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Thus

lines f OfHn Adue eµk
Since ESO was arbitrary and Mex

Cta

this gives the result

Define feinted sin Hn fz.nl x Ct

Both of these functions are Cts hence
Borel measurable I o n x is
a simple fin hence Borel measurable
Thus the productof these three

functions firm is Borel measurable

All Borel measurable functions are

Lebesgue measurable
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Bydefinition
UCP f E M DX Mi Exex f x

LCP f E miΔxi me fexexftx

Thus if we define

Up x Et Mi Lexx lp x Elmitexin xis

we have UP f Supdx LCP f Slpdx

Since f is Riemann integrable

G fix dx iyfU P f sypL P f

Recall that one partition P is a

refinement ofanother partition P if
Exo xT Xn xo̅ x ̅
Note that this implies











































































a U P f U P f

L p f L P f

Choose sequences of partitions PR PRthat attain the infirm and supremum in G

Is UCPR f ingu
CP f Ed L Pk f spupLIPF

By refining a partition only makes
the upper sum smaller and the lower sum

bigger Thus we may define a new

sequence Pks.t.PK is arefinement ofPiland Pkt for all KEIN
and

Eso UCPk f infUCP f spupLIPf Is L Pr f











































































Similarly we
may assume W20G that

Piti is a refinement of Pk for
all KEIN

This last fact ensures that Up x and
l p k are

decreasing increasing
by definition of Mi and mi

Since f is bounded for each
15s Up x retx and kaolin lx exist

and are real numbers

Since lppk f x Up x xe a b we have

x fix u x x e a b

Furthermore
Sudx 5 5 uk dx 5 U Pk f xldx
Dominated convergencetheorem since

UK E 1 a b If lot flu

Sldx 5s Sled x Is LCPK f fade
Dominated

convergence theorem where lk has the

same dominating for as rek above











































































In particular we obtain l u Sldx Suda
so u 120 and Su l dx 0

Thus u lta e so

byu f a e in a b and f is measurable

Finally by
and

the fact Sldx Judy we conclude

Sfdx If 1 a b dx Suda fkldx
air

Lastly since f is bounded and
measurable we have Slf1 0 so

f is integrable on a b Caib

Bydefinition
fWdx É É b Lbs

Thus Is fix dx
n

to

byconvergence
ofalternating series On the other
hand Beppo

Levi

sifldx nEStn1mmtbdx E.tn to
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Since fnefm a.es there exists
Need with MCN 0 so that Isfr f

XEN Then Intris measurable and
In Inc fat 1 xEX so Inefft
is measurable and f In fare

Furthermore byFatou

Stf Ipada limeyStint 1 edu M

so f 1pct Ltl which implies felt ul

Using the inequality at the topof
the

problem and the Dominated ConvergenceThm

its fml 1 fm f If11 5152 fml Ifm f1 111 0

im f fml Ifm fl 1ft
V1

1h51 fml fm f If imsup Hnl Ifn ft Slf











































































Thus limsups fml Ifn f 51ft

On the other hand ensures

Ha fml for f 111 0

liming fml for f 1ft
A

liming fml for f If

timing Ifn Ifn fl 51ft

Thus timing Hnl Ifn f 121ft

Since felt'u and 11 full layup lift legal
most full

Leg
M Knew

Thus we
may applypart thus

if To Ifn Ifm f To Ifn S fm f

Since Slful Slf

0 1 Ifml 5 Ifm f 1 Life 5 fml In San t











































































Define fantx sink fam x Ctx

Both of these functions are cts hence
Borel measurable 1 o d x is
a simple fn hence Borel measurable
Thus the productof these three

functions fn x is Borel measurable











































































All Borel measurable functions are

Lebesgue measurable

First note that 5 1

This Ifn x glx.fi e1co to x

Note that get X since

Sg x dx x disfe a 5 12 dxx
corresp Riemann integral

Is 1 Hx l
Is 1 Ib

1

Thus by DCT byabovecomputation
forget

Is J f n dx Sler find a Setae 1
0 d

0











































































Note that for E o

m Ex Ifn x gn x f x glx
E

uEx Ifn x f x gnlx g x
E

u Ex Ifn x fix u x Ign k g
x 12

0 since fn f and gn g
in measure

Thus fntgn ftg in measure

Note that for e o

µ Ex Ifn b gn x f x g x
E

u x fn xlgn x f x gn
x fklgn x fkgx1 E

cef lgnf 3 tm fg yz











































































First we consider For M 1

EuEx ly x 11 fnb f x e

u x Ign x lgx 1

go.ME fEe3
eB EÉehB

For ID define Em x glx 12 m 13 Since

µ EI µ x Ltd by continuity fromabove You Em ul Em 110 0

since g is real valued
Thus 8 and

we
may choose

M 1 so that this term
is
arbitrarilysmall

Frany fixed M 1

since for f in measure

5 since gn g in measure

Thus 0











































































Finally we consider Again forM 1

u x Mlgn x g 12 e u x f x M

As in above we
may

choose m 1 so
that the second term is arbitrarily smallFor
anysuch

M the first term converges
tozero as n o since gn g in measure

Thus 0

This shows frigm fg in measure

Consider the measure space IR Mx X

Define for tn1 on and grix g xtxThen as shown in class fn 0 in

measure and bydefinition gnlx g x

in measure However

X x gnix fu x 21

X Ex 1 can k

X n











































































which does not converge to zero as n to

Thus fugn fg in measure
















































































































































































































































































































































































































































































































































































































 

Final Exam Solutions
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