
Math 201a: Homework 5
Due Sunday, November 10th at 11:59pm

Questions followed by * are to be turned in. Questions without * are extra practice. At least one
extra practice questions will appear on each exam. All answers should be justified with either a
proof or a counterexample.

Question 1*

Consider a measure space (X,M, µ). Suppose f : X → R is measurable.

(a) If f ≥ 0 and
∫
fdµ < +∞, prove that {x : f(x) = +∞} is a null set.

(b) Under the same hypotheses of part (a), prove that {x : f(x) > 0} is σ-finite.

(c) If f ∈ L1(µ), prove that there exists g : X → R so that g = f µ-a.e..

Question 2*

Let µ be a locally finite measure on (R,BR). (See HW4, Q1 for the definition and some key facts.)
Define

B(x, r) = {y : |y − x| < r}, B̄(x, r) = {y : |y − x| ≤ r}.

(a) Prove that, for all r > 0, x 7→ µ(B(x, r)) is lower semicontinuous.
Hint: First, prove that µ(B(x, r)) = limn→+∞ µ(B(x, r − 1/n)).

(b) Prove that, for all r > 0, x 7→ µ(B̄(x, r)) is upper semicontinuous.
Hint: How can you adapt the hint from part (a)?

(c) For any k ≥ 0, prove that

f(x) = lim sup
r→0

µ(B(x, r))

rk

is Borel measurable.
Hint: Write f(x) = limr→0Gr(x), where

Gr(x) = sup

{
µ(B(x, ρ))

ρk
: 0 < ρ < r

}
.

Question 3

(a) Suppose φ : R → R is Lebesgue measurable, ψ : R → R, and φ = ψ Lebesgue almost
everywhere. Then ψ is Lebesgue measurable.

(b) Now, suppose φ : R→ R is Borel measurable, ψ : R→ R, and φ = ψ Borel almost everywhere.
Is ψ is Borel measurable? Justify your answer with a proof or counterexample.

Page 1 of 3 ©Katy Craig, 2024



Question 4*

(a) Given a Lebesgue measurable function f : R→ R and a Lebesgue measurable set E prove that∫
E
f(x)dλ(x) =

∫
E+c

f(x− c)dλ(x) for all c ∈ R,

whenever the integral
∫
E f(x)dλ(x) exists.

(b) Suppose that f : R → R is a nondecreasing function that is differentiable Lebesgue almost
everywhere. (In fact, you can prove in a later measure theory course that all nondecreasing
functions are differentiable Lebesgue-almost everywhere!) Prove that∫

[0,1]
lim sup
n→+∞

f(x+ 1/n)− f(x)

1/n
dλ(x) ≤ f(1)− f(0)

Hint: It can be convenient to assume, without loss of generality, that f(x) = f(1) for all x ≥ 1.
Use part (a).

Question 5

Consider a measure space (X,M, µ) and a sequence of nonnegative, measurable functions fn
satifying

fn(x)↘ f(x) for all x ∈ X and

∫
f1 < +∞.

Prove that

lim
n→+∞

∫
fn =

∫
lim

n→+∞
fn.

Question 6*

Consider a measure space (X,M, µ) and a nonnegative, measurable function f ∈ L1(µ). Prove
that, for all ε > 0, there exists A ∈M so that µ(A) < +∞ and

∫
A f >

∫
f − ε.

Hint: use the definition of the integral in terms of simple functions, and choose a simple function
with integral close to

∫
fdµ.

Question 7*

Prove the following generalized dominated convergence theorem:

THEOREM 1. Consider a measure space (X,M, µ). Suppose fn, gn, f, g ∈ L1(µ) are functions
for which the following hold:

(i) fn → f µ-a.e. ,

(ii) gn → g µ-a.e. ,

(iii) |fn| ≤ gn µ-a.e. ,

(iv)
∫
gndµ→

∫
gdµ.

Then
∫
fndµ→

∫
fdµ.
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Question 8*

Suppose (X,M, µ) is a measure space and f : X → [0,+∞] satisfies f ∈ L1(µ). Prove that, for all
ε > 0, there exists δ > 0 so that if E ∈M satisfies µ(E) < δ, then

∫
E fdµ < ε.

Hint: Proceed by contradiction, so that you can find a sequence En ∈ M with arbitrarily small
measure so that

∫
En
fdµ ≥ ε. Consider the set A = ∩+∞n=1 ∪k>n Ek.

Question 9

Consider a measure space (X,M, µ).

(a) Fix a nonnegative, measurable function f . Prove that ν(A) :=
∫
A fdµ is a measure on M.

(b) Suppose (X,M, µ) = (R,BR, λ), where λ is Lebesgue measure. Fix f ∈ L1(λ). Consider the
cumulative distribution function

F (x) :=

∫
(−∞,x]

fdλ.

Prove that F is continuous.

(c) Given an example of a Borel measure µ on the real line for which the cumulative distribution
function

F (x) :=

∫
(−∞,x]

dµ.

is not continuous.

Question 10

In this question, you will show why the lim inf in Fatou’s lemma can’t be naively replaced with a
lim sup. Fix Give an example of a measure space (X,M, µ) and sequence of nonnegative measurable
functions {fn}n∈N so that fn converges pointwise to some f but

lim sup
n→+∞

∫
fndµ <

∫
lim sup
n→+∞

fndµ.
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