

to glo

Since the limit of a sum is the sum ofthe limits fan tght fix o gaol
that is ha x2 halo This shows a

Since the limit of a product is the product
of the limits flint gas fix olglad
that is ha x2 heGo This shows b

Since the limit of a quotient is the quotient
of the limits land we checked that we never

divide by zero
fled
fggglen

that is hs x2 to This shows Cc O



That composition of cts fans Suppose f iscontinuous at to and g is continuous
at tho Then

go
f is continuous at Xo

Pf Suppose xntdom got converges to XoSince f is continuous at yo fan fix o

Since g is continuous at fool so

glflxn glf xo that is gotten gofer
0

run less otherwise specified

Going forward you may
use the fact

that the following functions are

continuous on their domains

Sin kl cos x ex log x XP for p ER
fate for CER

By combining the previous theorems
youmay

conclude more complicated
functions are continuous on their
domains

e
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Just like bounded sequences have
important properties so do bounded

functions

Def bounded function f is bounded on Sedona
if there exists ms 0 s.t.lt xllEM for allxes
We say f is bounded if f is bounded on dom f

Remark
Sn is a bounded sequence

snine IN is a bounded set
f is a bounded function

fix Edom t is a bounded set
image f



fiftEx continuous on down f R 0

not bounded on dome
is bounded on

any closedinterval a b c dome

y this is true for allMAJOR

THEOREM

continuous functions

The lots fns attain max and min A continuous

function f on a closed interval a b domef

attains its maximum and minimum

In particular
i its max and min exist so f is bounded
i xÉ̅Eax e a b so that

ftp.inc flxle ffaxd for all eca b
minimum off on a b

Maximum off on a b



This theorem makes entire field of
optimization possible

its function closedinterval

minimize f x sit c a b

Ex
I

flx X c 2,3 3,1
While f does attain its
minimum at min 2
f x min f does not
attain its maximum on

2,3
Moral cts fns only guaranteed to attain
max min on closed intervals a b

f4 4 2

dom f R1 0

f does not attain its ma

on El B since

flx X c 1 0 1

Moral need a b dom f

Before we turn to the proof recall that if
5s Xn xo and ne a b n then Xo a b



Pf
StephWe will show that f is bounded on a b

Assume for the sake of contradiction that
f is not bounded on a b that is forall m 0 there exists a b s.t.HN 3M

In particular for all new there exists
Xnt a b so that Iftxn Pn Since xn

is a bounded sequence by BolzanoWeierstrass Theorem it has a

subsequence xn that
converges

to Xo
Since nice a b for all KEIN of a b

Thus Ian xnk Xo but If and nk K
so 158 IfHnk to thus funk doesn't

converge Fact If ligot net telR
then light it

This contradicts the fact that f is

continuous Therefore f is bounded
on a b
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StepI We will show that f attains its
maximum on a b Since f is bounded
a b we know flx X c a b is a

bounded subset of R so sup fix abB M
for some MEIR

Since m is the least upper bound

for all ne N M he is not an upper
bound so there exists Xne a b st
M flat m in By the SqueezeLemma Isoffen M

Since xn is bounded by the Bolzano
Weierstrass Theorem it has a

convergent subsequence Xnic with
480 Xnk Xo a b Since f is continuous
5s fan flxo Since tank is a

subsequence of the convergent sequencefan 170 flink f xo M

Therefore fixo sup fix xe abB fix
for all e a b so Xo is the maximizer
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kept we will show that f attains
its minimum on a b Since f is

continuous and glx 1 is continuous
f is continuous and dont f dome
so a b Edom f

By Step
2 f

will attain its maximum on a b

that is there exists a b so
that fix f x for all c Ca b

Multiplying this inequality by
1

we see fix f x for all a b
Thus f attains its minimum at x1


