



































































































































Lecture 5
KatyCraig 2022 image

Chesequences
Recall functions

domain range
Def sequence A sequence is a function
whose domain is a set of the form
m mtl mt2 3 for some MEZ We
will study sequences whose range is IR

Typically the domain of a sequence will be
either 0 1,2 3 or 1 2,3 3

Remand
To emphasize that a sequence is special
type of function

instead of writing flu we write Sn

We'll often specify a sequence bylistingits values in order sa 52 53






































































































































Ex If sn In for nel the sequence is

If I'mfor neo the
sequence is11 1 1 1

Heuristically a sequence converges to some

limit se IR if the values of Sn stay close
to s for large n

Ex We expect snot converges to 0

sit
1 o

112

113

I L t I i n

We expect Snl it doesn't converge
SEAT
1

t I i Sn
1
v






































































































































Def convergence
A sequence Sn of real numbers cgto
some SEIR provided that
for all e o there exists NER so that

n ensures Isn ske

The numbers is the limit of Sn and
we write issues or 5s

A sequence that does not converge to any SEIRit is said to diverge bis in
here

Remart
Recall lbk a a b ca É
Thus Isn s t e e csn see s e snest
N can depend on E IEEE're
Sy
St Es E

stg
a o of si

I 1
N1 N2






































































































































Assume domain ofsequence

Ex Consider the sequence sa Ii wÉEféIe ied
that lies Iz O Let's prove this

Scratch work ti oke Face I yester n

Proof Fix arbitrary
E O Let N

Then for n N we have

n fees face Ite oke This Is te O O

Remark We could have picked N to be anynumber I e.g N E N ft it

Ex Consider the sequence sn 11 We expect
that this sequence does not converge Let'sprove it

Proof
Assume for the sake of contradiction
that C 1

converges to SER Bydefn of convergence for all e 0

there exists N so that n N
It IT SI C E






































































































































Let E 1 and choose N so that n N

ensures 11 15 state s i time stl

For n even this implies Kst l Os
For n odd this implies s 1 1 5 0

This is a contradiction Thus 1 1 diverges 0

Ex Consider the sequence sn BEE
What is the limit

Scratch work

I small as nests
3 z q

these getvery

Isn EKE BIE EKE MEET ke

BEN KEE Inns E

e tree teen






































































































































Proof

Fix E 0 arbitrary and let N te Then
it n N we have

ten Emcee MISTAKE Isn Eke

Therefore Mo Sn 3 0

A special type of sequence is a






































































































































I Yi of gue
Def bounded sequence A sequence Sn is

bounded if there exists MER St Isn EM for all n
E mesne m

m

me I
Remade A sequence is bounded iff the set
S Sn ne IN is bounded HW3

Sn film 5 1 1 Sn ta S 1,4 ta

Thmiconvergent sequences are bounded

In
5m

Pf Suppose sn is a convergent sequence
with limits Then for E l there exists

WLOG we may assume NZ 0

NER so that m Ntensures Isn s k I
I Sn s I s I s nest 1 Let I ReverseDineq


























































Sn s I s I Sn

Mo max l stil Is 11 Then Isnt Isle Isnt Isle Isn514
Isnk It 1st

Mo E Is il Es les nest I E Stl E Mo

Thus if n N we have Isn EM
max Isnt kn EN ne IN

Let Mi max Isil Isa 1,1531 Iset
LNS Max ME Z MEN

Then for I En EN Isn E Mi

Finally let M max Mo Mi Then Isn EM knew
so our

sequence is bounded
0

Remark The converse is not true since not
altbounded sequences are convergent
e g I 11


