
 

Lecture 13
Recall

Def Asequenceofmeasurable
functions for X IR

converges in measure to a

measur funtionf X IR if
EDO

110M Ex fn x f x 12 E 0

Likewise for is Coyinmeasure if E O

lim
m n ou Ex fn x fax 12 E 0



The Consider frix R meas
Iil If for is Cauchy

in measure

then f X IR meas St
a for f in measure
b fnks.t.fnpfu a.es

Iii If in addition
frogin measure then f
gu

a e

Prop
a If f is Cauchy

in L a
then it's Cauchy in measure
b If for is convergent in
Ltful then it's convergent
in measure



MAJOR THEOREM 8
Cos If for is

Cauchy
in

27m then FELT a and
a subsequence fink sit
fnk f tea e

MAJOR THEOREM A

Core Ltu is a Banach space
that is a complete normed
vector space

Summaryof different modes
of convergencefor f in 27ft I Icom
for f in measure

up to a subsequence
for f µ a e



To answer we first showMAJOR THEOREM IV

Thm Egoroff Suppose u x to

and fn if X IR measurable
s.t.fm fee a e

Then ESO Eeels.t

µ E E s.t.fm f
uniformlyon ES

PfCase Assume fn f pointwise

Define En k Ex Ifm x f 1

Then Engk Enti k nik



Since u x to

cty fromabove ensures for
any

KEIN

Momen k at En k fast
pointwise

xeX KtN IM E Qinath

Fix so Gilitary Then KEIN

nke NS.t

M Enk k EK

Let E Enkik Then

M
E EM En k Ek E

K I



If x E then Enrik KEIN
that is for any KEIN Anak

x Ifm x fix 1241

Therefore KEIN
Han x f x c men and EE

Hence for f unit on E

Case Assumefrfu a.ee

Define N Ex fn x Fk
so µ N

0

Define got for 1ns g f 1ns

Then gn g pointwise



By Case 1
E O Etch

with MIEKE St
greguniton E

Let FEUN Then MCFI ETO E

and fn gn g
f uniformly

on F O

Car Suppose u x ato and
fn f X IR measurable sit
for fee a e Then fpf in
measure

Pf Fix
40

By Egeroff870 Etch s.t.ME 8
s.t.fm f unit on E



Thus

µ Ex Ifn x f x E

is
u x E Ifn x f x 1 E µ E

Thus
1m Pm Ex Ifn x f x E

ÉEx Effnk fxE
8

since fref unit on E

Sending 0 we conclude
fmf in measure



Product Measures
is a
nonempty

set

Prop Given E 2X Fa
smallest o algebra containingE denoted cM E

Rmk
Talif E ECM Fi then ACE EMF
b if EEF then M E EM F

Let
Xx MEA be a countable
collection of measurable
spaces
X LIAX α X x X2 x Xxx

Let Tx denote projertionofXontoxa



Def The proatoalgebra is

Mx cM T Ex Ex EMA
EA HW

rectangle

Ex ex BR Ex a b A 1,2
d

Goal WTS Bpd BIR

Prop Given Exc 24 sit XatEα
suppose cMα cM Ex Then

Ma CMI Ex EE Ea
αEA
Ex Ex a to ask or a o



Pf By b

CMI Ex ELE α

M T Ex ExecMD
EA

We now show the opposite
containment By a it suffices
to show

T Ex EXECUTE
EA

CM IT Ex EE α

A

Note that
T Ex EX EX MIKE E α αEA
A EX Tax EES



2 I Ex
W

countable intersection

This
it suffices to show

LEA and Execla

TITEDENTÉELE
EA

Recall that since it is a

algebra its pushforward
under the function Hax Xa
is also a o algebra where

FL EEX α E EA



Furthermore because XLE Ex
EA and

H2 Ex X x X 2x Ext Xati

we have Ex Ex

TIYENESI.AE ELEEBECA

Thus Ex FL Hence
Me Fix

This shows



topological see Bogainev 6.4.2

The Given metrispaces
X1 X2 Xn and

X Xi

endowed with the metric
me I

Imax x x2 Xn y g4 ynmax di Xi yiit in

Then Bx Bx

Furthermore if the Xi's are all

separable then Bx Bxi
countable dense subset



Rmc Imax is convenient because

Brix Xn ly yn dmaxkg or

y di xi giler i

IT Brixi
Rak However since the defor
of Bx only depends on the

topology of X this result
continues to hold if Imax
is replaced by any
equivalent metric


