



































































































































Lecture 3
Recall

Let X be a nonempty set

Def A nonempty collection ofsets et 2 is an algebra if
it is closed under finite unions

and complements

Lemma If et 2 is an algebra
Oect Xect
Ct is closed under finite intersection






































































































































Def
ct 2 is a algebra

ofsubsets if it is an

algebra and if it is closed
under countable unions

Def Given a nonempty setand a o algebra eh 2

we will call x eh a

measurable pace We will
call Etch a meableset

Prop Given
any

E 2 there
exists a smallest a algebra
containing

E which we

denote ele and referto asthe algebra generatedbye






Recall a
topology

Ton X
is a collection of

subsets
ofthat contains 0 and X

and is closed under

arbitrary unions and finite
intersections Elements

ofT are called open sets

Let X T be a topological
space

Def The Borel o algebra
of X denoteBI is the

algebra generated by TIts members are known
as Bets



Prop The Borel o algebra of
IR

denote BIR is generated
by each of the followingi open intervals.EE a b a b
i closed Ez a b a b

iii half open Ez a b a b

iv open rays Ecf a a aER
Iv closed rays Es a.tn aeR

Def Given a measurable space
X M a measure is a

function µ M 01 0 sit
i MCO O

Iii given Ei EM disjoint
Ml Ei EIMED



We call x M.nl a measure
space

Tha For
any

measure space
x M µ and A BEN
ABE EM

i AEB µ A µ
B

ii AEB MCAK to

µ BIA µ B MCA

iii µ Ai µlAi
iv Ai C Ait i Mf Ail Fantail
city from below
v Ait C Ai i MCA to 4am

µ AT Ail liq µ Ai above



Pf Last time we showed i iii

iv Define B Ai
Bi Ai Ai i fori 2

Bydef
9 Bi An

Hence 9B An

Then µ An µ Bi µ Bi
Consequently a

1Jan An µ Bi

µ 9BN MC Ai



v

Define BEARA
ff

By constr BE Bitt

9B CA Ai

YICA nA A A Ai

in ANATA

Therefore I
µ Ai µ A A A A

YEHEAD



µ Ai I 2 µ Bi HH
below

µ AIA Here
Rearranging gires

12nA

12 µ Ai µ Ai

Ex
Whyte A

Ctd is
necessaryfor cty from above

X IN M 2N µ E IEI

Let Ai NEIN n i

I
Ai

a
















