



































































































































Lecture 1

Why measure theory
Q What is the total length of an arbitraryset EER power set or
Can we define a function µ 2R 0,1 0
so µ E d dimensional measure of E

Propertieswe'd like to have

Ford 1 E a b want µ E b a

For Ii it disjoint intervals we'd want

µ Ii MIII
But what about E Q no D

flew L what about the are a

under the graphof f xfor f x arbitrary
Sf x dx
R






































































































































mid 1800s
Pre measure theory Riemann Integral
rigorous defnof integral of e g powits fins in terms of upper lower sums

FEET
PROSgood enoughfor ordinary functions
cons not good for taking limits
For example given fifz fs

Ca b R

when can we conclude that

Life fill dx fadx






































































































































Measure
theorya

much more powerful
theoryof integration than the Riemann integral

PROST a much larger class of functionsis Lebesgue integrablebetter for taking limits of fns
consequently better suitedfor probability functional analysisPDE

None

First goal define a function µ 2R OtD

satisfying the following
If Ei 2R or Ei 2k

are disjoint then

µ Ei EE MEI MCE Ei E ME






































































































































Def If µ
2R 0 a satisfies

criteria it is finitelyadditivecountablyadditive

µ a b b a

µ Etc µ E for all CER EER

xtC EE

Def If µ
2 To to satisfies

criteria it is translation
invariant

The vitalil No such function exists

Lemme monotonicity
Given a set

and µ 2x Co to is finitelyadditive then A B EX

AEB MCA µ B

d






































































































































Pf Finite additivityand
nonnegativity

B

imply
µ B µ AU BIA

µCAl µ BIA

µCA

PffTm
Assume for the sake of contradictionthat such a µ exist

Define an equivalence relation on IR

Ny x yea
Ex YER y x

Claims Everyequivalence class
contains an element in C D






































































































































For each equivalence class choose
an element in Co

belonging
to

that class and call the

resulting set A

Warning Axiom of ChoiceBogacher 1.121 1

Let B U Atg
qEQnEl

ftp w2 this is a disjoint union
i ii

claims 0 BE E 1,2

i For any
0 I XE a for

some at A This x a q for qeQSince e 0 at O D q
e El

Thus E B






































































































































ii
If beB then b atq for some
aEAE o and qEE1 thus be E 1,2

Bymonotonicity lemma and
criterion 1

I µ Co D µ B Em EI 2 3

However by criteria and

µ B ƩmCAtq Ʃ MCA
qfQMEI.IT GEOMEI D

Since µ B E3 MCA 0

Thus µ B 0

This contradicts that µ B 21 0






































































































































Which criterion do we weaken to getexistence of such a megaffsize
If we weaken to finite additivitythere are still problems for d 3

Banach Tzarski Paradox 19241

U E Ei V Fi

o
Fi is a rotation translation of EiBogachev 1.12 xi

If we weaken criteria or no

longer compatible with usual notion

of length
measure

Two good choices I

don't require µ to be definedofall of 2K
still define µ on all of 2k but
replace countable additivitywith countable subadditivity






































































































































that is for
any

Ei disjoint

MCE Ei EVE
outer measure

We'll see that

given a measure on a nice

family of subsets of
IR it extends

to an outer measure on ZR

given an outer measure we can

single out nice sets on which
it is a measure

Measures

What find offamilyof subsetsshould we restrict to

Let X be a set






































































































































Def et 2X is an algebraoffsetsof if it is
nonempty

and

Ei Entet f Eie
EEet E C A

closed under
finite unions

closed under
complements


