



































































































































Homework 2 Solutions
Math 201A F24

KatyCraig
Let an and bn be the sequences of allrational numbers so that Canbn EU

Then Yilan but U

To see the opposite containment fix UEU
Since U is open 0 st.lu E at e EU

By density of Qin IR there exists an bn
so that we Can bn n e n t e Thus
U Can bn

ñmQ3
Recall that we may express anyopen

set
UER as U Can bn for some an n bn

Since a b la bth it is clear that
E3 BR so ONE 3 EBR OTOH
a b a b h so a b ECM Es

and ensures BRECCE






































































































































Since Cab la to btw E3 Eckes
so part lil ensures Bir ell E3 Ed Es
Since alto E la atn Es E BR so

MCE 5 E BR

Since Caito Ca tn to part Gil ensures
Ey Eckles Bir so MCE EBR

Since Cato Latte to Ecl Ey part Iii

ensures BIREME

Bydefn Ct is nonempty
First we show closure under complements
Suppose Eect Then either E or E
is at most countably infinite
either E or Ec is at most

countably infinite E Ect






































































































































Next we show closure under countable
unions Suppose Ei Ez Ect
Consider En If En is at most

countably infinite E Erect On the
other hand suppose En is not at
most countably infinite Then there
exists at least one set Emin the sequence
that is not countable Bydefn of ctEmi is at most countably infinite
Thus E En I En Em is at
most countably infinite so Enect

First we show msup Ei Az Note that

AES IE 5 84 9 FEE
KEIN 9 Ei
EAT Ei

Next we show timing Ei A1 Note that
EA Ei for all but finitely many

i

KE NS.t.VizkXEEi
KEIN sit Ei
c Ei






































































































































Suppose f is continuous at x EX Then
for all sequences xp x limnfankflx

By HWI Q7 fitting timing fan xox

ing f x
x

Similarly Atx sup lineup fan in x fix

Now suppose fr k fix f x Then

faking timing fan xox
E
ing

limsup flan xx

sup limsupflxnl.vn x

f lx
fo x

Thus equalityholdsthroughout and thnx
tins P flank fix Similarly Kxtx
liming flat fix Therefore by HWI 610
limo flat fix This shows f is
continuous at x

O








































































































E x f x f
U x folx p U x q f
p.at

siqfsifs iossepeg

V Expop.LY
This is a countable union ofclosed sets

By Q 6

Z K

Define Bn 1k Then B Bz

and µ B rtx at 0 Thus

Hyfrom
above

µ Z µ Bn µ Bn on EnAk

lies µ An c



µV c

Claim M A EX either A or A is countable is

the collectionof G measurable sets

Assume AEM If A is countable

MCAFO hence A is µ measurable
If A is countable then the

precedingsentence shows A is µ measurable
and since the collection of µ measurable
sets is a o algebra A must also be

µ measurable

Now suppose A Me Then neither A nor A
is countable Consequently
Mx 1 2 MAR A MINA
Thus A is not µ measurable

Claim M 2x is the collectionof measurable sets

Fix AEX



If E is countable so are EMA and EMA hence

V E 0 V EMA V EMA

If E is uncountable then either
EMA or EMA is uncountable Thus
E to V EMA V ENAC

By definition 1 101
0 and AEB

MCA µ B Given A 2
first suppose I it 0 Then Hito Ki
so

µ EAI O EIMA
Next suppose HIA if 1
Then there must be some i sit Aifl
Thus

MY A I EMCA
Next suppose 1 Aik 2

Then there must either be itjs.tl il
lAjk1oris.t.IAil2 In both cases

MY A I EMCA



Lastlysuppose 1 Ail 3
Then there must either be i j k distinct with
Aifl or iand distinct with tail 2 Ajk or

Kst IAK 3 In all cases

MCE it EMAN
Suppose AEX has one element WLOG
A 1 Then

µ 1,237 1 1 1
µ 1,23nA µ 1,23nA

Thus A and A'are not µ meas This
shows My 0 X

et is closed under complements and

arbitrary unions Thus it is a algebra

It suffices to showMet is countablyadditive The
only nontrivial disjointunions are of the form 130 2,3

In this case

Mla 1342,33 2 I I
M

731 1 62,3



Met M let Mlak


