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Def maximum minimum Suppose SEF where
F is an ordered fieldIf there exists sot S satisfying so's
for all ses then so is the
maximum of S and write so max S

so is the largestelement in the set
If there exists sot S satisfying SES
for all ses then so is the
minimum of S and write so mins

so is the smallest element in the set

Def boundedabove below Suppose SEF
for an ordered field FIf there exists MEF satisfyingSEM SES then S is bounded
above and M is an upperbound of s
If there exists MEF satisfyings m seS then S is bounded
below and m is a Lowerbo ofs
If S is bounded above and bounded
below then S is bounded



Def supremum infinum Consider an
ordered field F
If SEF is bounded above and there
exists MotF satisfyinga Mo is an upper bound ofSb if M is an upper bound of 5then Mo m
we say

Mo is the supremum of sand write Mo sup157
Mo is the least upper bound

If SEF is bounded below and there
exists MotF satisfyinga Mo is a lower bound ofSb if m is a lower bound of 5then mo m

we say
mo is the infinum ofSand write mo infls

Mo is the greatest lowerbound

The Consider an ordered field Fand SEFi If maxis exists then sup 5 max 5

Iii If min s exists then infls mins



Def real numbers The set of real numbersis the ordered field containing IQwith the property that every
nonempty subset SER that is
bounded above has a supremum

MAJORRESULT 1

Tem Archimedean Property If a belR

satisfy a 0 and boo then there exists NEIN
so that

g bathtub

THE
MAJOR THEOREM 2

Q is dense in R If a beR with acb
there exists rEQ satisfying a crab

Def Unbounded above below Suppose SER
is nonempty
If S is not bounded above write sup 5 to

If S is not bounded below write infls a



Def convergence
A sequence Sn of real numbers converges to
some SER provided that
for all E 0 there exists NER so that
on ensures Isn ske

The number s is the limit of sn and
we write Issues or sn s

A sequence that does not converge toany SERit is said to diverge

This limitofsum is sumoflimits If Sn and tn are
convergentsequences 12 lsnttnl hifosnth.at n

The limit ofproduct is productof limits If Sn and
tn are convergent sequences 12 sntn kfosnksa.tn

This limitofquotient isquotientoflimits If snand tn
are convergent sequences snt 0 for all n
and Issn 0 then

I E n



Tha basic examples
a Iso 2 D 0 if p o

b Is an 0 if lak I
c Eso n I
d Eso ah if a

sosino

Defdivergesto or 0 A sequence sn diverges
to to if for all Mso there exists NEIR
so that n N ensures sn M Wewrite Isosn too

Likewise a sequence Sn diverges to if for
all Mao there exists N so that n N

ensures.sn M Wewrite her sn o

Def increasingdecreasingmonotoneAsequence
Sn is

increasing
if she snt n

A sequence sn is decreasing if sn Snt n

Asequence Sn is monotone if it is
either

increasing
or
decreasing

Tmt All bounded monotone sequences
converge



The Given a sequence sn

Issn exists liningsin linesypsn

Furthermore if either of these equivalentconditions holds his son kid sn Bsn

Def Cauchysequence A sequence son is a

Cauchy sequence if
for all 70 there exists NEIR s t.mn NensureslsnsmkE



MAJOR THEOREM 4

This A sequence is convergent iff it is Cauchy

Def subsequential limit A subsequential limit

of a sequence sn is any real number or

symbol to or o that is the limit of
some subsequence of Sn

Them If a sequence Sn converges to a limits
then every subsequence also converges to s

I

1hm main subsequencestheorem
Let sn be a sequence of real numbers
a Let telR

he set n Isn the is infinite for all 0

if and only if
is a subsequential limit of sn

b Sn is unbounded above to is asubseq limit
c Sn is unbounded below is a subseq limit



Then Everysequence son has a monotonic

subsequence

MAJOR THEOREM 5
Thm Bolzano Weierstrass Every bounded
sequence has a convergent subsequence

Thm Let s denote the setofsubsequential limits
of sn Then limsupsn max s and liminfsn m.in

sLeslie'sthmSuppose t.info sin exists

For
any subsequence

Snk 1125k 12 Sn

Pf If LimaSn s for SER This is a
consequence

of Onthe other hand suppose 1 sn to

Fix a subsequence Snk We will
showfind snito

Fix M Oarbitrary There exists NS.t.MN
ensures sn M Recall that nk K Thus
if K N N N and Sn M This shows

15 Snk 0 Similar for divergence to a


