MATH 201A: HOMEWORK 4 SOLUTIONS
Question 2
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MATH 201A: HOMEWORK 4 SOLUTIONS

Question 2 (continued)
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Typographical correction in (e): the finiteness check should read A\(Cp) = A([0,1]) =1
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MATH 201A: HOMEWORK 4 SOLUTIONS

Question 3

(a) Write D = [0, 1]\ C. By definition, this function is non-decreasing and strictly bounded between
0 and 1 on D. Consequently, for z € D, f(x) =sup{f(t) : t € D, t < x}: since f is increasing, it
is clearly an upper bound for the set; furthermore, no smaller number than f(z) can be an upper
bound since f(x) is an element of the set (for every z € D, there is some ¢ in the same interval as
x satisfying ¢ < x). Thus f(x) =sup{f(t) : t € D, t < z} for all x € D. The sets over which the
supremum is taken increase with x, so f is nondecreasing on all of [0, 1].

By definition of f on [0,1] \ C, we see that f takes the value (2" — 1)/2" for all n. Since 1 is an
upper bound for the values of f on [0,1] \ C, f(1) < 1. Since f is increasing, f(1) > 1. By the
hint, if f were discontinuous, its range would omit a nonempty open interval. Such an interval
would contain a number of the form (2k — 1)/2" for some k = 1,...,2"! and n € N. This value
is attained by f, a contradiction. Hence f is continuous.

(b) The function g(x) = x+ f(x) is continuous and strictly increasing, with ¢(0) = 0 and g(1) = 2.
The intermediate value theorem therefore makes g a bijection from [0, 1] onto [0, 2].

(c) For z < y we have g(y) — g(z) >y — x, so
97 (w) =g (W) S fu—v] (w0 €0,2)).

Thus ¢g~! is 1-Lipschitz, hence continuous.

(d) The set g(C) is compact, hence Borel. Write D = | |, I}, for the open intervals I;, deleted from
Cp—1 to construct C), for some n € N. On each I, f is a constant ¢k, so g(I) = Iy + cx. The
images are disjoint because g is injective. Since A\(C) = 0, countable additivity and translation
invariance give

A[0,2]\ g(C)) = D> Mg(Ix)) = D AIx) = A(D) = 1.
k k

Therefore A(g(C)) =2—-1=1.

(e) By Homework 3, Question 5, choose a non-Lebesgue-measurable set A C ¢(C). Then B =
g 1(A) C C is Lebesgue measurable by completeness. If B were Borel, continuity of ¢! : [0,2] —
[0,1] would make A = (¢g~1)~1(B) Borel, a contradiction. Thus B € My« \ Bg.

(f) The Borel null set C has the non-Borel subset B defined in the solution to (e). Hence Lebesgue
measure restricted to the Borel sets is not complete.
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MATH 201A: HOMEWORK 4 SOLUTIONS
Question 6
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MATH 201A: HOMEWORK 4 SOLUTIONS

Question 6 (continued)
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Typographical correction in (c): fg=3((f+9)*— f*—g%).
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