
 

Lecture 14
Recall

MAJOR THEOREM IV

Thm Egoroff Suppose u x to

and fn f X IR measurable
s.t.fm fee a e

Then SO Eels.t

µ E E s.t.fm f
uniformlyon E

Car Suppose u x ato and
fn f X IR measurable sit
for fu a e Then fpf in
measure



Product Measures
is a
nonempty

set

Prop Given E 2 Fa
smallest o algebra containingE denoted cM E

Let
Xa M A be a countable
collection of measurable
spaces
X T X α X x X2 x Xxx

A

Let Tx denote projertionofXontoxa



Def The pdto algebra.is
Mx cM T Ex Ex EMA

EA HW
rectangle

Prop Given Exc 24 sit XatEα
suppose cMα CM Ex Then

Ma CM IT Ex EαEEα
EA A



topological see Bogainev 6.4.2

The Given metrispaces
X1 X2 Xn and

X Xi

endowed with the metric
me in

Imax x x2 Xn y g4 ynmax di Xi yiit in

Then Bx Bx

Furthermore if the Xi's are all

separable then Bx Bxi
countable dense subset



Rmc Imax is convenient because

Brix Xn ly yn dmaxkg or

y di xi giler i

IT Brixi
Rak However since the defor
of Bx only depends on the

topology of X this result
continues to hold if Imax
is replaced by any
equivalent metric

Recall
Fact 1 If X1 X2 Xn are n

separable then so is XII Xi



Fact 2 In a separable metric

space every open set can be

written as a countable union

of open balls

Fact 3

EF Ei E EX E open
re UEX Uopen

Pf For the first part of thetheorem note that byPropn n

Bx M TI Ei Ei E Xi E open
Fact 3

cell U U E X Uopen
Bx



Now suppose X X2 Xn are

separable By Facts 1,2

every open
subset of X can

be written as a countable
union of balls Thus it

suffices to show that for

any
ball BE X

n n

BE Bx M I Ei Ei Xi E open

Since X is endowed with Imax
B It Bi for Bie Xi Bi open ball
this is immediate

Product Measures



measure spaces X Mu Y N V

Rectangles AxB AEM Ben

Manier A B AEM Ben

Goal Prove existence of a uniquemeasure nor on the measurable
space Xx Y Mon so that

Mov A B UCA V B

for all rectangles with a A V B

AYB
Cto

BII
I m



This motivates the developmentof
necessary

conditions to ensure a

measure is unique
will do with Monotone

Class theorem

Recall
Fixa nonempty subset X

Defict is an algebraofsubsetsof X if it is a nonemptycollectionthat is closed under finite
unions and complements

Rmk O Xect



Def
C 2X is a monotone class

if it is a none ycollections
i Ei EC E EEE DET E C

closed under countable

increasing unions
Iii Ei EC EP Eze D Eite
closed under countable

decreasing intersections

Ex Any
6 algebra is a

monotone class

Ex X 1 2,3
C 13 1,23 is a monotone
class but not a o algebra



Prop Given
any

E 2 nonempty
there exists a smallest
monotone class containing Edenoted CIE

Pf HW or practice midterm

Thm Monotone Class Theorem
Given an algebra at 2T

Clot culet

Pf Since Met is a monotone
class we immediately obtain

Clet Ecklet



To prove culet Cleft it

suffices to show et is a

o algebra
I c

For
any

EEC define
EE FEC EIF FIE FMEEC

i Note that E E EE

Ii FEEE EEEF

iii if E Feet then FEE E

iv CEM For
any

EEC EE
is a monotone class



Pfof ClaimIf EB EEE E EZE

WTS EIE EE

ELLIED En E C

ME

decreasingintersectionte

IYTE ME I EILE EC

YIENNE YT EINE EC

Thus FEI EEE
Via a similar argument EE is closed



under decreasing intersections
so EE is a monotone class

Combining iii and iv

for any Eect CA EEE
and since EE is a monotone
class C EE that is

Eect FEC
FEEE EEEF

Thus FEE CA E EF
thus C

EF

Since XEC XEEF so
IF FCEC



This shows C is

closed under complements

Likewise for
any

E FEC ENFEC

Furthermore if E Eze C
E V Ez Ein EI ee

T.EC

Thus C is closed under finite
unions Hence C is an algebra
On HW2

you
showed that if

an algebra is closed under
countableincreasing unions it is a



algebra Therefore C
isa o algebra
Now sufficient conditions
for uniqueness of

measures

Thm_ uniqueness of measures

suppose
ct 2 is an algebra
u and v are measures

on M et strong finiteness

A Ect sit A

M Ai to i

Then u A VIA AFCA MN



Recall from lecture
Given measure space X Mu
AEM

MA E MCENAI
is a measure on X M

Pf
Casetu x to so v x Ltd

Consider E Etch et µ E VIER
Since CASE it suffices to show
E is a monotone class to conclude

culet et E



Fix Bi if E E B B2
Then by cty from below

µ 1B i Isu Bi

12 W Bi V Ei

Theis Bit E

Similarly E is closedunder countable decreasingintersections by cty
from

above since u x to

Thus E is a monotone class

case2 u x 0



WLOG we may assume Ai
in strong o finiteness hypothesis
are disjoint

Otherwise BFA B2 21A

Define µ E ULAINE
Vi E MAINE

These are finite measures on X

By case 1 Mi Vi

Finally for any
Eecklet

Ai disjoint Mi E

IYENA.DEETERIA



E.VE Ai vIE

Thus u V

End of materialfor midterm 2


