
ges
In fact even unbounded monotone

sequences always have a limit

Them If su is an unbounded increasing
sequence then l im sn to

If Sn is an

unbounded decreasing sequence then
lim sa o

Pf Suppose Sn is an unbounded increasing
sequence Fix M O Since Sn is tinboinded
and Sm is increasing S su n e in
is not bounded above Thus F NS.t
So M Since Sn is increasing Sn So M
V n N Since M O was arbitrary this
shows life Sn to

Now suppose sn is an unbounded decreasing
sequence Then su is an unbounded

increasing sequence so hit Sn to

Thus by theorem from last class Ito sa o

I Sn is unbold a bore if
S shine IN doesn'thaIn

summary it sn is

monotone jijjjahinges for s
e R if Sn is bold

o if Sn is unbdd below
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Therefore for any monotone sequence snl im Sn exists

In general we can think of plenty examples
of sequences whose limits don't exist

It turns out that there is a generalization
of the idea of limit that does always exist

This should remind
you of

the fact that
the maximum of a set S doesn'talways
exist but sup 5 always exist

Defclimsop liming For any sequence
sn

imgur.sn tins supgi.ittt
limning Sn Isn inf sjÉ_a
Snog at

o

o p

o O

o

o o

o an
o

F be baby

1234 s 6 to n
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Why does MI su and IF sn always exist

son In an always exists because an is

a decreasing sequence Why
Because snin N snin NTB so K

an sup snin N sup sn.no V B aNt
for all NEIN

timid sn 50bnalways exists because bn is
an increasing sequence Why

Because sn n N snin NTB so

b inf snin N infsn.no V B bNH
for all NEIN

I

yI



Examples

EI C IT II sup
GÉÉ Is 1 1

limits t in Its ing l 1
n
i n n Is o 1 1

T
lineup sa I Ii Isn

imB the Is sup the in N HI Hi 0
limits he I ing ta non In 0 0

T

ITIS n II Sn

It turns out
II Sn exists II Sn II Sn

The Given a sequence Sn

Linen exists timings n limsypsn

Furthermore if either of these equivalentconditions holds his s n timid she lingersn


