



































































































































tomework 3 Solutions

KatyCraig 2024

First suppose MCA1 0 Then we must

have µ B 0 for all B s.t.AE B Btct
In particular B X attains the infinum
Now SupposeMCAI HD
Take a minimizingsequence

that is a

sequence
Bn sit A Bn Britt and

Lou Bn P A WLOG we may assume

µ Bn to NEIN

Define C P Bn Then EBM n

Ceet and AEC Thus
C Bn

MCA Lsu Bn M C MCA

Thus equality must hold throughout soC attains the minimum






































































































































To see me 07 0 take B 0 in

the definition of us
If EEF then the constraintset for F
i e the collectionof sets Bi i Ect sit FEY Bi
is contained in the constraintset for E Thus
the inf over the larger set is smaller it

E MF

Fix ABIT 27 Choose Bisi Ect that
attain the minimum in the defnofus Ai

Then since iAi Bi If Biect
µ Ai µ Bi

tablesubadditivityof µ

Eiu Bi Élecail
This shows it is an outer measure

Suppose Aect Fix arbitrary
EEX Choose

F that attains the minimum in the defn
of a E Then

lountableadditivityafer
ME E M F µ FNA MINAEEE.AE EEnA

ALENA MENAS






































































































































so A is m measurable Choosing E A
in equation we obtain

MIA LIFE tt
FMAc M A

The opposite inequality
is true bydefn

ME choose B B Bn 0 n 1

By definition it A MCA so it

suffices to show the opposite inequality

Fix AEX Choose Bisi Ect sit
A Qi Bi Then

countablesubadditivity

ETMIBi ul Bi n A

Taking the infinum over the left handside
gives the result






































































































































Define M sup µ B B A But meas A
Since n A 40 monotonicity ensures Mctd

Furthermore since µ
B 20 B

we have M 20

Let Bn be a
maximizingsequence that

is Bn A Bn m meas nt N and
an M Bn M

Define B nEBn Then B is it measurable
BEA and Bn B Thus

m u B M Bn

Taking limits gives

my B lamp Bn M

Thus B attains the maximum in






































































































































Consider the set S AIB Since B
ismemeasurable and A SUB S must

not be µ measurable or else A would be
too Thus it 5 0

Suppose TES and T is it measurable
Then BUT A and BUT is µ measurable

so bydefinition of MM µ BUT

On the other hand by the remeasurability
of B
M M BUT µ BUT NB MCBUT ABS

ITES ALB

P B µ T

M M T

Thus MIT 0






































































































































CLAIM If pqeQ p q then AtpAAtq 0

Pfof CLAIM Suppose xEAtpAAtq Then
x a p az q for a aztA altar This
contradicts the definition of A as a set
with the property that for

every
XER

there is exactly one ytA sit x
y

Q

By CLAIM YA q is a disjoint union and

A AT
monotonicity

By countable subadditivity and translation
invariance of Lebesgue outer measure

P 10,13 X YA g Eg g Efa
Thus 794170

Suppose Sechx and SEA Then the
CLAIM ensures St tn is a disjoint
union






































By countable additivity monotonicityand translation invariance of Lebesgue measu

n
X 5 715th 21 5 21 74 1,273

STIEATHECO

Thus 7 57 0

Suppose A were Lebesgue measurableThen part ensures PCA 0

This is a contradiction

0



WTS EEMM Acts.t.EE A u CALEKO

First we show Fix SEX Then for
all e 0 Be Eet s t.SE Be and

µ s m Be E

additivityofM
M BEMA M BENA E

M BENA Me Ben A E

monotonicity

M SME MISNA E

M SME µ SME E

where the last inequality follows fromthe fact that
subadd

MISNEY M SMA P SN EPH

MISNA Mhftassimption



Sending
E 0 in shows EEMut

Now we show Choose B that
attains the infinum in the

definition of the outer measure
see HW Q2 a so

EEB Beet M E UCB
Then

SinleEEMM
µ B MBA E MINE

ME M BLE

If it E
to this gives

the
result

Finally suppose MIE
0

Since µ is 6 finite there exist
Ei it A sit YE X and

µ Ei to



By monotonicity a En Ei ECE u Eiko
and since et Mut HW3 Q2 s

ENEIEMP By what we have

just shown ABE Ect s t

EINE EA and

0 MCAILCEIN E P CAINCEFUE

Let A Ai Then EEA Aect and

MCALE MEANEYEWEUCAINE
monotonility

EM AIM E VE

0

By part if EE Mut then
At et so that EEA and

MEALE O Thus E AUCALE
Furthermore by HW3

Q2 b Neet
st NEALE and MCNIPCALE O

This shows

EE AUB AECA and BEN
for sommmm Need



s mmmm

Conversely if E AUB for A and B
as above then

defining
F AUN

we see EEF Feet and

UFFLE MCCAUN NCANB

M NACA NB

EMIN

M N

0
so EE chusby part

By 62 d it is clear that

MF A MCA
since we

may
take the Bi to be

half open intervals On the other
hand for

any BZA BEBIR



ME A uE B M B

Taking
the infinum over all such B

gives

ME A ME A

Define F a o aeR We seek to

show Br M F

First we show Breek F Fix UER open
It suffices to show UEM F

Note that i to to CM F Likewise
f i to 0 CMF Thus

a to a to to EM F By Q4Bir ch F

Since to o XER Cxc to is
closed UI to a is open in IR
hence open in IR Thus



U to 0 EBRE EMIT

Thus if 0 MU we are done

On the other hand if either or

both are in U we can use that
to o ECM F and that
M F is closed under finite unionsto obtain

UEM F

Conversely
to show Me F BE

it suffices to observe that all the
sets in F are open

First note that er E IR EMIR EBR is a o algebra
If Edb then ACNIR RUE DUE 03 A NIR

IRIA IRI AMIR BIR since ANIRE BIR
and o algebras are closed under complements
If Ai Eck then ADAIR AAR EBR
since Ain REBIR iEN and o algebras
are closed under countable unions




