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Ikeymotivating question ofmeasure theory
:

What is the "total size" ofan arbitrary set EEIRO.
More

will bePrecisely ,
our firstgoal

Can we define afunction
Mi2RO- > 20 , +03

so tha...
Given a set X

,
2
* denote its

power set



OM giver the "rightsigs" to
"simple sets" e .g. d

=1
3

u([9 , b3)= b
-

a for ab
Ex

,
Ez,..., EnERR

②m is fin additive↳If EE.ely 2 are disjoint
them

M (
.U ,

Ei)= M(Ei).

②m is coun &dditive
If EE ,3.tablyROare disjoint
them M( , Ei)= M/Ei).

③m is translation invariant
For all EFRP

,
a ERP

,

M(E+ c) =uCE)~ &

Is

[x +2 : xzE3



I

An important set we want
to measure is the "area"
under a function

:

nf(x)

~Lystldx
& > X

Pre-measurethemid 1800s
rigorous defi of integral of
e.g., piecewise com tinuous
functions, in terms ofupper/lower sums

f(x)
~TTTKx



↳IGood enoughfor "ordinary"fr

&ONS Not
"unusual,

good enough forEns
,
9

.2fix) = 1 if x E &E 0 if xERIK
or takinglimits
For example , given fn

:[a ,b]t IR
s

.t . lim fn(x) =f(x) FxE(a
,
b]

m
->x

when can we conclude
↓ ↑

↳o SfnIx)dx =SfRx ?



measure theory provides amore powerful theoryofintegration than the Riemann
integral.
=PROS
·
can integ rate a much largerclass of functions

& better suited to limitstaking↓ better suited to probability,
functional analysis, PDE

*CONS
· Nona

I



Back to our goal...

Thm Nitalli) : There does not exist
-

M
: 24- > [0

,
+0] that satisfies

M([a ,b]) = ba for a =b , is
countably additive , andtranslation invseriant .

We will use the following lemma
:

Zemma I : Given(Monotonicitya set X and u
:2x-> [0 ,+0]

fire additive, thentely↓ A
,
BEX,

A = B =>u(A) =u(B).



Of
: BMAS

u(B) =UCAUA
= (A) +M(BA)M
Iu(A) D

Pfaf Ihm
:

Assume
, for the sakeofcontradiction

,
that there

exists such er .

Define am equivalencerelation on R :

xwyE
> x-y-K

[x] =SytR :

yex3



Claim 1 :

Every equivalenceclass contains an element
in [0 , 1. . CHW1, 6)

For each equivalence class,
choose am + in 28 , ielemen

to thatbelonging
- class,

and let A be the setofelements that you choose

Warning
: Axium of Choice

B actev 1
.
12(x)

og
Let B = U A + g

gEQEI , i

Claim 2 : This is a disjointunionTHW), 6$)



Caim3
: [0 , DEB = E1 , 23

Si] (ii)

(ii) : Since ASCU , 1
, geEl , B,

A+g
= [1

,
2] NgEGREI , D.

=> BEE1 ,
23.

(i) : FixXECO ,
17.

.

Then

x = [a] for some aEA
.

i
Then x-a=g for geknEl , 1

Therefore x = B.

We can now obtain a
contradiction

.



By monotonicity temma,
1= (20 , 13) [m/B)=u(E1 , 2))=3

countable additivBy tyand translation invariance,

M(B) = M (D
= [u(A+g)
gEEREI , B
= [u(A)
gEQNEI , 1

If m(A) = 0 thanM(B) =0x1.I

If m (A)
<O
, thenMSB)= +0 K3

thus
,
no suchm can exist. F





which criterion should we
weaken to get existence ?

Not sizeof intervals...
Not translation inventiance...

Maybe weaker countableadditivTy to finite additivity?
still problems for d=3.



Banach-Tzarski Paradox(1924)

O

U = * E i J
if

~=U,

Fi

Fi is a rotation translation

of Ei



Two good choices
: measures

· don't to berequire M 2Rdefined Or all Ro· still define M om a 2
but replace soun

'ty
table&additiv with

countable subadditiv

E SEBI-
ty

- t outer
&

disjoin*
= E measuresM) Ei

i=,
M(Ei)

We will see that...
·

given a measure on "nice
&
1

subsets Ra
,enoug of-

it extends to an ouler
measur om 24P



&

given am outer measure,
are can finala collection

4 "On which it"nic enoug
is a measure

Measures

Whatsubcollectionofae
Let X be a nonempty set.

Defiet =24 is an algebra--of subsets of X if it is
M - andoram tyI① EEiBi , Est= Eitzt
& EEzA= Es et



&=> "closed under fine'te unions"
= "clased under complements"

Lemma : If it is an algabra,
then
* * EZA X Ec

I

② [Ei3, EC)= Eitet
i = (↑

"closed under finite intersections"

Pf : HW2 , Q2
Exi
(i 2 = 24

(ii)2 = Ex
, X3

(iii) It is the collection ofand finite and cofinite
subsets of X.






