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We'll study two major theorems for IR
Archimedean party and Qisdensei.nl

MAJOR RESULT 1

Tem Archimedean Property If a belR

satisfy a 0 and boo then there exists NEIN
so that

g bathtub

Remark Even if a is really small
and

b is huge some integermultiple of a is
bigger than b

Given enough time one can empty
a

large bathtub with a small spoon

We will prove by contradiction

Scratchwork
D ta boo me NS.t na b

P a b 0 s t nelN na b



Pf Assume for the sake of contradictionthat F a be IR with a 0 b o s t

for all ne IN na tb
a Za Ja Ha

Define S na ne IN so b is an upper
bound for S Since S is a nonempty subset

of IR that is bounded above by defn ofRS has a supremum Define so sup S

Since a o we have so a so Sota
Since so sup

s there exists not IN
S t So a no a so Intl a

Since hot 1 at S this contradicts the
fact that so is an upper bound of S O



As a consequence of
the Archimedean

Property we have a few useful lemmas

Lemmy For any
at IR there exists news.t an

Pf If as 0 then the result holds for nel
If as 8th then since 158 by A Pthere exists NE IN s t I n a O

Lemmy For any
a be IR acb there exists NEIN

so that attn b

Mental image
c Épath

a spoon y bathtub

Pf Let y b a O and 170 By A Pthere exists ne IN sit my
1 y'tb a t at tab O



Lemmy If x y ER satisfy Kx
y then

Fmez
so that ye me x

Mental image
C gtfobe an integersomewhere in here

PfBy the first lemma there exists ne IN
s t n

y Define S jez gegenThen S is nonempty and finite
so

m min S exists By defn of m me 2

gem and m IEy Therefore
yemelty ex O



Now we will apply the previous lemmasto prove
MAJOR THEOREM 2

That Q is dense in R If a b ER with acb
there exists r EQ satisfying a crab

I TQMental image a ER beIR

This is similar to the result we proved on the
first day that between any two rational
numbers there is a rather

PfBy the lemma F ne NS.t.attncb
natl but I bn an By theother lemma there exists m E Z so

that and me bn act b O



We now have all the tools we need to

rigorously prove our previous claims
about the minimum maximum infimum
supremum of subsets of IR For example

Prop For a b e IR as b the set S Ca b
does not have a maximum and sup s b

2 yPf
First we show that S does not have a

maximum Assume for the sake ofcontradiction that max 5 Mo
Since Mo ES asMo b By densityof

Q

in R F r e Q s t Moc r e b so res
This contradicts that Mo was the

largest element in S

Now we show sup s b By defn of Sb is an upper bound Suppose Mo is
another upper bound of 5 IF Mo b
then by densityof IQ in R F r E Q S t
Mo ere b so r e S which is a contradiction
Thus Moz b so b is the least upper bound O



Goingforward we will use to an d o to

simplify our notation for suprema and infima

Ex la to x EIR a x x EIR a ex to

Def Unbounded above below Suppose S EIR isnonemp

If S is not bounded above write sup s to

If S is not bounded below write info o

Remark Given a
nonempty

SEIR

Bydefn of supremum and IR

S has a supremum S is bounded above
S sup s ER

Similarly
S doesn't have a supremum S is not bounded

above

sup s
to

Using this notation even though not
every set

has a supremum for any
nonempty S E IR sup s has meaning


