


































































Homework 4 Solutions

KatyCraig
2024

Weproceed by induction

Base case n 0 Co 0 is the union of20 1 disjoint closed interval of length
51 1

Inductive step Assume the result holds

for Cn 1 By definition n is formed
from Cn 1 by removing the open middle
third of each interval Thus the
number of intervals doubles and the

length of each interval is a third ofwhat it used to be Also all of the
intervals remain closed and disjoint Thus
Cn is the union of 2 2n 1 2n

disjoint closed intervals each of length3 3 37



Suppose x yt
c
xcy Choose me NS.t

In lx yl In the set n there
are no intervals longer than In Thus
x and

y belong
to disjoint intervals

in Cn Hence ZE x
y

sit ZEC

Each Cn is a finite union of closedintervals hence is closed Since is

an intersection of closed sets it is closed

By int ol c int c By part
int c 0

Since Cis closed CEBRE Me
so Cis Lebesgue measurable

By definition C 2 and
Ci X 0 D 1 Thus by continuity

from above

C X 1 n oX Cn

LINE 3 a 3 0



First we show f is nondecreasing The problem
states that f is non

decreasing on O DLC

Consequently if xe O BIC

sup flt EE O 1C f x

tax

Since e O D C 0 Dn Eci re IN
so that XE O n Cn Since this set is

open Eso sit Be x o non's co BIC

Thus te O C it ex n 0 ncri is

nonempty and there exists tea BIC
with tax S.t f t f x

Hence equality holds in E

Thus for all x 10,1

f x sup flt tE O 1C
thx



Since x
yflt tE O C tax flt tea DIC try

this shows f is nondecreasing
Next we show f is continuous
Since f is nondecreasing Yaxfly and fxfly
exist and f is discontinuous at a

point to iff Exofly Exofly If xo 0

we use the convention Exofly f o and similarly
if Xo 1 we take 5xof y f 1

Suppose f is discontinuous at xoE O D Then

Exofly xo fly f O D

However every open interval
in o

contains a point of the form for some

KEINN 1,2
1 NEIN Thus KEIN A 1,2

1

and x So DIC sit

f x Ée Exofly fxofly



This is a contradiction Thus f is

continuous at Xo for all Xo E O D

Finally
the fact that fat

follows from the fact that

flt 4 for tea 131C f 1

tne o Cs.tt tn1 2 f 1 21

Since f x is non decreasing glx 6 tx

is strictly increasing hence injective

Since f x is continuous g x fxtx is

continuous By the intermediate value theorem
it attains all values in the interval

glo g I 0,2 so it is surjective

The fact that
g
is continuous is a

consequenceof
Q4



g bijective

First note that g
c
g Ten gunsa

closedintertals k

g
k gCk
gbijective

Since g is continuous g K
is compact

Thus g
c E BR

Now by countable additivity
2 7 0 2 1 20,2 g

c X g
c

G Thus it suffices to show X 0,231gG 1

To do this note that or g
c

gso BICand recall that O BY Ii where
Ii are disjoint open intervals and
f is constant on each interval i e f Ii Ci



Now

0,231gc X g
0 DIC X g TIil

X
g I.IE Eih9jEn EX fcIi I

translation invariance

ETX Cit I EXCI 21 In Aco Bic
cuttable

additivity

By Q3

0,2 lg c X
0 C X c B 7 c 1

By HW 3 Q5 since 7
y
c 1 0

A g
c s.t.AE Mx

However g
A EC and 7 0 0

so we must have g
A Mp

since Lebesgue measure is complete



Note that gt BIR cannot be true
If it were then the fact that

g
is continuous hence Borel measurable
would

imply
g g A

AE BR
which contradicts AE elles

Since Ce BR X1 0
g
A EC

and g
A BIR this shows that

not all subsets of Borel null setsare Borel Thus Lebesgue measure
on Borel sets is not complete

For any xot R 1 xp is Borel
measurable since is closed
However if At BR

1A x Exo x

is not Borel measurable since
1 13 A BIR



By Q2 ii it suffices to show
the
preimages of

0 to

and B are measurable for all
BE BIR

g n 0

ng 0 to

U
g

a n f 0 03
u f to

Ng 0,01
U
g

to A f 0,01
which is measurable since f and

g are Similarly we see fg a

is measurable

It remains to show fg5 Bleak
BE BR

Define Flx x if fk ER flxltf.ge
O if f x e to

and glx in the same
way



By Q2
ii F B f B if 0413

f B UF n if OEB
is ell Bir measurable Thus by
thepractice midterm Fg is ell BR measurable

Since I xg x fklgk it xe fgl IR for
all BE BR fg B xefgi.IR flxlgk EB

xe tg R glx B
Fgt B
tell

Recall the notation F and g from the
proof of part
Fix BE BR Then
Hty B g YB if a B

Itg B U x f x g IN ifatB
er

bythe Cell Bir measurabilityofF and g the Practice Midterm and
Q2 ii



Likewise
f g 3 f to

ng to to

U g
to Nf 16 0 to

tell

by Q2
ii

Similarly f g
03 Eck

Thus a final application of Q2 ii

ensures fig is ell Bip measurable

Bydefinition

glx inf sup fleekno ocsch

Since he Esan is decreasing
as no its limit as he exists and

glx kg 8f



Since f is continuous 850
A f xt8

8
is continuous Thus nEN HWI
Q8 ensures

GE
8

is lower semicontimous
By

Mid
1 Q3 a it is Borel measurable
Thus

g x is the limit of measurablefunctions hence measurable

Since a function h R R is

Borel meas iff h is Borel meas

applying the result of part to f
we see that

liping
f h

limgy fhf.tl

is Borel meas
D Ex fe e1



so D


