



































































































































Homework 1 Solutions
Math 20 la F23

KatyCraig

Suppose that xn converges with

respect to the
topology on IR to some

XE IR

Suppose that there exists a ER so that
F NS.t.MN ensures xn E x EIR x a

Then

ER Xia for all KEIN
and

niff xn a for KZN

Thus TSI Xi YINSEK xn a
timing xn Ekin Ifk xn za

Likewise if there exists b ER so that
F NS.t.nznensuresxnEEXEIR X b
then MTB x neb and Iif xn Eb






































































































































Case 1 xx to Since Xue XER X a taek
Tehave I IPxn ItIfxn ts

Case Xo N Since x e x EIR x b tbER
we have limsup xn lining xn o

Cast xx EIR Since xn E XER xx E excrete
V E O we have Xo EE limit xn Exate
and xx E E mSUP xnEXnt E V E SO So
liming xn limsup xn Xo

Now suppose III xn Itt xn Define
xp lining an insp xn

Suppose that a Xo Then a Teniente xn
so F k sit as Kkk xn which implies
I ks.t aunt n 2k

Likewise if Xn b F K S.t bank
NZ K

Case xo to Since a Xo Fa ER
we see that Ka ER I k sit
xnE xEIR x a Km K Since any open






































































































































set containing
to must contain a setofthe form x ER x a This shows

xn converges to to in the topology

Casey xx N Since xn b k b ER
we see that Fb ER F k sit
xnE XEIR x Cb Km K Since any openset containing

o must contain a setofthe form x ER x b This shows
xn converges to w in the topology

Cast Xo E R Since xn E ext x at E
K E 0 we see that K E 0 F K S t
xn t xEIR Xo E x exit E Since any open
set containing x must contain a setofthe form x ER xo ex xate for some E 0

xn converges to xn in the topology

First we show Ars continuous It suffices
to show that for

any
x ER and O E I

there exists an open subset U of I so

that you ensures 191 1 9cg k e






































































































































If x to and g e z z E it
then go andget I jetty te I e Fg g
so 196 Ely K E Similarly if x and

ye z z e Eti then y
o and

g it get g site Fg Fa Ite
so 191 1 Ply Is

E

If x ER
19h g

1 11 1 ifl MIGIDIIII
Ex g xlyl yallE lx yl HlgtyalIf x 0
Kyl

E ensures 196 Ely E

If XERY choose 5 0 so that s min E e
Then lxgks ensures sgnixtsgnly so191 1 Ey l lx yl s e

This shows is continuous

Furthermore we see that x
y impliesx xlylaytytxt since either x and

yhave the same sign Ixly Ight or x is
nonpositive and y is positive flyby

1 1

Thus x y xlitlylky ith 9h ay



This shows 9 is strictly increasinghence injeltive
Since 91 a I and Alto l

bythe intermediate value theorem 9
is surjective onto El D

9 is also strictly increasing if site fl D
satisfy set there exist x.ge so that
9k s and Aly t Since set

we must have 9 1st x
y
9 t

Finally we show 9 is continuous It
suffices to show that for

any
se El D

and
any

set Uof the form Ia Ib or

Iab for a be containing 9 s

there exists E 0 so that It sk E
te El B ensures 9 E EU

If 9 s e Ia 9 s a s a

Choose E 0 so that It sk e ensures t Ola
9 Yt E Ia If 9 s e Ib 9 s Cb
S 9lb Choose Epo so that It 51 e

ensures t 9lb 9 Ctl e Ib Lastly



if 9 s E Iab Ian Ib choose
E min Ea Eb

Thus 9 is continuous

Suppose f is Isc so that x fix ta

is closed fat R Fix to EX and xoxo

Casey affix affinity fan o

For all 970 timing fixe a lining fate
so we must have Ifk fan chiming flute
for all KEIN Thus
xn E x f A E EST fixate for infinitely many
n As the set is closed this gives not x fix e limffixate
that is fro Elias fixate Since E o

was arbitrary this gives the result

2 Itf flu o so inff xn D K KEN
For all MEIR Xne Ex fix em

for infinitely many n so xo E x fix em

that is ftp.km Sending Ma D
givesthe result



Conversely suppose that for all xox
and xoxo limit flank fix For

arbitrary a EIR if x fix as 0 then
x ifb a X is open Alternatively
if x 6 E a 0 let Exist E x fix sa

be an arbitraryconvergent sequence xoxo
Since limit fix a z fix xo t x the a Thus
x fix Ea is closed so x fat a is open

Note that f is upper semicts
x fix ca x fix a is open
for all a ER f is lower semicts

By part f is lower semicts
Iims'T fkn z flak lined ffxn Ef xo

lineup fkn Ef xo

Suppose f is continuous Then for

every convergent segence
xn the

discussion at the endof Q1
his fkn f limo Xn

By parts and this shows f is
upper and lower semi continuous



Suppose f is upper and lower semi continuous
If xn is a convergent sequence withlimit to

limsupflxnlEflxolEliminfflxn.ByQ1
ithi.s shows his flxnl flxo

Since xn was arbitrary this shows f iscontinuous

It suffices to show the upper and
lower Riemann integrals are not equal
Since Q and IRI Q are dense in IR
for
any partition

P and all i l n

there exists qE Q and pit Rl Q so that
Xi legit Xi and Xi i spit Xi Thus
Mi 1 and mi O for all it in

Consequently UCP f 1 and LIP f 0 for
all partitions P Therefore
If flax 1 I 0 If Adx which completes theproof



Fix x ER Then F nez s.t XE En ntD
Thus x ne fo I Since ne k this shows
that the equivalence class Ex contains
an element in CoD

Take q qz
E kn El I and assume

that Atqin Atg 0 Then F x S.t
x at q and x aztqz for a azEA
Thus a az ga qi so a Naz

By construction of A this implies
Araz Therefore qiqz This shows

Atg and Atqz have nontrivial intersection

only if q q Therefore
At q qe anti is a disjointcollectionofsets

et

inf fly dtrykes is

decreasing



Fix a ER We must show
x flea is closed Since
Et ing fly day e is decreasingfolks a ift for all E 0

if fly dk g Essa

Suppose Hsn x fanta and xoxo
Then HE 0 Knew ing fly dangle Ea

Fix E 0 arbitrary It suffixes to show

inflflylidly g
Eta

Choose N so that dfxn xo Ez Un N
Then dlxagkdfxoixn.ltday so

for m N

y da g
E 2

y dkny
Thus for MN

inflflylidly gsettingfly dkniykE
a

This gives the result



Since dix x OLE for all e o the

definition of f ensures that Vx ex
for tx lingo ing fly dG g d eleingofG FG

First note that

inffliminfftxnxmx3ypart
ZinfEliminffolxn.xn x

no

inf for tx xn x
I part

f x

To see the other inequality note
that

by definitionof fish t ne in

f k s ing fly day I

Next by definition of the infimumUne IN F xn E X S t dixon I and
f x Iz f kn

By construction xn x and
fax z limits fan



This shows foix ing limgnfftxn.mxwhich completes the proof

Let be such an algebra It
sufficesto show eh is closed under countable

unions Consider Edit set Define

Fk ERICÉ Ei Ern EiEi

Then since et is closed under finite unions

and complements FRI Ect Furthermore

bydefinition ESE are disjoint Thus byassumption
YT Ek É Fk Eet

This givesthe result

By it suffices toshow et is closed under
countable disjoint unions Given Edit Ect disjoint
define




