



































































































































Lecture 4
HWI
Hint Can you show that
f x fTx

piqEQs.t.fix p q FX






































































































































Recall

Measure Terminologyx Mim
µ is finite measure if u x to

µ is a o finite measure if

Ei i TEMS.t.IE X

and µ Ei IN EIN
EE 2X is a mullet tofuif EEM and µ

E 0
Wesay

that a property holds for
fatalmost every

EX if the
set of points where it fails
is a well set
abbreviate µ a e or a e



Outer Measures

Def An outer measure on X

is a function m 2x O to st
i P 0 0

Ii AE B M A M B

ii MLY AI EUTAI
hotnecessarily disjoint
Given any outer measure it

Def VA EX is it measurable if

4H E ME NAMEMAY EEX

A breaks apart any set nicely



Let Mux A EX Aisa meas

Prop For any
outer measure it

if µ B 0 then BEMM

The Carathéodory Given an

outer measure it
i MMP is a o algebra
ii it is a measure on Mup
Before proving

this theorem
we will prove the following Prop



Prop Mu is an algebraand
it is
finitely

additive on

Mur

Furthermore given Bi it due
disjoint

4 En Q Bi ETMEN Bi EEX

PfSince MTO 0 E Mut
hence Mee is nonempty

M



Furthermore Mur is

closed under complements
by definition of Mutsince defn is symmetric
in A vs A

To see that Mut is closed
under finite unions it

suffices to show
A BEMUD AUBE Met

Suppose A BEMP Fix EEX

MTE
P ENAI MIERAS

AUB

P EMANATENA ABI MIENATBY



subadditivity EM AUB

ZUENUCENAMBDTMTENCAUBI.IM
ENCAUBD M ENCAUB

Therefore AUBE Met
Hence Mur is an algebra
To show the second property
suppose Bi Metdisjoint
Fix EEX

Base case n 1
Inductive step assume

for n 1



MIENCE Bill a since Bremme
Ʃ MIENCE Bi NBN 1 ENCYBil NBN

M EN BN MYEN Bill
ind hyp
P ENBN ET MIEN Bil
n

E MIEN Bi

Therefore holds

Taking E X this shows
it is
finitely

additive
on Max



Prop Given Bisi cluedisjoin
for all EEX
MLE EIU EMBI ME NUB

PfNote that follows bysubadditivity
It remains

to show

Since clue is closed under

finite unions In Bi EMUThus
MIEFULENCE Bi MTENCE BI

PEYphs monotonicity
EEMIEN B MEN FBI



Sending n
0

gives the result

Proofof Caratheodory's Theorem

To show Mur is a o algebra
it suffices to show it is closed
under countable disjoint unions

Given Bi Mur disjoint
we must show Bit Mur
Fix EEX By Prop
MIEF.E.MSE EiIEEnYTB

MIE NGBIHMENEBi



Thus 1 Bit Mur

Finally Me ma
is countably

additive bytaking E QT Bi
in previous proposition

Back to Lebesgue outer
measure in fact generalizeto Lebesgue stieltg.es
measures

Recall F IR IRU to is

right continuous if XER

HxFlyl
Fix



Film on FM on

no no

7

Def Given F IR IR
non decreasing and right
continuous define
MF 2 0 to

by
abbreviated

File

MECA iG
ᵗEoFai

A Ikari aib
Ii

Whydo we require Fran
decreasing

and right continuous

Spoiler We will show that



any
finite measure µ on

Bir satisfies M NElBR
for F x u

x x

This is known as the
cumulative distribution function

of u
Note that if u is a finite
measure on Brand F x

is its CDF
F is non decreasing

if x
yF x1 u

x x Fu x

y Flyl
F is
right continuous



for
any sequence

Xndix

limo F xn Home o xD

ctyfromabove uR 0 Xn

u to

F x

The For
any

F IR IR
non
decreasing

and right cts
µF is an outer measure

PfSince 20 always and



I C D

MECO EI FA Fa 0

we conclude ME 01 0

It remains to show
A 1 By MECAL GETME Bj
Fix A Bj
WLOGE.ME Bj

0 so

MF BJ HX JE IN



Thus bydefnof inf
EO jein

IF 9 St

Bje 1 I

ME BJKEIII.IE EUE Bj Ej
Since AGE Bj A OI.IE

i j 1

ME A Ʃ II Fi 5 1

ETME Bj Ei

EUF Bg E

Sending
E 30

gives the result



The For all a ber a Eb

µF a b F b Fla

Pf follows quickly since
a b a b UA DUA U

MF a b F b F a Ot Ot

F bl Fla

Pow we show
WLOG assume a lb
It suffices to show that
F b Fca is a lower bound
for the set

Er F bi Flai a b Elaibi a b
or next time


