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Weproceed by induction

Base case n 0 Co 0 is the union of20 1 disjoint closed interval of length
51 1

Inductive step Assume the result holds

for Cn 1 By definition n is formed
from Cn 1 by removing the open middle
third of each interval Thus the
number of intervals doubles and the

length of each interval is a third ofwhat it used to be Also all of the
intervals remain closed and disjoint Thus
Cn is the union of 2 2n 1 2n

disjoint closed intervals each of length3 3 37

-

(a)
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Math 201A: Homework 4 Solutions
Question 2 (continued)

Suppose x yt
c
xcy Choose me NS.t

In lx yl In the set n there
are no intervals longer than In Thus
x and

y belong
to disjoint intervals

in Cn Hence ZE x
y

sit ZEC

Each Cn is a finite union of closedintervals hence is closed Since is

an intersection of closed sets it is closed

By int ol c int c By part
int c 0

Since Cis closed CEBRE Me
so Cis Lebesgue measurable

By definition C 2 and
Ci X 0 D 1 Thus by continuity

from above

C X 1 n oX Cn

LINE 3 a 3 0

Typographical correction in (e): the finiteness check should read λ(C0) = λ([0, 1]) = 1.
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Math 201A: Homework 4 Solutions
Question 3

(a) Write D = [0, 1]\C. By definition, this function is non-decreasing and strictly bounded between
0 and 1 on D. Consequently, for x ∈ D, f(x) = sup{f(t) : t ∈ D, t < x}: since f is increasing, it
is clearly an upper bound for the set; furthermore, no smaller number than f(x) can be an upper
bound since f(x) is an element of the set (for every x ∈ D, there is some t in the same interval as
x satisfying t < x). Thus f(x) = sup{f(t) : t ∈ D, t < x} for all x ∈ D. The sets over which the
supremum is taken increase with x, so f is nondecreasing on all of [0, 1].

By definition of f on [0, 1] \ C, we see that f takes the value (2n − 1)/2n for all n. Since 1 is an
upper bound for the values of f on [0, 1] \ C, f(1) ≤ 1. Since f is increasing, f(1) ≥ 1. By the
hint, if f were discontinuous, its range would omit a nonempty open interval. Such an interval
would contain a number of the form (2k − 1)/2n for some k = 1, . . . , 2n−1 and n ∈ N. This value
is attained by f , a contradiction. Hence f is continuous.

(b) The function g(x) = x+f(x) is continuous and strictly increasing, with g(0) = 0 and g(1) = 2.
The intermediate value theorem therefore makes g a bijection from [0, 1] onto [0, 2].

(c) For x < y we have g(y)− g(x) ≥ y − x, so

|g−1(u)− g−1(v)| ≤ |u− v| (u, v ∈ [0, 2]).

Thus g−1 is 1-Lipschitz, hence continuous.

(d) The set g(C) is compact, hence Borel. Write D =
⊔

k Ik for the open intervals Ik deleted from
Cn−1 to construct Cn for some n ∈ N. On each Ik, f is a constant ck, so g(Ik) = Ik + ck. The
images are disjoint because g is injective. Since λ(C) = 0, countable additivity and translation
invariance give

λ([0, 2] \ g(C)) =
∑
k

λ(g(Ik)) =
∑
k

λ(Ik) = λ(D) = 1.

Therefore λ(g(C)) = 2− 1 = 1.

(e) By Homework 3, Question 5, choose a non-Lebesgue-measurable set A ⊆ g(C). Then B =
g−1(A) ⊆ C is Lebesgue measurable by completeness. If B were Borel, continuity of g−1 : [0, 2] →
[0, 1] would make A = (g−1)−1(B) Borel, a contradiction. Thus B ∈ Mλ∗ \ BR.

(f) The Borel null set C has the non-Borel subset B defined in the solution to (e). Hence Lebesgue
measure restricted to the Borel sets is not complete.
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Math 201A: Homework 4 Solutions
Question 6

⑧
Q Fix aE . It suffices to show
(f+g)

-

((
,
++)Ee .

By definition ,
(f +y) " ((a , +a) = Ex : f(x)+y(x))a}

= u(x : f(x) v >a-g(x)reQ

= UEx : f(x) >w3nExig(xka-+3
r

=uf ((r
,
+ol)1g(a - r , + 0))r+

Since f , are measurable fas
,
this set

belongs & to e.
③ Fix a= 0.

(f2- (a ,
+)) = Ex : f(x)2 za}

=EX : f(x) =Ja3VEX : f(x)1 - 5a3

Bymeasurability off, thiset belonga
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Math 201A: Homework 4 Solutions
Question 6 (continued)

OTOH
,
if a O

,

(f)
- ([a

,
+o)) = (f) 2)" /[0 ,

+O)).

Thus VatR, (f2)- ([a , +o)] <2 .

Since
I
[Sa ,

+ +) : atR3 generate BRIthis shows fi is measurable ·

I

② fg =z( +g) - -2-gz

Bypart , sums of measurable
functions we measurable ·

measurableBy part o , squaresaable.↑

functions al

By class, ↓ measurable =
- h meas

these facts
,
we obtain

Cambniasurable.

Typographical correction in (c): fg = 1
2

(
(f + g)2 − f2 − g2

)
.
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