



































































































































Lecture 2
Announcements Office Hours Mid 2 Date
Recall

Def µ
2Rᵈ O 8 is finitely

additive resp countably Five iffor Ei I 2Rᵈ resp Eis 2Rd

disjoint we have

µ YIE IM Ei Iresp.MlYTEiFEIMED

Def µ 21 0,1 0 is translation
invariant if µ Etc p E for all
EEZ R CER






































































































































Tmt Vitali There is no function
µ 2K 0,1 0 that is

countably
additive translation

invariant and satisfies
µ a b b a a c b

First
way

to fix this problemrestrict µ to a
family of

nice

sets
Let X be a nonempty set

Def ct 2 is an algebraofsubsets of X if it is nonemptyand
Ei EnEct E Ect

dueEECA E Ed closed under
closedunder complements finite anions






Lemma If etisan algebra then
Oect Xect

Ei Entet Eie et
closed under
finite intersections

Pf HW2

Ex
i et 0 X
Iii et 2x
iii Let it be the collection of all
finite and cofinite subsets of x



Def
ct 2 is a algebra

ofsubsets if it is an

algebra and if it is closed
under countable unions

Remark A o algebra is alsoclosed under countable
intersections

Remand Any algebract thatis closed under countable

disjointrons Tis

Ei Ect disjoint Eitel

is a o algebra



Ex i and ii are 6 algebras
iii isn't always

Def Given a nonempty setand a algebra eh 2

we will call x eh a

measurable pace We will
call Etch a meableset

Prop Given
any

E 2 there
exists a strollesto algebra
containing

E which we

denote ele and referto as
the algebra generatedbye
i



that is all other o algebras
Fi that contain E satisfyM E Fi

Fim

Given
any nonemptycollection C of o algebrason X then

ME EE X EEct etE
is a o algebra
Pf W2

Let C et et 2 isao alg Ect
Since 2 EC we see that C
is nonempty



By CLAIM MC is a s algebra

Bydefn ofC Eene and
for
any

o algebra etst E Eet he Ect

Thus chCE ne

Rmt Intuitively MCE
creates a o algebra containingE by going from the outside
in that is with o

algebras
that are too big and takingintersections



Recall a
topology

Tony

is a collection of
subsets

ofthat is closed under

arbitrary unions and finite
intersections elements ofTare opensets
Let X T be a topological
space

Def The Borel o algebra
of X denoteB x.is the

algebra generated by TIts members are known
as Bets



What do the Borel sets
look like Go from inside out

Notation FER
Fo all countable unions ofelements of FrTS all countable inters

of elements of FFT all complementsofelements of F
To build B x from inside out

T TS TSUITS BIX
Borel hierarchy uncountably

many steps












