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Def ordered field A field F is an ordered
field if it has an

ordering
relation

so that for all a b CEF

lol either a b or b a
totality102 if aeb and bea then a b antisymmetry103 if a b and b c then a c
transitivity104 if a

e b then at c btc addition
105 if a e b and c 0 then acebc multiplication

Def Given an orderedfield F and a beF
if a b and a b then write acb



Def maximum minimum Suppose SEF where
F is an ordered fieldIf there exists sot S satisfying so's
for all ses then so is the
maximum of S and write so max 5

so is the largest element in the set
If there exists sot S satisfying SES
for all ses then so is the
minimum of S and write so mins

so is the smallest element in the set

Def bounded above below Suppose SEF
for an ordered field F
If there exists MEF satisfyingSEM SES then S is bounded
above and M is an upperbo ofs
If there exists MEF satisfyings m SES
blow and m is theTow
If S is bounded above and bounded
below then S is bounded

D



Deff supremum infimum Consider an

ordered field F
If SEF is bounded above and there
exists Moe F satisfying
thin am Imper

bounce agsb if M is an upper bound of 5

we
say

Mo is the supreme ofsand write Mo sup157
mo is the least upper bound

If SEF is bounded below and there
exists mot F satisfyinga mo is a lower bound of Sb it m is a lower bound of 5then Mo em
we
say

mo is the Infim ofSand write mo ing1st
mo is the greatest lowerbound

The Consider an ordered field F and SEF
i If maxis exists then sup 5 maxis
Iii If min s exists then infls mints



Moral The notion of supremum is a generalization
ofthe notion of maximum

Def real numbers The set of real numbers
is the ordered field containing IQwith the property that every
nonempty subset SER that is
bounded above has a supremum

The Least Upper Bound Property of IR

The The real numbers exists





Ex F Q a beQ a b
5 qt Q a qcb

Claims sup s b

Pf By definition of S b is an upper
bound of S Fix MEQ sit SEM
ses It suffices to show b M

Since SEM sES a em

Assume for the sake of contradiction
that b M By density of IQ in Q rea
st Marcb Thus res This
contradicts that M is an upper bound

of S Therefore be M

We conclude b sup s

prove on HW


