











IMPORTANT MESSAGE ABOUT MIDTERM 2:




On the midterm, there is one question where part (b) says, 
"Use part (a) to show..." -> You really need to use part (a).



(Another solution to this problem would be to use a 
homework problem, but that is not what I am looking for.)

Lecture 15

Recall

Product Measures

measure spaces X Mu Y N V

Rectangles AxB AEM Ben

Manier A B AEM Ben

Goal Prove existence of a uniquemeasure now on the measurable
space Xx Y Mon so that



Nov A B UCA V B

for all rectangles with a A V B
Cto

Def
C 2X is a monotone class

if it is a nonem colletions

i Ei EC E EEE DET E C

closed under countable

increasing unions
Iii Ei EC EP Eze D Eite
closed under countable

decreasing intersections



Prop Given
any

E 2 nonempty
there exists a smallest
monotone class containing Edenoted CIE

Thm Monotone Class Theorem
Given an algebra at 27

Clot culet



Thm_ uniqueness of measures
suppose
ct 2 is an algebra
u and v are measures

on M et strong finiteness

A Ect sit Ai x

McAi to i

Then u A VIA AFCH V



We now have what we need to
return to our goalof proving
MOV

Def For any
EEMON the

esection is Ex y g
EE

Yeftion
ET Ex x

y
EE

ExE
E

E
X

X

Basicproperties of sections



A IF E AXB AEM BE N
Ex EGA if ye B

if
y B

B Given E Mon

EE x y g EYED

y x
y EEBYTE.ly

C Given EEMAN

E x
y

x
y
EE

y
x

y
E E Ex



Prop If EEMN then

EXEN EYEMKXEX.ge Y

Pf Let E E EMON holds

WTS MONE E

By A E contains all rectangles

Since Mon is generated by
rectangles it suffices to show
Eisa o algebra This follows

from properties B and c



Bac PropertiesofSections cont
D If EEMON then

V Ex 1E.lydvly f1ekyldvly

Thm Consider o finite
measure spaces X Mu 14 Np

For any EEMON

i the functions
XD V Ex and YAM

ET

are 1M Birland IN Bu meas



ii So EXdulx METduly

Spoiler ii is equivalent to showing
551 yldulyduk 551Elxyldublduty
Y Y X

108 E

we will define
nor in this

way
First a lemma
Lemma Consider measurable

spaces X M Y N Let
ct Ei EB are disjoint

rectangles and NEIN



Then et is an algebra andell ett Mon

Pf For et is an algebra
see HWA

Since all rectangles belong
to ct

man Ecklet

Since et Man and RHS
is a o algebra or d Man

Pfof Ihm
Casef Suppose u x v Y at



Let C EE Mon i and ii hold

Our goal is to show
C MON

Strategy for proof
III show et EC for
ct Ei EB are disjoint

rectangles and NEIN

II show C is a monotone class
Lemma Monotone Class Thm

Then Montellet et C

We begin with I Suppose Eeet
that is E Ei Ei Ei Aix Bi
disjoint mama



By property B disjoint

Ex Ei 7 Eix
Ex BIFXEA

Thus ifx A

V Ex EU EiXF E 1Aik V Bi
This is M Bir measurable

Similarly µ ET is NBR meas

Thus E satisfies i

Furthermore n

Sv Ex dux 1A x V Bi duk
n

EM Ai V Bi



FM EY duly
Thus E satisfies ii

Now we prove II that is
C is a monotone class

Let En nI EC E EZE
WTS E Ene C

Note that E.DE E2 YE Vxex

EilxElEilxE
yeYThusfly

u EY andghxl.ir Enlx

arenorineg measfrs



Bycty from below kxex.ge Y

fnly u ET gn
x P Ex

Thus E satisfies i Furthermore

by Monotone Convergence Thm

YMIEYdvlyl.AM EN

Limoffnlyldoly
ppm

is gnex duk

fvExide x

Thus E satisfies ii

d



This shows C is closed under
countable increasing

union

It remains to show C is closed
under countable decreasing
intersections

Let En nI EC E Ez2
WTS E Ene C

Note that E 192 E 2 92 xex

Ei x2 Ei x YEY

Thus fly u EY andghxl.ir Enlx
are noring meas frs



Bycty from above It Yet It
fnly u ET gnk V Ex

Thus E satisfies i

Furthermore

fly u EY u x
to

gift VICE EV Y d

and bold fris on finite
measure spaces are integrable

By practice midterm
2 Q2

holds so E satisfies

property
ii Hence EFC



Thus is a monotone class

Cast suppose u v o finite

Ai EM E'AFX µ Ai Cto

Bi EN YIBi Y V Bi to

WLOG we may assume Ai and
Bi are increasing This ensures

9 Ai Bi X XY

Note that mi A µ AAAI
Vi B V BABI

are finite measures

Also note that



S1Adeei S1A1Aidu
linearity

59dm 5 9 1Aidu 9 simple
9n f monotone conv thin

Sf dui Sf 1A du f nonney
meas

By Case 1 EEMEN

H Vi Ex y Mi ET are meas

Svi Ex dui x MET drily
Bycty from below xex yet
Vi Ex 8 Ex MILEY THIES
so E satisfies i for u and

v



Also Vi Ex 1A x V Ex I

mi ESI 1Bily uE9

By Monotone ConvergenceThem

So Ex desk
0 Ex 1A duk

Mi Vi
Man Vi Ex duikly finite

meas

15 Miles drily
µ
EY duly

Thus E satisfies Iii for m and V 0


