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Question 2 — continued

Homework 1

Question 2(b)

Proof. Set
ay = inf =z by = sup xn.
N n>N ns N n>% n
Then, as recalled in Q1,
liminf x,, = sup ay, limsup @, = inf by .
n—oo N n—oco N

By the definition of the order topology, x, — L in R if and only if both of the following hold: for
every real ¢ < L, we have x,, > ¢ for n sufficiently large; and for every real d > L, we have x,, < d
for n sufficiently large. At L = 400, only the lower-bound condition applies; at L = —oo, only the
upper-bound condition applies.

Suppose first that z,, — L. If L > —o0, for every real ¢ < L, we have x,, > c for n sufficiently large, so
ay > ¢ for some N. Thus liminf, ., x, > ¢ for every real ¢ < L, which implies liminf,, ,,, x, > L.
OTOH, if L = —o0, we automatically have liminf, . x,, > L. Similarly, limsup,,_,. z, < L.

By Q1(a), we obtain

L <liminf x, <limsupz, < L,
n—o0 n—yo0

so liminf,, o 2, = limsup,,_, .z, = L.

Conversely, suppose liminf, ., x, = limsup,,_,,, #, = L. For any real ¢ < L, the identity

supay =L >c¢
N

implies that ay > ¢ for some N. Hence x,, > ay > ¢ for all n > N. Likewise, for any real d > L,
the identity infy by = L < d implies that by; < d for some M, so z,, < by < d for all n > M.
These are precisely the conditions for x,, — L. O
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Question 2 — continued

Homework 1

Question 2(c)

Proof. Recall that

o) =57y @ER,  wlroo) =1
Define ¢ : [-1,1] — R by
t
W == (<), v = =00,

Direct substitution shows that ¥(p(x)) = x for every x € R and (¢ (t)) =t for every t € [—1,1].
Thus ¢ is bijective with inverse .

By the permitted continuity facts, ¢ is continuous at every finite point and ¢ is continuous at every
point of (—1,1). Here we use that the topology on R inherited from R is the usual topology and
that R is open in R.

For x > 0 and 0 <t < 1, we have

1 1
=1- H=-——1
pa)=1-1— W)=
Consequently,
li =1 li t) = X
Jm e(e) =1, lim 9(t) = +oo

By the defining neighborhoods of 400 and 1, these limits establish continuity of ¢ at +oc and of 1
at 1, respectively. Since both maps are odd, we also have

lim ¢(z) = -1, lim (t) = —oo,

Tr——00 t——1+

which establish continuity at the negative endpoints. Hence ¢ and its inverse are continuous, so ¢
is a homeomorphism. L
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Question 3

Homework 1
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Question 3 — continued

Homework 1
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Question 3 — continued

Homework 1
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Homework 1
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Question 6

Homework 1
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Question 7 — continued

Homework 1
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Question 7 — continued

Homework 1
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Question 7 — continued

Homework 1
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